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PREFACE. 



The greater part of the following Work wife 
dsawn up by the Author^ when ei^ged in a 
public situation in the University j, chiefly for the 
benefit of his own pupils. Under the hope that 
it may be useful to others, he has endeavoured to 
render it as complete as the nature of his plan 
appeared to admit ; and he now submits it to the 
judgment of the public. 

Should this Book fall into the hands of any 
wha ha¥^ made considerable advances in pure 
Mathematics^: they will perhaps find little to repay 
the labour of perusal. Few however of thoise,. 
who have entered upon mathematieal studies: 
during their residence in the University, continue 
the pursuit after their first d^ee ; and. far the 
gf^eater part are contented with suchi a portion of 
analytical, knowledge, as may suffice to* illustrate 
the chief Propositions in Newton's Principia. St 
is. for this class of students that the following 
Tceatise is intended : and if it be found useful by 
them> the object of publication ia answered. 
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11 PREFACE. 

In preparing these sheets for the Press^ the 
Author proposed to himself two rules, from which 
he has not intentionally deviated. 

The first rule was, to illustrate every thing in 
the simplest manner. 



Many are deterred from the study of 
hy the apparent abstruseness and difficulty of the 
science: and of those, who by the system of 
University Lectures are induced to undertime it^ 
comparatively few have resolution to proceed. It 
is highly important that every help should be 
afforded ; and in this, as well as in every other, 
department of literature, those persons are well 
employed, who by facilitating the attainment of 
knowledgie increase the number of students, and 
thus add to the general stock of intellectual 
improvement. 

In pursuance of this plan, the Author has on 
most occasions b^un with the simplest instance 
of the application of fluxional principles, and has 
then proceeded to the more general cases. The 
custom of deducing conclusions in particular 
instances from general expressions, however useful 
in practice, does not furnish the mode, by which 
Fluxions can be made easy to a beginner. He 
should be led on by degrees from the most familiar 
to the general propositions. Every step will thus 
be intelligible ; and he will have double the ad- 
vantage of increasing his knowledgCj and at the 
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PREFACE* 111 

same time of improving by the best exercise his 
intellectual powers. 

For it must not be forgotten^ that one of the great 
benefits to be derived from mathematical studies is 
the discipline of the mind. The mere knowle<%e 
of certain truths is, to the great body of literary 
men, a matter only of secondaiy importance, when 
compared with the advantages, which result from 
the .exercise of the understanding, and the improve- 
ment of the reasoning faculty. The Elements of 
Euclid have in this view been justly considered as 
orsingular excellence. Their peculiar value arises 
in a great measure from the perspicuity of every 
part. The chain of reasoning is preserved entire ; 
and the reader proceeds from step to step with 
the aigument fully before him, and with an evi- 
dence of its truth which cannot be doubted. 

It were to be wished, that all elementary books 
might, as far as possible, be composed upon this 
principle. Abstruseness is never to be affected for 
its own sake; and it scarcely can be afiected by 
those, who regard the benefit of others as the end 
of their labour. 

The method of Fluxions rests upon a principle 
purely analytical ; namely, the theory of limiting 
ratios; and the subject may therefore be con- 
sidered as one of pure mathem'atics, without any 
r^ard to ideas of time and velocity. But the 
usual manner of treating it is to employ con- 



IV PBBFACB. 

siderfttkiobi lesiiking froon the theory of motimt. 
This was the plan of Sir Isaac Newton io: &Rst 
delivering the principles of the method ; and it is 
adopted" in the foltewing Work, from the belief, 
that it is weD! adapted! for iDnstration, and ealeulated 
to give the greatest facilities to the Student. 

The second n>Ie^ which has been observed ia thi» 
Treatise, was. to iatioduce every subject which bi» 
ordinary student is likely to cequiM. 

With tbia. ijslientiwi^ the Author has fneely 
afvftikd himself of former publioartions. While he. 
hQ3 cavefuUy avoided every thing abstruse,, andi 
which did n^ seem to &U within his plan,, he haa: 
introduced^ as he*, believes, muijjf articles,, whick 
were not easily accessible, on account of the scacciAy 
of the WQik& which contmned tbem. Some of the 
Propositions of Cotes and De Moivre are in frequent 
use ; but their works are not always to be procured. 



^m^m-^mm^mim^fr^^— 



In presenting to the public a, second Edition, the 
Author feels himself bound to express his gratitude, 
for the manner in which the first was received. 
He is hap{^y to acknowledge his obligation to those, 
who ha;ve done him the honor to recommend the 
Work : and bis thapks are especially due to Dn 
Hutton, fpr the yei;y favourable, notice, which he 
was pleased tp take of it in bis *' Course of Mathe- 
matics.'" 



PREFACE. V 

Many suggestions have been offered by the Re- 
viewers^ in the spirit of liberal and candid criticisni> 
for the improvement of the Treatise. The Author 
certainly admits the justice and feels the kindness 
of their remarks ; and he readily owns that several 
subjects are excluded^ which ought to be found in 
any Treatise professing to be complete. But he 
must beg permission again to state^ that his Work 
does not claim to be of that description : it was 
meant for the use of those, who " are contented 
^^with such a portion of analytical knowledge, as 
'' may suffice to illustrate the chief Propositions in 
^' Newton's Principia /' and although he has in 
deference to the judgment of his candid Reviewers 
introduced two additional Chapters, taken from 
Cotes and Hayes, yet it did not appear to him that 
he could enter upon certain other subjects, without 
a material deviation from his original plan. In an 
undertaking of this sort, his necessary occupations 
forbid him to engage : and he indulges the hope 
that the publication will be found useful by many, 
in its present form. 



Claphantf 
March 4» 1816. 
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Chap. L 

TO FIND THE FLUXIONS OF QUANTITIES, 

Art. (1.) CsluANTiTiEs of all kinds are here considered 
as produced by motion. Thus^ ^ a b 

a point A be conceived to more in \ 

the direction AB^ it will trace out the line AB. If AB 

move parallel to itself, it will trace ^ ^ 

out a parallelc^ram^ as ABCD. If 

this parallelogram be supposed to 

move in a direction perpendicular to 

its plane^ it will generate a paralle- 

loptped, 9iS AGFB. Hence solids 

are conceived to be generated by 

the motion of sur&ces ; surfaces by 

the motion of lines ; and lines by ^ 

the motion of points. 

(3.) The quantity which is thus generated is called 
ik^ fluent^ or the flowing quantity. 

(3.) The fluxion of a quantity at any point of time is 
its increment or decrement^ taken proportional to the 
veloci^ with which the quantity flows at that time. 

CoE. A constant quantity has no fluxion. 

A 




2 TLUXIONS OF aUANTITIES. 

(4.) The velocities by which these quantities are pro* 
duced may be either uni- 
form or variable. If the ^ ^ 

velocities of two points A 

and C be uniform^ and in — ~2F 

the ratio of 1:2, the 

lines AB and CD, described in the same time, will be in 
the same ratio of 1 : 2 ; and in this case the line CD is 
said to Jlow with twice the velocity of AB ; the increase 
of CD in a given time is double of the increase o(AB in 
the same time, or the fluxion of CD : the fluxion of 
AB :: 2 : 1. And in general, if the uniform velocity of 
the point A : the uniform velocity of the point C :: 
m : fij the corresponding increments of AB and CD wilt 
be in the same ratio ; that is, the fluxion of AB : the 
fluxion of CD :: m : n or :: velocity of A : velocity of C 

If the lines AB and CD are described with variable 
velocities, their corresponding increments are no longer 

A E G B 

II II H 111.. ■ » .■■■■.. 



proportions^! to the velocities, and therefore cannot repre< 
sent the fluxions. The velocity of a body at any point 
of its motion is represented by the space, which would 
be described in a given time with the velocity at that 
point continued uniform. Let E and F be two contem- 
poraneous positions of A and C; let EG and JP^ repre- 
sent two spaces, which A and C would deteribe in the 
same time, if the velocities at E and at F were continued 
uniformly ; and let EB and FD be the spaces which they 
actually describe by the variable velocities. The parts 
GB and HD are produced by accelerations which had 
xiQ existence at E and F, and are hot described uniformly ^ 
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wfaere^ E6 and FHwte proportioiial to the velocities at 
E and F, and are described in the same time. Hence 
the fluxion of JE : fluxion of CF :: EG : FH. 

(5.) This reasoning may be illustrated by the doctrine 
of falling bodies. If a body descend by the force of 
gravity for 2'', it describes a space in the 2d second of 
48 feet, nearly ; this may be divided into two parts ; of 
which 32 feet are described by the velocity acquired at 
the end of the Ist second, and l6 by the acceleration of 
gravity. If then we should assume 48 as the measure of 
the velocity in the 2d second, the conclusion would be 
erroneous. Suppbse a body to fall for 10'', the space 
described in the 11th second may be thus represented. 

The velocity acquired in 10", omitting fractions, 

= 320 feet; 
or the space described in the 1 1th second by peet. 
that uniform velocity =320 

The space in the 11th sQcond^ by gravity s i6 

.% the whole space, from both causes . . s= 336 

On this division of the spaces depends the whole method 
of fluxions. 

« 

(6.) When a quantity increases with a velocity which 
continually varies, the quantity, which measures the 
fluxion, is a limit between the pi*eceding and succeeding 
increments, and is ultimately * equal to either of them. 



• The w6rd uiiimaiely is intended to denote that particular inatant, 
when the time is diminished nne Hmitc. Sir Isaac Newton thas 
describes ultimate Telocity and ultimate ratios : ^' Per velocitatem 
ultimam inteHigi earn, quik corpus movetur^ neque antequam attingit 
locum ditimum et motus cessat, ueque postea^ sed tunc cum attingit ; 
id est, illam ipsam velocitatem qu^kcum corpus attingit locum ultimum, 

ft 

A3 



4 FLUXIONS OF aUANTITISa. 

1 . Let the point A move on the straight line AB with 
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a velocity perpetually increasing. Let CB represent the 
space described in a given time before A arrives at B ; 
and let BD be the space described in the same time 
afterwards ; both by the variable velocity. Suppose BE 
to be the space which the point A would describe in the 
same time, with the velocity at £ continued uniform; 
and in the line BA tske BF=BE. Then, since the 
velocity of A is perpetually increasing, BE is less than 
BDj and greater than BC; but BE measures the fluxion; 
therefore the quantity which measures the fluxion is in 
this case greater than the preceding, and less than the 
succeeding increment. 

Next, let the time of describing CB or BD be assumed 
extremely small; the difference between BFsnd BC, or 
between BE and BDy willjiltimately be less than any 
assignable magnitude. For ED is described by an ac- 
celeration, which was nothing at B ; and BE is described 
by an uniform finite velocity; therefore, by diminishing 
the time sine limited ED is indefinitely diminished with 
respect to BE^ and FC with respect to BF; or BE is 
ultimately equal to BD, and BC to BF; that is, the 
quantity which measures the fluxion is a Jimit between 
the increments, and ultimately equal either to the pre- 
ceding or succeeding increment. 

12. Let AB be traced out by a velocity perpetually 



et quAcum motus cessat. £t similiter per ultimaro ratioDem qaaotitatuni 
«vaiie8centiam^ intelligendam esse rationem quantitatum, Don antequam 
evanescunt, non postca, ted qu&cum evanescunt.'' Scholiam Sect. 
, Prims. 
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letarded. In ibis casej BQ the jurecedrng increment, 

A C F B D B 

18 greater than BF or BE^ and BD is less ; the reason* 
ing and the conclusion are the same as before. 

Cor. 1. If one quantity^ as AB^ increase uniformly, 
and another, as CD, in- ^ j9 

crease with an accele- —————— 

rated or retarded velo- . 

city; the fluxion of ^ ^ 

AB I fluxion of CD :: increment of AB in a given 
time : limit between the corresponding increments of CD. 

Cor. 2, Hence the fluxion of a quantity must have 
these two properties. 1. It must be a limit between 
the preceding and succeeding increments. 2. It must 
be proportional to the increment of a quantity, which 
flows uniformly. 

(70 In the preceding demonstration we have reasoned 
upon the hypothesis, that if the time be indefinitely 
small, DE vanishes in respect of BE. This may be 
illustrated in the following manner. Suppose a pro- 
jectile to be discharged in a direction GH perpendicular 
to the horizon, and with a velocity of 1000 feet 
in a second, the force of gravity being coi^sidered 
as uniform, and the resistance c^ the air omitted. 
Take 6L :siooo feet, LMsl6^; then, at the 
end of 1'', the body would be found at My and 
LM : LG :: l6 : 1000 nearly :: 2 : 125. Next, 
take GN=500 feet, and NO=^A feet. Then, in 
half a second, while the body would uniformly 
describe GN^ gravity would draw it through NO ; 
therefore it will be found at O ; and NO : NO 
:: 4 : 500 :: 1 : 125. Next, take GPa 100 ; then 
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6 f LU3CIOKS OF aUANTITIES. 

Pv^ the space by gravity in jj", or whilst the body with 

an uniform motion would describe 100 feet, = ^ of a 

foot ; therefore in this case Pv : PG :: g : 100 :: 4 : 
2500 :: 1 : 625. If we take the one thousandth part 
of a second^ Pv : PG :: 1 : 62,500, nearly; so that 
in every case, as the time is diminished, the space 
through which gravity would draw the body bears a less 
ratio to the space described in tliat same time by the 
uniform finite velocity. And if the time be assumed 
indefinitely small, Pv will ultimately become evanescent 
in respect of PG. 

(8.) The first letters of the alphabet, a, ft, c, rf, &c, 
are generally assumed to represent invariable quantities ; 
the last letters, as w^ or, y, z^ 

such as are variable. The ^ f f 

fluxion of a simple quantity x 

is denoted by a point over the letter, as i. Thus, if 

AB is equal to x^ BQ the fluxion of ABy^x. 

(9*) If the fluxion of « be expressed by i, the fluxion 
of ax will be ax. 

For if X increase uniformly, €tx will also incr^as^ 
uniformly, and its velocity of increase will be a tirne^ 
greater than that of Xy that is, it will ^ai. Let A BCD 
be a parallelogram, of which a d^ 

the side AD remains constant, 
while AB flows uniformly. 
BCFE will represent its flux- 
ion. Let AD a a, AB s Xy 
BE^x, then ABCD=^ax^ 
and BCFB^ux. 




FLUXIONS OF aUANTHTESr* T 

(10.) -If imo quanttties have to each other a given 
ratio^ their fluxions are in the same given ratio. 

Let jp : y :: a : 5, 
then bx^zay; .\ bizszapi 
.". X : y :i a : b. 

(11.) The fluxion of a±a? is ± i. 
Let 
AB, a constant line^ = a^ d ^ 

CD,, a variable line, =0;^ ^ : j 

The line AB does not aflfect the incrtese or decreaite 
of X; so that the variation of AB+CD is the same as 
the variation of CD alone; that is^ the fluxion of 
ai:x=z ztzx. 

Ck>R. Constant quantities, connected with variable 
ones by the sign + or -* , disappear when the fluxion 
is taken. 

(12.) If any numerical or algebraical quantity x be 
supposed to increase uniformly, the squares of the suc^ 
ceeding quantities will increase with velocities continually 
accelerated. 

Let the numbers 5, 6,7^ ^> 9* '^^> ^ assumed, which 
increase uniformly, as the several difierences = 1 . Their 
squares are 25, 36, 49, 64, 81, 100, of which the several 
difierences are ll,ld^l5,17>19; therefore the numbers 
do not increase uniformly. 

In general, let x represent any algebraical quantity, 
and x' its increment ; then* the present and succeeding 
values are x, x-^-afj oj+Sj/, x+S3if, &c. ; and the pre- 
sent and succeeding val(iesT>f the squares are x% {x+s!)\ 
(x+2jif)\(x^3jif)\kc. 

The increments are/ obtained by subtracting in this 
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case etch praceding .vdue fimn that which follows 
it; therefore the increments arCj 2xif+j!f*^ 3xj/+3j/*^ 
2xaf + 5af* tic; that is^ if the quantities themselves 
increase with an uniform velocity^ their squares increase 
with a velocity perpetually accelerated. The same 
reasoning is true of the higher powers. 

Cor. It is manifest, that if 2xaf were equal to the 
difierence between these several squares, their veloci^ 
of increase would be uniform ; so that the parts j/*, 3af*^ 
6 a^, &c. are the effects of acceleration ; whence (b^ 
Art. 3. and 4.) these quantities, which involve the 
powers of j/^ are to be omitted in taking the fluxions. 

(13.) To find the fluxion of x*. 

Let x-af^Xj and x-^-af, represent the preceding, present^ 
and succeeding values of x. Their squares are 
«• - 2xjf+af\ a^^ and jj* + *c«'+j^' ; 
.*. the preceding increment ^2xaf^x\ and the 

succeeding sxQxaf+n^, of which the 

limit is 3xj^, or the fluxion ss Sxf. 

As an illustration of the ^ ^ ^ 

problem, let AB =: x; a 
ABCD^s? ; let AE and ^ 
AF each s= the increment 
oix^sf; md let EGHD, 
FKMD represent the pre- 
ceding and succeeding values 

of ABCD. Then the gno- _ 

mon APH^ or the preceding d h c m 

increment, ^AP-^BH^BO^ax^^af*; and the suc- 
ceeding increment, FLCs^Hxaf +af*. Now the limit 
between these is 2xsf^ or ultimately 2xx ; /• the fluxion 
of a^ ss2xx. 
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(14.) To find the fluxion c£ a reotangle xy. 

'^^t^'^!} then (x+yY^z^i .-. the fluxion of 

(x+y)'=the fluxion of «'=3«2, or =3 (x+y) (i+y)=s 
2xx+2xy+2yx+2yy; but the fluxion of (a?+y)*sB 
the fluxion erf* 4;* + 3xy+y*s3x£ + the fluxion of 
3ary + 3yy; 

/• ^Jt+2xy + Sjfi+Sj/^sSxi + the flux, of 3i?y+3^; 
•\ 3ay + 2yx = the fluxion of 2xy, or s 3 x fluxion of jry ; 
.\ xy -^yisz the fluxion of xy. 

lUustraHan. Let JBCD ^ ^ 
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be the rectangle ; AD^x, 
AB^y. T^keAE.AU, 
each:srd/, and BN, BM, 
each =y^ and complete the 
rectangles EFGD, HIKD. 
Tbeee two rectangles will represent the preceding and 
succeeding values of ABCD. The 

preceding increment s the gnomon AhG «s AL + BG — BF^ 

or • • . s . « • y^+xj/ ^^3if \ 
and the succeeding increment ^HB+BK+IB, 

or . . .«=.,. y^+xj/+t/afi 
and the limit between them is yaf +xt/y or the fluxion 
is yx-hxy. 

Rule. The fluxion of the product of two flowing 
quantities is equal to the sum of the product of each 
quaintity and the fluxion of the other. 



(15.) In this Article^ s and y are both su]^)p8ed to 
increase ; for x and y are both assumed positive. But if 
one of them, as x^ decrease, whilst the odier continues to 
increase^ the fluxion is xy^yx. 




10 FLUXraSS OF aUAKTlTIBS. 

L^t ABCD be a parallelo- 
gram^ of which the side AB 
increases, and AD decreases^ 
with an uniform velocity ; take 
JB^y, AD^Xi BG^y, 
DE^x\ and by this variatioil 
of the sides, let ABCD be changed into AEHG. The 
fluxion of ABCD ^BH ^ EC^ BO^ EO^xy^-x 
(y +y) = 32/- yi'-iy = ultimately, xy-^yx. 

Hence, to express the rate at which any quantity in-^ 
creases, the fluxion of the part which increases must be 
written with the sign+^ and that which decreases with 
the sign - . 

If a negative quantity incr^tse, it must be considered 
as a decreasing positive quantity, and its fluxion is — . * 

(16.) To find the fluxion of xyz. 
Let xy=:v; then xyz z^ vz ; /. the fluxion of xyz = the 
fluxion o{vz=vz + zv; but^=a^+y^y /.the fluxion 
o( xyz^xyz+zxy+zyi. 

Rule. Hence the fluxion of the product of any 
number of flawing quantities is obtained by taking the 
sum of the products, which arise from multiplying to« 
gether the fluxion of each quantity, and the product of all 
the others. 

(17.) To find the fluxion of any power of a simple 
quantity x*. Let x - a<, x, and x + jfy be the preceding, 
present, and succeeding values of x. Then the corres- 
ponding values of x" are, 

af^ J or af^, 

w— 1 fl * 

and (;r + Jif)% or x» + njf-af+n . a?"" V*+ &c. 

46 
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» -• 1 

\ the preceding increment = naf^'^W — n . sf^^hf^ + &c, 

the succeeding .... =nx"""V+n.— j7"-V*-&c. 

and the limit =snjf""V, or the fluxion swx"'"*^. 

In this case, n may be either positive or negative, a 
whole number or a fraction. 

(18.) To find the fluxion of any power of a compound 
quantity, as {a^+ar)9. 
Let (a"^+a?^)?c=:y, /. a'*+«~=:yy. 



%p ' (a +a?'")v ^ 



that is, the fluxion of (a** + a?*)^ = ? X tnaf^'^^x x 

(flT +!!**)« . 

In cases of this kind a^+a!^ is called the root, and the 
fluxion of this root is »w^"*i. 

RvLE. Hence the fluxion of any power of a flowing 
quantity, whether simple or compound, is found by 
multiplying together the index, the next inferior power, 
and the fluxion of the root. 

m 

(19.) To find the fluxion of a fraction, as - . 

y 

T ^ 

Let - = «, /. a? =y«, .•. x =:y% t «y, ••• y» =i - ay « 
i^f ^ y±ZJ^^ ... i ^ y±:m. But i = the fluxion of 

y y y 
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X m sc fix ^* inif 

•-, V. the fluxion of - vi- — r-^« 

y y y 

Hence the Rule. From the fluxion of tne numerator, 
multiplied into the denominator, ' subtract the fluxion of 
the denominator multiplied into the numerator, and divide 
fy the square of the denominator. 

(20.) Examples of the di£ferent Rules. ' 

Ex. 1 . The fluxion of js* = 8 jp^i. 
Ex. 2. The fluxion of j:^ = 9x^i. 

Ex. 3. The fluxion of (a+x)^= Qx (a+ar)^ 

Ex. A. The fluxion of (3aa? - s?^ = (4ai - Axx) 
(3flx— a:*). 

Ex.5. Thefluxionof(a'-a?*)T=|x -2xi(a*-a!*)-^ 



— 8xi 



-*■• 



X 



5(a»-x') 

Ex. 6. The fluxion of (oai* + J«» - «?*)*= (3ari+ 

Ex. 7. The fluxion <rf acy=3x'ix^+4y'yx jr^ 

= 3y*x'ir + 4x' X y*y = a^* (3y*i + 4ayy). 



5 



Ex.8. The fluxion of opy 2* = 2y ;K*«r + 3 j^flpy'y + 5 X 

Ex. 9. The fluxion of x (a'+jE»)*=x(o»+«*)*+3x;^ 
(a»+ar')* x = (a*x+x*x+3x*x) (a»+x')* = (a*x+4x»x) 
(o«+x')^ = (a*+4x») (o»+x»)4x. 

Ex. 10. The fluxion of (x* +/)* {x* - y'f » 

(3xx+3^y) (x»+i^')4 (x»-y*)* + ?f^^M (x»-y«)^ 
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Ex." 11. The fluxion of {a^+af')i {V^y^)^^xi 

(a*+a?*)* 

Ex. 13. The fluxion of — . = ^ /^^ — -- ss 

Ex. 13. The fluiaon of 



J? a? 



.t jpta 



— 6i 

Ex. 14. The fluxion of ^ « ^ = — ;rrr* 

Ex. 15. The flux, of -^" — -p ^— ^ 

a?i— x^y— 3a?3i+3ya:*i 3yj?^i— 2r>i— x^y 

Ex. l6. The fluxion of 7—^ = A"^- o^ ^ («+«)"' 

= X (a + «)"' - 5i (a + «)"• « = (oc + xx - 6xx) 
, - ax—Axx 

Ex. 17. The fluxion of J^^={a-\-x)h (J+y)-4a 

Ax (a+x)-* (i+y)-*-iy (o+x)i (6+y)-* = 

i y(a + x)i 

3 (a+x)i (6+y)* 2(6+5^)^* 

Ex..8.'n»a„xio.of=^.<.„.io„of(«.+^)« 
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2(a'+a!»)4 (a*+/)T 3 (a'+y»)* ' 
Ex. 19. The fluxion of - , or of («— l) 

(2j:-i»)* (2j?-ar')* (2*_«')** 



Ex. 20. The fluxion of - 



X+l X 



Ex.31. The fluxion of —^ 



^ax+x * (2x + ar»)^ * 



x 



Ex.22. The fluxion of :=i^!±^ = iii^^i!±? 
Ex. 23. The flux, of . •; =flux. ofy' (y* +**)"* 

Cy»+6»)* 
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Chap. II. 

ON THE MAXIMA AND MINIMA OF QUANTITIES. 

(21.) Xhe fluxion of a quantity, when it is a maxi* 
mum or minimuoi, = 0. 

Let two points, m and », begin to move on the straight 
line AB at the same time ; 

m from the point C with a ^ ? F ? ?^ 

given uniform velocity, and 

n from A with a velocity less than that of m at the 
commencement of the motion, but which is continually 
increasing. Let D be the point, in which the velocity 
of n equals that of m ; it is evident that the distance nm 
is perpetually increasing till n arrives at D, and then n 
begins to overtake m, or nm decreases. At 2> therefore 
the distance between n and m neither increases nor 
decreases ; and consequently its fluxion =0. But in this 
case nm is a maximum ; hence the fluxion of a quantity, 
when it is a maximum, =0. 

Next, let the velocity of n at first, be greater than that 
of m at first, but perpetually decrease ; n m continually 
decreases till the velocity of n is equal to that of m, and 
afterwards it increases. Let D be the point, in which 
the velocity of n is equal to that of m ; here then n m 
is neither increasing nor decreasing ; therefore its.fiuxion 
is nothing ; but here nm is a minimum ; consequently 
the fluxion of a quantity, which is a minimum^ asO. 

(22.) If a quantity be a maximum or a minimum, any 
power or root of that quantity is a maximum or a mini- 
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mum ; for the increase or decrease of the power or root 
will depend upon the increase or decrease of the original 
quantity. 

In the same manner any constant multiple, or part of 
the original quantity, is at the same time a maximum or 
minimum. 

^^ (33.) Examples* 

Ex. 1 . To find the greatest ordinate in a given circle. 

hetJM=x; AB=:i2a; BM= 
^a--x\ then MP^^^ax-^s^ a 
maximum ; ••. iax - ^xx =s O, 
and X'=ia\ that is, if C be the 
centre, and CD be drawn per- -^j 
pendicular to ABy it is the or- 
dinate required. 

m 

Ex. 2. To divide a given line AB into two parts x 
and y, so that the rectangle xy may be a maximum. 
Let^C=^; CB=y; AB:=.ai a c b 

then x+y = a, and i+^=0; * 

1*. i=— y; also xi/ is a maxi- 
mum; .• . ay + yi = 0, or substituting ^p for i, — xx +yx 
=0; hence x=y, or AB must be bisected in C. 

Cor. Hence to divide a quantity a into three parts 
X, y, and «, so that their continued product may be a 
maximum, the parts must be equal. For if a? be assumed 
constant, the product yx, and therefore xyz is a maximum, 
when y=» ; if y be assumed constant, the product is 
a maximum, when x^z\\izhe constant, x must equal y. 
And in the same manner, into whatever number of parts 
a given line is divided, they are all equal, when their 
continued product is a maximum. 
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Ex. 3. To divide a given line AB into two parts x and 
y, so that x^ x y may be a maximum. 

Let AB =r a ; AC = x ; CB = y. Then ar + y =: a, 
and i = — y. 

Also X* X y" is a mi^ximum ; hence mx**"* i x y" + 
fiy"*'y X a?* = 0. Divide both sides by a?**"*' y"""*, 
then myx + nxy = ; for ir write - y ; /. nary = 
mjfyf and x i y v. m x n. 

CoR/ If it be required to divide the given line into 

three parts ar, y, and «, so that j;* x y* x a' may be 

a maximum ; it will follow by the reasoning in the last 

fix 
Cor. that j? : v :: m : n.. or y =s — ; and x x % ii 

m \ f\ ;•. » = ^ J hence, since J? + y + 2J = a, we 

, . nx px J ma ^wr 

have a? ^ + ^-- = a, and x = — -^ — : — . We 

m m wi+ft+/> 

may proceed in the same manner, whatever be the num- 
ber of unknown quantities. 
Ex. 4. To divide a given line AB into two parts, 

X and y, so that - + ^ may be a minimum. 

y * X 

-, X y . 
As before, jp. + y =: a, and i ss — y ; also - +-^ la 

y J? 

a mmimum ; .•. ^ / ■ + ^ — r-^ =» O, or - ^'^ ^ ^ 

y^ ^ y 

+ ?SL+i:2:^0,bywriting-yf 

= yy^^y ; /, ^ — •- and jj = y, or the line must be 
X* y* af ^ 

bisected. 

Ex. 6. To find the fi-action, which shell exceed its 
cube by the greatest quantity possible. 

Let the required fraction = x; then a; - x^ is a 

B 



IS 



MAXIMA AND MINIMA 




maximum; .•. i^-^x^i = O^ anda? » ~7= = 3 X ^3, 

Ex. 6. To inscribe the greatest rectangle In a given 
triangle, ABC. 

Draw AD perpendicular to J5C, take 
AD = a, BC^h AI = x, EP^yi 
then, by similar triangles^ 

hx 
a \ h XI X I y ^ — 

^ a 

/. the rectangle EGHF = — xa-xisa maximum ; 

a 
.\ ax — X* is a maximum ; /. ^ = «• 

Ex. 7. To ioscribe the greatest rectangle in a given 
ellipse ABN. 

Let CM = x; PM the p b d 

ordinate = 1/ ; then, if AC 
the semi-major axis =; a, 
and J5C the semi-minor = 6, -4 
the rectengle PEFD = 3 

X - X va' - X* X 2x; 

.•• X X v'a* - X*, Of its square a'x* - x*, is a maximum ; 

. o 1 *- 

••. the fluxion = 0, and x = —p: = - a^2- 

Ex, 8. To rascribe the greatest rectangle in a given 
parabola ABC. 
Draw the axis AD ; let AI = x, 

IF :s t/, AD = 5 ; latus rectum 

=ss c; then i^/= \/cx; /. the 

Yectangle £fi^ = 3,y/cx (i — x) 5 

/. bx^ ~ X* is a maximum ; its ^ 

fluxion = O, and x = - . 

a 
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Ex. 9. Given thtf Yadius of a circle to determine the 
arc, when the rectangle under the sine and cosine is 
a maximum. 
. Let the radius = r, and the cosine = .iv ; then the sine 

=5 ^r* — a;*; /. by the problem a? x ^r* - j? is 

a maximum ; hence the fluxion of a:* x r* — a?* =s 0, 

Ex. 10. To determine in an ellipse, at what point the 
angle contained between the tangent and distance, is 
a minimum. 

Let S and H be the foci 
of the ellipse, P the point 
required, PKa tangent, SY 
perpendicular to PK, and 
SPY the least angle. Its 
sine is a minimum. Let x=: 
the sine to radius 1 ; then 

\ I X v. SP I SY; :. X = 




SY 



^^ 



SP 



1 



X JBC X 



a minimum ; .'. SP x HP is 



JSP X HP 

a maximum ; and since SP + HP 5= AM, in this case 
SP 5= HP ; and the point P is at the extremity of the 
minor axis. 

Ex. 11. Of all right-angled plane triangles having the 
same given hypbthenase, to find that whose area is 
greatest. 

LbtAB 1= a, BC « ^r ; then ^C= a 

V«* — J^- Now the area of the triangle 

AJtn — ^^ ^ ^^ ^ . X X \/a* — x^ 

2 2 

or ar^ (a" — ar*) is a maximum ; .•. the 
fluxion of a*a?" -a?*, or 2a*xx - 4a^i 

B8 
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= ; hence a* = 2x\ and x = — rr = r a ^2 ^ BC 

= AC. 

Ex. 1 2. Of all right-angled triangles having the same 
area, to find that in which the sum of the sides BC, CA 
is a minimum. 

Let the area = a, BC = x ; then, since BC x AC 

= 2a, AC =s — X :. X + . — is a mmimum ; hence 

X X 

X r- 5= 0, and x = s/2a. 

x* ^ 

Ex. 13. To find Uie value of x and y in the equation 
{x* + y^y «= ^*^*, when y is a maximum. 

Extract the square root ; then 07* + y* = ao? ; .\ 2xx 
. + 2y^ = ax ; but y, and consequently 2yy = O, when 

y is a maximum ; .\ 2xi =: ax, and x = - . To find y, 

we have -7 + y* = -- ; .-. y* = — . and y = - . 

(24.) To determine when the equation a^ - Qj^ + 
24x — 16 = O becomes a maximum or minimum. - 

Assume the fluxion = O; then 3x'x — ISxi + 24x 
= 0; or 3i (a:* - 6x + 8) = O. 

Now the roots of this quadratic equation are 2 and 4 ; 
.-. 3i (x - 2) (x -^ 4) = O. 

To ascertain which of these roots gives a maximum, 
and which a minimum \ find whether the value of the 
fluxion just before it = 0, be positive or negative. If it 
be positive, the quantity is increasing, and the next root 
gives a maximum; if negative, it. is decreasing, and the 
next root gives a minimum. 

jki this instance, if ^ be assunied positive, and x less 
than 2, the value of 3i (x ^ 2) (a; -* 4) is positive ; 
.-. tliis root gives jc? — 9ar* + 24a?— 16 a maximum. 



If i be assumed greater than 2, but less than 4, 3 i 
{x — 3) (jp — 4) is negative ; .•. this root gives the 
original equation a minimum. 

(25.) The meaning of the assertion^ that if at ae 2 k. 
gives the equation a maximum, and if it ss 4 a mini- 
mum, is, that x^ - 9ai* + 24ar — l6 increases till x=f2, 
and then decreases till x = 4 ; not that it is the greatest 
possible when j? = 2, nor the least possible when or s 4. 
For if quantities less . than 2 be successively substituted 
for J?, as 

1 ] - - f 1—9 + 24 — 16, or o, 

I the results are J — i6» 

-1 &c. J (-l-9-24-l6,or-50fcc. 

that is, it will go on decreasing, sine limite. 

And if quantities greater than 4 be substituted sue* 
cessively for x, as 

5 1 f 125-225 + 120-16, or 4, 

6 [ the results are -I 2l6 - 324 + 144 - 16, or 20, 

7 &c. j - - - [343 -441 +168-16, or 54; 

that is, it will go on. increasing, sine limite. 

(26«) In this case we have .supposed x to increase 
and therefore that x is positive. ' If ;r be a decreasing 
quantity, its fluxion is negative. Suppose x to decrease 
till it becomes equal to 4 ; here 3x (x - 2) (x - 4) is 
negative, while x is greater than 4 ; therefore, when 
a: = 4, the original quantity a^ — 90?* + 24x - 16 is 
a minimum. If a; be assumed greater than 2, and 

■ 

less than 4> then 3i (ar — 2) (x — 4) is positive; 
therefore the root 2 gives oi?* — 90?* + 24x — 16 a max- 
imum. These results are exactly the same with those 
obtained by the first method. 

(27.) When two or an even number of the roots of 
the resulting equation are equal, they shew neither a 
maximum nor a minimum. 
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It follows from the prededih^ inrticles^ that when the 
flaxion of the< given quantity is of the sume <fehofninatida 
with regard to positive and n^ative, before and after it 
becomes equal to nothing, it does not indicate either 
a maximum or<minimum* Now this occurs, when two 
roots of the fluxional equation are equal. For, let the 
given quantity be 3a?* — 320?* + 120jf - 193a?; of 
which the fluxion is 13j^x — S/6x*i + l}40jri - 193^; 

or> I2i(3^ - 8af + 20x - l6) ; 
or, 1.2i {x — 2) (a? - 2) (x - 4). 

Let i be positive ; then before d? s 2 this fluxion n 
negative ; and if or be greater than 2, and less than 4, it 
is still negative j therefore the root 2 does not give a mi- 
nimum. Bpt as the fluxion changes from — to + > 
while X increases from a quantity less than 4, to a. quan- 
tity greater than 4, this root 4 gives 3j?* — 32a:* + 
1200?**- 192x a minimum; and it then begins to in-<- 
crease. . 

In the same manner, if the fluxional equation has 4 equal 

■■ II* '■ ■■ ■■■■■ ■■■ Ml I I I ■ ^1 ■ I 

roots, asi(ar — axo?- axx—axx-axx-- 2a>) 
or any even number, the fluxion is of the same denomina- 
tion with respect to + and — , both before and after x 
becomes equal to a ; and therefore the equal roots neither 
indicate a maximum nor a minimum. 

(28.) The number of maxima or minima which 
a flowing quantity admits, is equal to the number of 
unequal roots in the fluxional equation. 

Let 3x* - 28aar^ + 84a* x* - 96a^x+ 486^ = O be 
an equation, in which it is required to determine the 
diflferent values of x, when the expression becomes 
a maximum or minimum. Put the fluxion = ; 

/. I2x'x - 84ax*x -f l68a*xx — 96a^x « O; 

or, 12x (x^ — 7ax* + I4a*x — Sai) = O; 

or, 12x (x - a) (x - 2a) (x - 4a). 
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If jr be assumed less than a^ the result is — , or the 
root a indicates a minimum ; if x be greater than a, but 
less than 2a, the result is + ; and the root 2a denotes 
a maximum, &c. ; therefore when all the roots are un- 
equal, the proposition is true. 

And if the fluxional equation have an odd number 6£ 
equal roots, as i (ir - a) (at - fl) (x — a) (a? — 2a) when 
X is less than a, the result is + ; when greater than a, 
but less than 3a, it is — ; therefore one root a gives 
a maximum, and 2a a minimum ; the product of {x — a) 
{x — a) determines nothing; hence universally, there 
are as many maxima and minima, as unequal roots, in 
the given equation. 

When all the roots are impossible in the fluxional 
equation, as no possible value of x can give a result s 0, 
the quantity must either increase or decrease perpetually, 
and therefore cannot admit a maximum or minimum. 

(39.) Every quantity which admits a maximum or 
minimum is of a compound nature ; one part of it must 
increase, while another decreases, and according to the 
increase or decrease it approaches a maximum or a mi- 
nimum. Thus, in Ex. 1. Art. 33, we have two quan- 
tities, 2ax and — «' ; \i x increases, 2ax also increases ; 
but x"^ increases at the same time; therefore the ex- 
pression 2ax — x^ partly increases, and partly diminishes ; 
this quantity, then, is in a state to admit a maximum or 
a minimum. 
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TANGENTS TO CURVES. 



Chap. III. 



THE METHOD OF DRAWING TANGENTS TO CURVES. 

(30.) .Ira straight linea? BC move on the line AC 
in a dilution always parallel to itself, aod AC and CB 
increase uniformly, the locus of the point B will be 
a straight line ; and the motion of B in tliat straight 
line will be uniform. 

Let BC come into the position 
DE. Then, since AC and CB 
begin their motion together, and 
have an uniform increase, the ratio 
of AC : CB is constant ; that is, 
AC : CB :: AE : ED, or ACB 
and AED are similar triangles ; 
.\^BD is a straight line. Also 
the motion in that Une is uniform ; for, since CB and 
ED are parallel, AC : CE :: AB : BD, and alternately 
AC : AB :: CE : BD 5 but AC is to AB in a constant 
ratio ; •*• CE : BD in a constant ratio ; and the motion 
in the direction AE is unifprin; /. the motion. in the 
direction AD is uniform. 

Cor. 1 . If the motion in the direction AC be uni- 
form, but that in the direction CB not uniform, the 
point B will trace out a curve. The same construction 
remaining, let CB increase with an accelerated velocity ; 
then BG being drawn parallel to CE, BG and GD 
would represent the uniform contemporaneous incre- 
ments of ACy and CB; but if CB increase with an 
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accelerated velocity whilst the velocity of .4S^is uniform, 
BG and some line GF greater than GD will represent 
the corresponding increments ; in this case, a ciirve BF 
is described convex to the line AE. By the same 
reasoning, if the increment of CB is perpetually retarded, 
whilst that of AC remains uniform^ the point B will 
trace out a curve, which is concave to the line AE. 

Cor. 2. If AC increase with an uniform velocity, but 
the increase of CB is not uniform, the curve BF is not 
described with an uniform motion. 

(31.) To draw a tangent to any algebraic* curve. 
Let AM represent the abscissa, and MP the ordinate 
of an algebraic curve convex to the axis AF. Take 3fc 




and Mb on each side of PM, and equal to each other ; 
and draw bt and cv parallel to PMy meeting the curve in 
X and V, and a line tPr parallel to -^Fin t and r. Let 
Mb, and Mc^ or Pt and Pr represent the uniform 
increase of the abscissa AM in a given time. Then 
since EPy is convex to the axis, MP increases with an 
accelerated velocity ; •*• the fluxion of AM : the fluxion 
of MP :: Pr : a quantity less than rv. Take rs 
equal to this quantity ; join Ps^ and produce it both 
ways ; this line is a tangent, that is, every part of it falls 
below the curve. For since by equal triangles Ptd^ Prs, 
rssztd ; /. td is the fluxion of the ordinate at JP. But 
the fluxion of AM : the fluxion of MP :: Pr or Pt : 
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a quiftotity greater thaa the preceding incremeiits ^x; 
/. td is greater than tx^ and d is below the curve. 

Next^ suppose the curve to be concave to the axis AF. 
The iiatne construction remaining, since the increase of 
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MP is in this case retarded, the fluxion of AM : the 
fluxion of MP :: Pr : a quantity greater than rv ; take 
r# equal to this quantity ; join sPj and produce it ; this 
line is a tangent at P, or falls wholly above the curve. 
For, by equal and similar triangles, Prs^ Ptd, td^rs, 
or = the fluxion of the ordinate at P. 

But the fluxion of AM : the fluxion of MP :: Pt 
or Pr : a quantity less than tx ; .*. td is less than tx, 
or cl is above the curve. 

In both these cases, if AM=:Xj PM=i/; Mc^i, 
rs=y, we have rs : rP or Mc :: PM : MT by similar 
triangles ; 

ory : i :: y : the subtangent MT=^ . 

y 

Hence in any algebraic curve, to which it is required 
to draw a tangent at any point P, find from the equation 

to the. curve the value of 'V-; take JffT equal to this 

expression, join 7P, and produce it. TP is the tangent 
required. 

Examples. 

(32.) Ex. 1. To draw a tai^ent to .the common 
parabola. 
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Let AP be the parabola, AM 
the axis, and P the point at 
which the tangent is to be 
drawn. Take AM^Xj PM^=^ 
y, the principal latus rectum 
=a; then^* = ax; 

.•. 2w = of ; ••, - = ~ , and ^ = — = 

^^ y (^ y " 



n 




Qkix 



=^2x; 



a ' y a a 

that is, MT the subtangent = twice the abscissa MA. 
Hence, to draw a tangent at P, let fall the ordinate PM^ 
and in AM produced, take MTzs^iMAy and join TP. 
TP is the tangent. 

Ex. 2. In general, to draw a tangent to any parabola 
of which the equation is a*""'j(;=|^. . 

Herea'-*i=w--'y; /.? = !^; /. ilf T or 3? = 

^ "^ y a" * y 

"^fc = ■*'7 /i ; , " = wa? the subtangent. 
». 
CoR. If n = 2 it becomes the commcha parabola, and 

MT^ 2x as before. 

Ex. 3. To draw a tangent to the circle at a given 
point P. 

Let fall the ordinate PM 
on the diacneter AD. 
Let AM ==x; PM^y; 
AD^2a; then^*=2aj: y 
— «* ; /. 2yy =s 2ax — 

Take ilfT = to this qaantitjr,. and join TP% TP w the 
tai^nt. Since Cilf a a - x, atid Pilf = ^aax-x% 




V 



^ 



/. CM:MP:.MP:MT 
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^ and consequently^ 



if CP be joined, CPT is a right angle. 

Ex. 4. To draw a tangent to the ellipse JBD at any 
point P. 
Let ACx a, CB = b, where ^Cand CB are the semi-axes ; 

AM=x,PM^y, 
then, by the property of 
the ellipse, JMx MD 
: MP' :: AC^ : JBC% 
or X (2a— a?) :y* :: a* : 

Cv 




y 



9 -- (200; - « ) 



^ ;3 («-'«') :5(«-*) 



- (a-x) 



a-x 



a* ^ ' a- 
Cor. 1. Since the value of MT is expressed in terms 
of a and Xy the subtangent will continue the same, if a 
and X are the same, whatever be the minor axis of the 
ellipse ; therefore if any other ellipse ApD be described 
on the same major axis, and cut MP in p^ and Tp be 
joined, Tp is also a tangent to this ellipse at the point p. 
And if a circle, described upon the major axis, as a 
diameter, cut MP produced in /?, and TR be joined, 
772 is a tangent to the circle. 

Cor. 2. If a? be greater than a, and less than 2fl, 

Is negative ; or the sub-tangent Kes the contrary way. 

Ex. 5. To draw a taiigent to the hyperbola -4P, whose 
major axis is APy^ and minor 2JBC 
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Let JC^a; CB^hi AM^x; MP^y. 
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By the nature of the hyperbola, 

JMxMD : MP" ..AC : CB»; 

or, X {2a+x) : y^ :: a* : 6*; 

.-. 2yy =-i (2air + 2xi)= -5 (fl+a?) 2i; 



X 
^ 



.y 






; .% i«rr or -^ = ^^ — 



a- 






-5 (2aj? + 3^) 
a 

~ {a+x) 

(33.) Def. If PiV be drawn 
perpendicular to PT, meeting the 
axis in N, PN is called the nor- 
mal, and 3/iVthe sub-normal. 

AM N 

% 

To determine their values, we have TM : MP :: MP : 
MN; OT^—iy::y: MN the sub-normal = W- . 

Also, NP'^NM^+MP'^ ^ + y*= Ci^±in . 
.-. NP the normal = .V ^ V^^^ + .V' ^ 
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(34.) Examples. 

Ex. 1. To find the value of the normal and sub- normal 
in the common parabola. 

Here y* = flo? ; .•. 2yy = ax, and '^ ^ - the sub-normal ; 

AUo,*=f,...yx*:j*!-^(.+^) = 

y*+— ; .•. the normal PN ^ Vy* + i®*- 

Ex. 3. To find the value of the sub-normal in the 
ellipse and hyperbola. 

In the ellipse, y*= ~i (2aa? — a?*) ; 

ft* 

.and W =-^ (a— a:) c=the sub-normal. 

ft* 
In the hyperbola^ it = — (a +x) . 

Cv 
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Chap. IV. 

TO DRAW ASYMPTOTES TO CURVES. 

(35.) Def, An asymptote to a curve is a straight 
line cutting the axis at a finite distance^ which con- 
tinually approaches the cunne^ and arrives nearer than by 
any assignable difiference^ but never meets it, though 
indefinitely produced. 




Let AP represent a curve, which admits an asymptote 
Cx ; this line is conceived to be a tangent to the curve^ 
or the limit to which the tangent approaches at .an in- 
finite distance. Take AM ^ Xy MP = y ; let MP 
produced meet the asymptote in Ny and draw AR 
perpendicular to AMj and PT a tangent at P. From the 

vx 
nature of the curve proposed, find the value of -7- = MT 

'UX 

the sub- tangent ; hence AT may be found = '^^ — x. 

. y 

Imagine x to become infinite, and T to move on to Cr 
if AC be finite, the curve admits an asymptote. Next, 
find the ratio of TM : MP when x is infinite ; that is, 
hx being supposed an ordinate at an infinite distance, 
the ratio of CL : hx \ then, by similar triangles, CLx^ 
CARy CL ; Lx :: CA : AR ; of which proportion tht 



L 
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three first terms are known, and therefore AR can he 
determined. Join CRj and produce it indefinitely. CR 
is the asymptote required. 

. Examples. 
(36.) Ex. 1. To draw an asymptote to the common 
hyperbola. (See the preceding Figure.) 

By Art.32. Ex. 5,iWr=?^5^±^; .-. AT^ £fi±f!^x 

(X.X ox 

Let X become infinite ; AT ultimately = — 



a + x '• ^ X 

= a 5= AC. Now if x is infinite, TM, which then 

becomes TX, = — = jc; and MP, or - x N/2a^+x% which 

X a 

in that case = Z/i?= — ; .*. since CL z Lx :: CA : ARy 

a 

XX— :: a : AR\ .•. AR^h. 

a 

Hence, from A draw ^U perpendicular to CAy and 
equal to h. Take the centre C ; join CJR, and produce 
it indefinitely. CRx is the asymptote. 

Ex. 2. Let the equation to the curve be j^ =:flx' +a:^. 



Here 3j/^y = 2axx + 3x*i; /.'^ = -^ 



3y 



3 



y 2ax + 3j?' 

3rti:' + 3a:» ^^ „ .^ 3ax*+3sfi ax* 

^ — -—— = MT. Hence AT ^ z rm— ^=:; — TT^- 

2ax+3x* 2ax + 3a?* 2ax + 3x* 



3j?' 



Let X become infinite^ CL = — j = x ; Lx cs ^^flxM^^ 



3x' 



flx* a 



X •, ^C= .r-: = « • Therefore, since CL : Lx :: CA : 
3x' 3 

^/J; X : X :: - : -^/? = - . 

3 3 

Hence, draw AR perpendicular to AC^ and = ^C= -, 

and join CR. CR produced indefinitely will be the 
asymptote. 
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Chap, V. 

ON THE METHOD OP HNDING FLUENTS. 

(37.) .Dy the direct method of fluxions, we are 
taught how to find a fluxion from a fluent. The object 
of the inverse method, which is deduced from the former, 
is to find the fluent from the fluxion. In the former 
case, general rules are proposed, which are easy in the 
application ; but it is frequently difficult to determine 
the fluent of a given fluxion, and in some cases even im- 
possible ; for it is obvious, that certain fluxions may be 
of such a nature as could not result from taking the 
fluxion of any fluent whatever. Rules can only be pro- 
posed for finding the fluents of those fluxions, whose 
forms prove them to have been deduced from some 
fluents. 

(38.) To find the fluent of any power of a simple 
quantity which is multiplied by the fluxion of that 
quantity. 

The fluxion of «♦ is 4x*i; /. the fluent of 4a:^i is a?*. 

The fluxion ofa^ is 6x^i; /. the fluent ofSx^x is af^. 
And, in general, the fluxion of a:" is /ix"""'f; .•.the 
fluent ofnaf'^x is a^. 

Hence, to find the fluent, we have the following 

Rule. Divide by the' fluxion of the root, add 1 to the 
index, and divide by the index thus increased. 

Examples. 

io^+'^ 

Ex. 1 . The fluent of 1 Oa^i = , ^ . ■ = x^ 

lOx 

Ex.2. The fluent of 40j^is8x^. 

c 
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Ex. 3. The fluent of Sx'i = — . 

Ex. 4. The fluent of 5A?^f i= *«*==— r—* 

I ® 

Jbx. 5. 1 he fluent of — r or r = -5 — - =-Tr-- 

. 3j?i 3 ix3 3 

Ex.6. The fluent of^ or of ^ = :^rrj^. 

(39.) If the quantity be compound, its fluent in certain 
caaes may be found by the same Rule. 

The fluxion of (a* + «*)'= 6xx (a* + a?®) * ; .*. the 

fluent of 6jri (a'+a?*)* is (a* + a?*)' 5 and it is obtained by 
the Rule preceding, in the following manner ; a*+x^ is 
caHed the root ; its fluxion is 2xx ; divide by the fluxion 
of the root, and the result is 3 {a* + x*)* ; add 1 to the 
index, and divide by it ; the answer is (a* + x^f ; A in 
this case the Rule gives the correct fluent. And, in general, 
since the fluxion of (a" + x")' =;wij?"^'i (a"+a?^)''" > 
and that the Rule already laid down will from this fluxion 
deduce the right fluent (a*" + x"Y, it follows that the Rule 
holds in all fluxions of a similar nature ; that is, wherevw 
the index of the variable quantity without the vinculum 
is less by 1 than the index under the vinculum. 

Examples. 
Ex. 1. The fluent of (a' +x'f &ci= (^'+^0^^^^ _ 

^ ' 2xx X 4 

Ex. 2. ITie fluent of (a - V)* ««i » (^' - ^'' j* ^^ ^ 
-±(a'-:r')J. 
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A^p^'ft 

Ex. 3. The fluent of j , or («*+a?*)'i 43c^x » 

Ex. 4. The fluent of (a« + 4a^)- r^i = K+4^)' ^y 

(aN-4^)* 
* 60 ^ 

Ex. 5. To find the fluent of {a+xY i. 

Since x^=l, this is the same as (a+d?)^ x^i; and the 
index of X without the vinculum is one les9 than the 
index of x under the vinculum ; therefore the Rule 

applies, and the fluent = ^±±£Lf = ll±£^' . In the 

XX 5 5 

same manner, 
Ex. 6. The fluent of (9y +4a)* yzz ^ {9j/+4a)^. 

2/ 

(40.) If all the quantities under the vinculum be 
variable^ and the quantity without be in any given ratio 
to the fluxion of the root, the fluent may be found as 
before. 

Ex. 1. Let (x*+yT (6^^ + %^) he the fluxion, 
whose fluent is required; the root is x*+y% and its 
fluxion = 2xx + 2ify ; 

Ex. 5. The fluent of (re* +y^+ z^)h («jr'i+ ISj^^y + 

{4^x + 6^y + Bz'k) X •§- 

3 * 

C2 
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Ex. 3. The fluent of (aV+;r*)^ {2a*xx + 4x'x) =r - 



TO FIND FLUENTS BY LOGARITHMS. 

(41.) Let 2/ be any number, and x its logarithm ; then 
if J? increase uniformly, or in arithmetic progression, by the 
nature of logarithms y increases in geometric; but if 
quantities increase in geometric progression, their differ- 
ences or increments are proportional to the quantities 

themselves ; that is, ultimately, yoc^, and - is constant ; 
but X is constant, .*. '^ oc i ; and if m be assumed of a 

proper magnitude, x = — ; or the fluxion of any 

logarithm is equal to some constant quantity multiplied 
into the fluxion of the number, and this product divided 
by the number itself. 

This quantity m is called the modulus of the system. 

If m = 1, i = - , an equation which mB,y be deduced 

from the hyperbola ; hence these logarithms are called 
hyperbolic. 

Cor. If X = the hyperbolic logarithm of y, i = ^ ; 

and conversely, if i = ^ , a? = hyp. log. of y. Now y 

may represent any compound number, and y the fluxion 
of that number ; hence, if any fluxional expression consist 
of the fluxion of a quantity divided by that quantity itself, 
the fluent will be the hyperbolic logarithm of the quantity. 
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Examples. 

(42.) Ex. 1. The fluent of —^— = hyp. log. (1 +x.) 
Ex. 3. The fluent of f^^ = hyp. log. (a* + af.) 
Ex. 3. The fluent of 4^ = ? x fluent of ''*** 



a» + x^ 3 €^ + 3^ 

= - X hyp. log. (a« + ^.) 

Ex. 4. Tlie fluent of ^ , ^ = - X fluent of -rir^* 

a" + x** » a" + Jr 

■3 - X hyp. log. (a" + aT.) 
Ex.5. The fluentof--——, = fluent of- x--r^^ — 

= 1 X hyp. log. (i + y*.) 

(43). In these and similar cases, the application of the 
Rule is obvious ; but as these instances do not often 
occur, it is generally necessary, in fluxional expressions 
which admit fluents by logarithms, to use one of the fol- 
lowing forms. 



X 



Form I. The fluent of ~7 ; = hyp. log-a:+x/^=t:«*- 

Let sj^ =±: a' = V, then (x* =fc a*) = v', and xi = vi5 i 
.•. i : i; :: v ! ar, 

i i + V i 

• • • 

fF ■A' *0 X 

; .-. the fluent of ■ „ , . ' = hyp. log. (x +») 



hyp. log. (x + ^/x*"±l?.) 
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Form II. The fluent of J' jsthe hyp. log. of 

Let ^4r» dr Sax = «; then 4C» ± 2tf« + «•=«*+ a*, 
and « ± a = >/»* + o» ; .-. i = /-« . « > «^°<^^ 

i V X 

' /- - . ^ '~' = / . - ; .'. the fluent of ' y ■ «■ 

V* ± 2aj» V^ + <^ -«/a;» ± Sax 

hyp. log. of (x ± a + ^^ ± aax). 

Form III. The fluent of -i^ is the hyp. log. of 

- — - . Assume ■ + . _ ^"^ . then 

-„ 1 

= O ; hence, equating the homologous terms, Bx - Ax 
= 0; .-.5=^} 

also, Ja + Ba-aa = 0, or 2Ja = 3a ; .-. ^ = l, and 
li • ^^^ ^ i X 

a -x» « + x^a-x~o + x ^ 



fe + j?a -i- ^ 2a f ^« + -B« 

t*- 0* ~ a* - i* , or ^ + Ba - ^x 

I — 3a 



j-^ , and the fluent » hyp. log. (a + x) - hyp. log. 
(a - X) = hyp. log. l±f . 



a - x 



In the same maimer the fluent of ^^ ^ = hyp. log. 



x+ a 
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Form IV. The fluent of — .. ■ is the hyp. log, of 
Let iJiJ^ -Y a?* = v ;. then a* + a?* = v* ; and xi = t? v ; 



^ ' ^' x^7 



+ 3t 



w* — a 



and the 



fluent of 



2a i 



x^/oM^* 



hyp. log. 



V — a 

v + a 



^ hyp. log. of 



2a X 



ss/a* + J?* - a 
Va* + x* + a ' 

In the same manner, the fluent of — 1^^7 = hyp* 

XA^a^ — or 

fl + V a' - X* 

These arc the principal forms of fluxions, whose 
fluents may be found by a table of hyperbolic logarithms. 
This table may be supplied by a table of the common 
form ; for the hyperbolic logarithm of any number : the 
common log. :: 1 : m the modulus of the common 
system. This subject is more fully explained under the 
Article LoGAarrHMS* 

(44.) To find fluents by means of circular arcs- 
Let AB be a circular arc, whose 
center is C ; BD the ri^t sine, 
AT the tangent, CT the secant ; 
let Bn^ nm represent the fluxion 
of AD and BD; then Bm is 
the fluxion of the arc. For Bn 
and nm being described uni- 
formly, Bm is described uni- 
fonnly, and is in the direction 
of a tangent at B ; also, since 
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the arc is described by a velocity either continually acce- 
lerated or continually retarded, Bm is a limit between 
the increments. Conceive Bn and nm to be very small. 
Join Cniy and let it meet AT produced in F; draw TG 
perpendicular to CF. Assume CA = a, AD = ir, 
AB = z, DB = tf, AT=z t, CT^ s, Bn = i, nm^y, 
Bm = i ; and since ultimately the fluxion = the incre- 
ment, TF = /, and GF = s. 

Case I. To find the fluxion of a circular arc in terms 
of the right sine. 

By the similar triangles JSmn, CBD, 

Bm : mn :: CB : CD 

ay 

or z : y :: a : s/a* - y* ; /, z = / ^/_ y* * 

Case II. To find the fluxion of a circular arc in terms 
of the versed sine. 

By the same triangles, 
Bm : Bn :: CB : BD 

or z : X :: a : ^2ax - x^; 

ax 

Case III. To find the fluxion of a circular arc in terrn^ 
of the tangent. 

By the similar triangles CBm, CTG, 
Bm : TG :: CB : CT. And by sim. triV FTG, ACT, 
TG: TF.iAC: CT; 
.-. Bm : TF :: AC x CB . CT ; ov 

z : i :: a* : a* + ^' ; 



• • 



z = 



Case IV. To find the fluxion of a circular arc in terms 
of the secant. 
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By the same triangles^ 
Bm : TG ;: CB : CT. And 
TG : GFv. CA : AT i 
••• Bm : GF :: ^Cx Jg C ; AT x CT; or 

i : i :: a* : s/s^ — a' x jp ; 



aV 



;s = 



These are the four principal ibnns. But it may be 
useiul to add another. 

Case V. To find the fluxion of a circular arc in terms 
of the cosine. 

In this case let CD = x, Bn = ^ £ ; for as the arc 
increases CD diminishes ; and BD =5 t^Ja^ — x* . 
Hence^ by similar triangles^ 

Bm : Bn :: CB : BD ; 

or « : — i :: a : s/o^ — ^*; 

— ax 

CoR. 1. The fluent of - . - =: « = a circular 

arc^ whose radius is a, and sine y. 

CLX 

Cor. 2. The fluent of "■** is a circular arc, 

t,j2ax — jp* 

of radius a, and versed sine x. 

CoR. 3. The fluent of — is a circular arc, whose 

a* -f ^ 



a^s 



nidius is a^ and tangent /. 

Cor. 4. The fluent of is a circular arc, 

s X V ** «- a* 

whose radius is a^ and secant 8. 

CoR. 5. The fluent of / \ is a circular arc 

V a* - a? 

whose radius is a^ and cosine x. 
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(45.) Hence^ since the circumferenoes of circles and 
corresponding arcs are as their radii, if we know the 
length of an arc to any one radius, we may find it for 
any other. Let A s the length of an arc to radius 1 ; 
required to find the length of an arc subtending the 
same angle to radius a ; the proportion is 1 \ a v. A \ 
the arc required := a x A. Thus, if the length of an 
arc of 30"^ to radius 1 = 0,5235987, the length of the 
corresponding arc to radius a ^ a x 0,5235987. 



ON THE CORRECTION OF FLUENTS. 

(46.) The fluxion of j; is i ; and the fluxion of x ± a 
is i, whatever be the value of the constant part a, and 
whatever its sign. Under difierent circumstances^ there- 
fore, the fluent of i may be either <r, or x ± a. So that 
though a fluent can only have one fluxion, yet a fluxion, 
in difierent cases, may have difiercnt fluents ; and this 
must be determined from the nature of the problem. 
First, take the fluent according to the rules, and observe 
whether this fluent becomes equal to nothing, or to some 
determined value, when the naturc of the problem re- 
quires that it should ; if it do, no constant quantity is to 
be annexed to it ; if not; some constant quantity must be 
added or subtracted to make it s O, or to give it the 
value required. This is called the correction of a fluent. 
Instances will be given in the following sections. 
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ON THE AREAS OF CURVES. 

(47.) The fluxion of the area of an algebraic curve 
is equal to the rectangle contained by the ordinate and 
the fluxion of the abscissa. 

Let AMP be any curvilinear area, generated by the 





b M c 

uniform motion of the ordinate PM. Take Mb and Mc 
on each side of MP, and equal to each other ; and let tPvy 
parallel to AF^ meet hx and cv^ which are drawn parallel 
to MPy in t and r. Then, since the abscissa AM is 
supposed to flow uniformly, if the ordinate MP be con- 
ceived to increase, either of the equal paraHelograms 
PtbMy PrcM, is greater than the preceding increment 
PxbMf and less than the succeeding PvcM. Also, since 
PM= re, the rectangle PMcr increases or decreases ac- 
cording to the increase or decrease of Mc; therefore 
PMcr is the fluxion of the area AMP. Hence, if 

AMszx, PM^y, the fluxion of the area APM^yi. 

EXAMPLSS. 

(48-) Ex- 1. Td find the area of a triangle ABC. 
Draw AD perpendicular, and EF 
parallel to 5a LetAD=^a, BC=:b. 
AQsAXy EF=y; then, by similar 

triangles, a : b :: x :y; .*. y = — ; 
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/. yxy the fluxion of the area = , and the fluent =r 

— = ^^ — ; that is, the area ABC=. . 

Ex. 2. To find the area of the common parabola 
APM. 
The equation is ax=y* ; /. ax=2yy\ ^ 

• vxsz r y ; and the fluent= -^ :^ 

2t/* X V 2ar X y 2 . , 

—2 — ^ =- ^ rr - va?3 or the area 

3a 3a 3*^ ^ 

y<MP= ? ^i»f X MP, = f of the cir- 

3 3 

cumscribing rectangle AMPB. 

Ex. 3* In general, to find the area of any parabola; 
The general equation is a"""'j?=y* ; 

/. fl'^-'i = nj/^^*y ; •'• yi — -^ ; and the fluent = 

ny"*' ny"xy _ na'~'x x y _ 'nxjy 

(« + 1) .a"-' " (n + l).a"— "" (n+l).a"-* "" n+1 '^ 

w • • • 

■ X the circumscribing rectangle. 

2 

Cor. If n=2, the area=- of this rectangle, as before. 

Ex. 4. To compare the areas of two parabolas de- 
scribed on the same axis, whose latera recta are L and t. 

Let AP and Ap be the parabolas ; 
AM the common axis. Then the 
fluxion of AMP : the fluxion of 
AMp :: MPxx : Mpxx 

:: MP : Mp\ but 

LxAM=MP^; .\^LxAM=MP; 
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and ss/lxAM = Mp; .'. the fluxion of JMP : the 
fluxion of JMp :: ^ Ly^AM\ ^l x AM :: ^/T : ^7. 
But quantities, whose fluxions are in constant ratio, are 
themselves in the same constant ratio ; /. the area 
AMP : the area AMp :: ^1^ : ^s/l. 

Ex. 5. To compare the area of an ellipse, whose major 
axis is 2a, and minor 2bj with the area of a circle, whose 
diameter is the major axis of the ellipse. 

Let APD be the circle, 
ApD the ellipse, AM an 
abscissa common to both, PM 
and pM the corresponding 
ordinates, CB half the minor ^ 
axis of the ellipse, and CE 
the radius of the circle = CA. 
Then the fluxion of AMP : the fluxion o(AMp :: MP : 
Mp :: CE : CB (by the nature of the ellipse) :: CA i 

CB:i 2CA.2CB. 

:: the major axis : the minor, which is a given ratio ; 
/. the area AMP : the area AMp : : the major axis : the 
minor; and. -4C£ : ACB^ or the whole area of the 
circle : the whole area of the ellipse :: the major : the 
minor. 

(49.) The same proposition may be easily proved by 
means of the following Lemma. (See the Figure above.) 

If APD be a circle, AD the diameter = 2a, and PM 
an ordinate, the area -4ilfP = the fluent of i x x/ 2ax - a*. 
For PM or y = sj^ax-x" ; .\yx or the fluxion of the 
area^3/P=ix V^or-^'i ••• 'he area ^3/P itself = 
the fluent of i X mJ 2ax — a?^ 

Hence, to find the area of an ellipse, whose major axis 
is 2a and minor 2i, in terms of the area of a circle 
whose diameter = 2a. 
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In the ellipse, y =- x s/sox— x* ; /. yi? or the fluxion 
of the area AMp (See Fig. to Ex. 5 .) = - x i x>y/2ax— x* ; 
.'. the fluent or area AMp= - x the fluent of x X 
i^Sax— X* = - X the circular area AMP. and the whole 

area of the ellipse ABD = - X the area of the circle 

AED; therefore, 

the area of the ellipse : area of the circle on major axis 

:z b : a, or :: the minor axis : the major. 

Ex. 6. Let DEF be an hyperbola, of which the 
asymptotes are CM and CN; to find the area EQHF 
comprehended between two ordinates EG^ FH. 

Let CG-a, GE=b, GH^x, ^j> 

HF^y I then, by the nature of 

the hyperbola, CGxGE = CH 

X HFy or fl X fc = (a + a?) y ; 

ah J . abx X i 

/. y =: — - — and yx =; : 

^ a+x' ^ a + x • I 

.-. the fluent = ai x hyp. log. g a N 

(a + x) +cor. 

Let the area =0, x=sO; .*. cor.= — oix hyp. log, a; 
.•• the correct area EGHF =z ab x hyp. 1<^. 




a+x 
a 



Cor. If CG and GE each » I, yi a -^ ; and the 

L "^ X 

fluent = hyp. log. (l+x) + cor. = hyp, log. (1 +«) — 
hyp. log. 1 ; but hjrp. log. of i = o ; .*. EGFH = hyp. 
log* (1 + x); or the area EGHF is the hyperboljc 
logarithm of the abscissa ; the modulus here =:: 1. 




Ex. ?• To find the area of a cycloid 

Let CAL be a cy- 
doid^ AD the a»»» 
ABD the generating 
circle, AF a tangent 
at the vertex, CF pa- 

nUel to AD^ Tako ^^ ^ * 

any point P in the arc, i^n^ draw PJIf perpendicular 
to AM. Then th^ laxion of the external are» AMP = 
]^M X ^ fluxion o£ ^jM Let ^4£»«, ^J9 m ack; 
then J^ » ^.2iix - a* and the fluxion of J8i?'= 

^2ax—3f 

Alao PJ3 = the arc BA ; .*. the fluxioa of PJB.Ta. 

■ . : .-. the fluxion of P5 + -BJ5, or of AM ^ 

j^oax-^x^ 

2ax^xx 



r ! 



aod the fluxion of the; i^i^, APM, or PM x 



2ajci-a?*i 



=«x 



Sax'-a^ 



3zr s 



the fluxion of AMss ~^,^ — .■■ - ■■ ^i/^^ >* < ti :u^ 

^2ax^ar ,^2ax-ar 

i X ^3aa?— X*; but i x a/ 303?— a:* .(Art. 49.) =the 
fluxion of ABB; .*. the fluxion of APM = iiie fluxion 
of ^^J3 ; and these tiv^o areas begin together ; .*. APM 
as ABB % and the whole external aiea ACP ^ the semi- 
ordeABP; for the saiqe raason, ALR sth?. other 
semicircle ; .-. the whole area, without the cycloid, = 
the generating circle ; but the parallelogram CFRL ^ 
QL X, DA = the circumferc^nce x the diajnet^ =». 4 
generating circles ; /. the area of the cycloid = 3 gene- 
rating circles, 

Tlift isyaEte coiMlHiion mt^jhoobtaifted ip the following 
manner. Draw pm, pe indefinitely near and pu*allel 
to PJIf, PE^ and produce EP till it cuts pminy. Join 
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ABy and draw Bb 
parallel to Ee. The 
increments MPt/m, 
BEeb represent the 
fluxions of the area 
APMzxA of the cir- 
cular area ABE. Now, by similar 

AE : EB ;: py : yP, 
or MP : EB :: Be : yP; 
.-. MP X yP^EB X Ee, or the fluxion of ^P3f=tfie 
fluxion of ^JE-B ; and these two areas begin together ; 
/, &c., as before. 
Ex. 8. To find the area of a curve, whose equation is 
ax 

Here yi = /^^ ; whose fluent is (Fluent 33.) 

a X a circular arc of radius | a, and versed sine « — a 
X \/ax - x", which vanishes when a? = ; and if 
i: = a, it becomes a x the semi-circumference, whose 
radius = | a = the area of two circles of radius = f a. 

Ex. 9. The area of a curve equals n times its circum- 
scribing rectangle ; required the equation. 

Herethefluentofyi = nx y«; .\yi^nyi+nxy -^ 

••.(l-n)yi = niy; /. (1 -n) ? =nx | ; and(l-n) 
hyp. log. X = « x hyp. log.y ; or «*-* oc y\ 

In the common parabola, w = - ; .-. ar' o^ y * or 

jcocy, and ax=y* the equation. 

Ex. 10. Required the nature of a curve whose areasr 
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aA-x 



Here the fluent of yi = hyp. log. -^ — = hyp. log. 

i» """ *i» 

2ai 



a+x— hyp. log. a^x; .•. yi=s 



X 



a+x 



X 



a— a? a*— X** 



2a 



and y = ■ ^^^ the equation. 

Ex. 1 1 . Required the nature of the 
curve, the square of whose ordinate 
BC is a mean proportional between 
some constant quantity a\ and the 
curvilinear area ABC. 

By the problemj 
the fluent of yi : y^ ;: y^ i a^i 
.•. a* X the fluent of yi=sy*oca*yi=4y'y ; /. a\raB4y*y, 

and a*a? = -^ ; .•. or oc y®. 




D 



aO ccwnnm er aoiiiK. 

Chap. VII. 

TO FIND THE CONTENTS OF SOLIDS. 

(SO.) I4ET i»^F represent a solid, which h cMcdved 
to be generated by a circle, 
be^nning ita nrtDtion at A^ 
and perpetually changing its 
magnitude, while its centre 
moves uniformly on the line A 
AM. Let PUF denote the 
position of this circle, cor- 
responding to the ordinate 
PM of the curve AP. 

Through P and F draw two lines, iPr, eFp, parallel to 
AC i take Mb = Mc, and through b and c draw two 
lines parallel to P/^, meeting tPr, eFp, in t, e, r and j>. 
Conceive circles to be described on the diameters te, xd^ 
vg and rp. Then the cylinder PrpF — PteF; and 
PrpF'K less than PvgF; and its equal PteF'is greater 
than PxdF; that is, the cylinder J'rpF is greater than 
the preceding, and less than the succeeding increment of 
the solid. Also, since PF is constant in the cylinder 
PFj)r, the increase or decrease of this cylinder will vary 
as the increase or decrease of MC; but AM flows 
uniformly, .'. the cylinder PF^ r is the fluxion of the 
solid PAF. 

Let AM = x; PM = y, JWC = i ; then, if ;» = 
3.l'4l59,&c. the area of a circle, whose radius is 1, the con- 
tent of this cylinder, or the fluxion of the solid ^ py*x. 

Cor. Whatever be the form of the generating plane. 
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as a triangle^ a square^ a parallelogram, &e. the fluxion 
of the solid will be equal to the product of this area and 
the fluxion of the absdssa. 

Examples. 
(51.) Ex. 1. Let J BE be the solid generated by the 
revolution of the common parabola about its axis. 

Here jf" ^ ax-^ .\ py*i = paxi, 
and the fluent or content. =s ^C—p 4. 

correct. ; let ^ s ; then the content 
5= O, .'. C = ; or the content = 

»«<«• pax X X pv* >f ^ .1. ^ • 

~- = ^^—71 == ^-^ — ; that IS, 

2 2 2 

the whole content of ABE = p x 

BC^ X AC 




CoR. Since p x BC^ x AC = the content of the 
circumscribing cylinder^ the paraboloid =s half the cir* 
cumscribing cylinder. 

Ex. 2. Let ABE be the solid, generated by the revo- 
lution of any parabola about its axis. 

In this case, c^^^x = y" ; .'. a^^^i =s nif^y ; 
.•. py^x =r n-^ » *"^ the fluent or content = 



T'^ — rr; + conpcction. But if v ^r 0, the content 



,••+• 



s 0. ••. COT. :« ; /. the content = 7 ~. , 

(» + 2) a 



n— 1 



n 



npy* X y* _ npcf'^^xy^ ^ 
(» + 2) a""' "" {n+ 2) a"""* ^ n + 2 



>t py^x. 



Cor. The content of ABE in this case = 
the content of the circumscribing cylinder. 

D3 



n + 2 
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If « = 3, the paraboloid = § the cylinder as befbrc. 

Ex. 3. To find the content of a sphere. 
Let the radius = a, the versed sine = jr, and the right 
sine y ; then the equation is y* = 2aar — ;r*, /. pi/^i = 

aj!^ j + cor. 

Let a? = ; then the sphere = j .*. cor. = O ; and tlie 

ax* - ^j I let X :=: 2a; then the whole 



content 



K^--t) = ^- 



CoR, The content of a cylinder circumscribing the 
sphere ss pa^ x 2a = 2/>a^; therefore, 

the sphere : its circumscribing cylinder :: -^— : 2/?a', 

Ex. 4. To find the content of a spheroid generated 
by the revolution of a semi-ellipse about the axis major. 

Herey* = — (2aa? — x*); 

.•.py*i = ^ (2axi - x'jt) ; 

.% by the last case, the con- 
tent of the section correspond- 
ing to the abscissa x = ^-j- Tax* — — ) ; the cor. = O ; 

and the content of the whole spheroid s^ ^-^ x 




a 



3 



Apb^a 

CoR. 1. If the ellipse revolve round the minor instead 
of the major axis, since the same property of the curve 
obtains in each case, the content of the spheroid . thus 
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generated = -~j — , Henoe the solid generated round 
the major : the solid generated round the minor :: . ? : 

^^ :: J : a :: BC : CA. 

r^ « e- 4pb*a 4pa^b Apc^h 4pc? ^, 
Cor. 2. Smce-—:: — ; —^ — :: -^ — : -^ — ; /.the 

3 3 3 3 

solid generated round the minor is a mean proportional 
between the solid generated round the major and the 
sphere^ whose diameter is equal to the major axis. 

Ex. 5. To find the content of an hyperboloid. 

Let BAE (See the Figure in the preceding page) 
represent a hyperboloid^ whose major axis =c 2^, minor 

A* 
=: 2J, AM = jp, MP ;=z y, AC :=z e, then y* = ~ 

{2ax + X*); .*. py^i = —;- {Qaxx + x^i) ; and the 

fluent = ^— r fax* H — j, which needs no correction ; 
a* V 3/ 

or the whole content = ^ ( ae* + r- ). 

a* V 3/ 

CoR. The content of a cylinder, the radius of whose 

base is PM, and altitude AM^pxPM^ X AM = £~ 

{2as^ + a?) ; .•. the content of the hyperboloid of the 
altitude x : the content of a cylinder of the same base 

and altitude :: ax* + - : 2ao^ + x^. Let x be very 

3 

suiall^ and this becomes the ratio of ax^ : 2ax^y or pf 
1 : 2, which is the ratio in the paraboloid. 
Ex. 6. To find the content of a cone ABC. 




= I of a cylinder of the fiame base and akitude. 
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Let JD the axU = a, DC = *, 
AO'^x, GF=i/. Theny = 

fluent = - — T- > which needs no 
3 a 

correction. \jctxsza\ then the 

content of the whole cone = b^ 

pb^a 

3 
Ex. 7. To find the content of the solid called The 

Groin, which is generated by a variable square, mnpq, 
moving parallel to itself, the section GJK through the 
n^iddle of the opposite sides being semi-circular. 

Let AH = a; AF 
= X ; FI = y ; then 

y = kJ 2ax — x* by 
the nature of the cir- 
cle; .-. 2y = 3 X 

y/^ax - ar*; .•. the 

area of the generating ^ ^ 

plane fnnpq, which answers to /)y* in the other cases, 
= 4 X (2aa?- jf); hence py^x = 8aa?i-4a?*i ; and the 

fluent = 4ax* 1- correction, and the correction 

3 

= 0. Let A? =s a ; then the whole sbttd BAD » 4^ 
4a» _ Sa^ 

Ex. 8. To find the content of a pyramid, the section 
of which parallel to the base is any 
given figure. 

Let EFG be a section parallel to 
the base ; draw AFK perpendicular 
to the plane BDC, cutting EFG in 
/; join KDf FI; then the area of 
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the base BDC : the araa of EFG :: DC* : FO* v. 
Aiy : j4F* :: JK^ : ^/* i hence if A = the area of 
the base, AK = a, AI = x, the generating area, EFG 

ss — r-; .•. vy X = — r-; and the fluent = — -j . 

which needs no eorrectioQ. Let a? s a; then the 

CQotfKit of the ivhdbe figure = — - — =3 { the content 
of a prismatic figure of the same base and altitude. 
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Chap. VIIL 

ON THE LENGTHS OF CURVES. 

(53.) Def. a curve is described by the motion of 
a )X>int which is continually changing 
its direction. 

Cor. I. If MPN be a tangent to 
the curve jiB at P, the direction in 
which the describing point moves, j^g^ 
when at P, is in the tangent FN. 

Cor. 2. Its direction at any other points, E and JF^ 

is not in the line PN, but in tangents drawn to the 
curve at E and F. 

(53.) If the point do not continually change its direc*, 
tion, but roove^ by a sudden P 

change at F, from the curve 
JF, to describe FB, there 
may be two tangents at the ^' 
point P,Pitf and PiV; This 

is not a curve of *^ continued i B 

curvature," but is, as it were, broken at P. Newton's 
expression, « Curvatura continual (Sect. 1 . Lemma 6.) 
is applicable to those curves alone, which are described 
by the motion of a point continually changing its 
direction. 

(54.) To find the length of a curve, which is referred 
to an axis. 

Suppose AF the curve, AM the axis ; hx, FM, cv, 
three equidistant ordinates. Let dFs be a tangent at P, 
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meeting hx and cv produced in d and 
s. Tben the direction of the point P, 
which describes the curve, when the 
ordinate is in the position i(/P, is in the 
tangent Ps. Suppose the ordinate PM^ 
and the abscissa JM, to flow uniformly for a small space, 
and their fluxions to be Mc and rs ; then, by Art. 44, 
Ps is the fluxion of AP. LetJP = z, AM=x, MP =y, 
Pr^i,rs=if; then i = ^ if + y*. 
Examples. 
(58.) Ex. 1 . To find the length of a semicubical parabola. 



.x» 



+^=ft£+^- = (^^±M£; hence «=V^MlF 



4a 



= (fty+^°^ X y ; the fluent of which, by Art. 39, = 
3ai 

(9y+y , ^ (^„ Let the arc = O ; then y = ; 

...„=(iH)*+C;.-.C=0-lia*=^ = -2f, 
VI A 27 a* 270* 27 

(0M+4a)* 8a 

.*. the whole leoeth, thus corrected, = — ^ r — ;. 

" ' s7o« 27 

Ex. 3. To find the length of a common parabola. 




which the auent, (Fluent 58.) = ^ X Vjf + 'V + 
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i & X h. 1. (y + a/^ + 6') + oorr. Let the curve » 0, 
then yaeO; /• Os | 6 x hyp. log. ft+C, and C^p— ^6 

X hyp. log. 6 ; /. the whole corrected length = — x 

-v/y*+*y + I ft X hyp. log. (y + s/¥TV) - §* x 
hyp. log. A = ^ X s/y + *>' + ^ 6 X hyp. log. 

(y +VF+F- hyp. log. ft) = ^ X Vy+fty + iftx 

hyp. log. y±^Jf±l . 

Inst ead of reasoning in all cases from the expression 
z = v^N^, it is sometimes useful to adopt other 
methods, according to the nature of the curve. Some 
instances are given in the following Examples. 

Ex. 3. To find the length of the cycloid ABC. 
T9keBD^a,BE^ ^ 

a?,«G=«, G/Tinthe 
direction of a tangent 
atG=i; dnw HIK 
parallel to GE, and _ 
let EK^i. Then, by ^ 
similar triangless, BEF\GIH, BE : BFv. GIi GIf; 
or, since-i?F= s/UBxBE = ^ax, x : aixi :: x: z- 

.-. isr— l s a^x'^ii, and z = aaixi + correction. Let 

X = 0, a = 0, .*. C= 0; and z:=z2aiA ; that is, BG:=z 
aBF; .-. BAzz2BD, and the whole arc of the cycloid 
ABC=z4BD. 

£k* 4. To find the length of fl circular arc, by sum- 
ming the four first terms of the series, which expresses the 
length af the arc in terms of the tangent. 

Here, according to the notation in Art. 44, z = 
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^j — rj ; or, if aY be actuidly divided by d*+t\ i =: i '^ 

ir a^ of" 3a* 5a* 7^ 

which heeds no correction. Let the arc be 45% then 

/=a; ••. an arcof 45**=a— ^ + --- + &cl; or, if -we 

% 3 5 7 

lake four terms^ the arc = a A — -+---) ^ im» 

and, if for a we write - , cf being the diameter^ the arc of 

45^ =s -— ; /. the whole circumference = ; or, 

the circumference : the diameter :: 3 : 1, nearly. 
CoR. 1 . If we assume z an arc of 30^, and a = 1 , then 

/= --^ s= 0.5773502 ; if this value be substituted for t, 

and twelve terms of the series be taken, z the arc of 30^ 
= 0.5235987. Multiply this by 12; then the whole 
circumference = 6.2831804, where radius is 1 ; but the 
circumferences of circles are as their radii ; .•. if the 
diameter be assumed ts 1^ or radius = |, (he whole cir-- 
cumference in this case = 3.141590, &c. 

rad. X circumf^ 



Cor. 2. Since the area of a circle = 



2 



^ i? . f 1. J- • • 1x6.2831804 
."• the area of a circle, whose radms is 1.= 

=s3.14159, &c. 

Ex. 5. Compare tl^ circumference of a circle with 
its diameter, by sumifaing the four first terms of a series 
expressing the length of a circular arc in terms of the 
sine. 

Here, acoording to the Qotati(m> (Art 44.) i s 
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' ' ■ : > of which the fluent =y + --^rr-r, + — 3J![! — + 
2.4^6.7(^ "^ *^" ^^^^"^^ ^^-^ ^^^ y =^ ^' *^ ^"^ 

sa a quadrant ; /. the arc of a quadrant = a x 

• ^ "^ B'^io'^336 ^ ^^' ^^ adding the three first terms 
together, and dividing the numerator and denominator 
of the first by 2, and of the last by 3, it = a x : -^^ 4- 

^ ^ 120 ^ 

iT2 * ^ ^ 1680 ' *' *^^ whole circumference = a x 

?g^ ; or, if a = - , rf being the diameter, it = ^^^^ ; 

•'. the circumference : the diameter :: 4322 : l680 
nearly. If a greater number of terms were taken, the 
approximation would be more correct. 

(5^.) Nearly in the same manner, an approximation 
may be made to the value of the circumference in terms 
of the diameter, by taking the sum of a few of the first 
terms of the several series which express the length of 
a circular arc, in terms of the cosine, versed sine, or 
secant. The expression for z in terms of the cosine is 

i = y , ; =» - ^ I I —-J ) i for the versed sine, « = 
^a^-x' \ a/ ' 

ax ax aii • x* x "* J 



ax ux a^x y ^ \ 

^ V "lax/ 



and for the secant % = — * , . - a= --- (^i — -^ . 

The part, which is in the form of a residual, is to be 
expanded by the binomial theorem, as in the last case, 
and the fluent of each term to be taken separately. 
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Chap. IX. 




TO FIND THE SURFACES OF SOLIDS. 

(57.) JLiET BAC represent a solid ji 

generated by the circle PF, as in 
Art. 50. The surfieice of the solid is 
generated by the circumference of that 
circle. Hence the fluxion of the sur- 
face will equal the circumference of 
PF multiplied by the velocity of the 
point P, or equal the circumference PF 
multiplied by the fluxion of jiP. Let 
PM^jfy AP ssZf p^3.l4l59y &c. the circumference of 
a circle whose diameter is 1 ; then the fluxion of die 
surface = 2pjfi. 

Examples. 

(58.) Kx. 1. To find the surfece of a sphere ABP. 
Let EP, FD be two ordinates^ 
PD a tangent at P, PH perpen- 
dicular to FD. Then if CP = a, 
AE^x, AP^z, EP^y, PH^ 
ij PD^Zj by similar triangles 
PHD, CPE, i : X :: a I y; 
/. 2pyi, the fluxion of the surface 
s 2pai ; and the fluent = 2pax + 
correction. Let j? » 0, the surface 
= 0, and the correction = ; .•. the surface = 2pax. 
Assume x =s 2a ; then the whole surface = 4p(f = the area 
of four great circles. 
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Cor. The surface MAPocx. 

Ex. 3. To find the surface of the solid generated by 
the revolution of the common parabola about its axis. 

Here (u:=y*; .•.i=^^, andi*=-^j^; .•.»*=: 



a 






- 9 • 



x =y X 



a 



hence, 2pyz = J^^^'^ ^ , and the fluent = 

MM^a^ = eB^t^\ eori^ion. Let the 



•^x|xa 



sur&ce = 0, y = O ; .*. the correction = — ^ ; .•. Ae 

corrected surface =s ^- — *-g "^ —■ . 

Ex. 3. To find the surface of a cone. 
IjttAC^s, AF^%, FG^Jh 
CD:=^b, FH^Zy Hl^if, then, 
by similar triangles, FHI, ACD, 

z : y :: ^ : b ; .'. i = ~ ; and 

the fluxion of the surface, or 

2pjfi = -J- K yy. The fluent =i 

—- X ^, and the corr.= O. Letyssd ; then the whole 

surface = ' =s psb = 2pft X - » the circumference of 

the base x | the side AC. 

Ex. 4. To find the surface generated by the revolution 
of the cycloid ABC about its base DC. 

Let AD = aj AFz=x,AB=^z, BE z=:yy^a^Xi then 
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AG =s aixi; AB = 2(Ax^\ .\ i = 
c^x'^iil .'. fipyi = 2;> (a — x) ai J^ 
«""ix asi 3pa*x^»i — 2j»aix^x ; and 

the fluent = Apa^x^ - -i-- — + cor- 

rection^ and the correction = O ; .*. the surface generated 

by AB = Apc^x^ — 2!l — . Let x^a\ then the whole 




iUTiace3=4pfl*— 



4pa^ Spa^ 



3 3 

Ex. 5. To find the surfitce of the figure called The 
Groin. (Vide Art 51. Ex. 7.) 
Let AH= a, AFz= x,IF = yyAI=Xi then, since 

*** ; alto, 2FI 



* ■ » 



i : * :: fl : (y) ^J^ax^a^, z == - — .^_- 

= 2 X is/2ar-x* ; /. 2yy in the other cases = 8 x 
^2iwr— Jp* in this case; hence 2/»yi; = 8 x A/2ax— ic* x 

= 8ai; and the fluent = 8aa?+ the correction, 



oi? 



A/2aa:-x" 

but the correction = : /. the surface corresponding to 
the abscissa AF=8ax. Let ^ = a, then the whole 
surface = 8a^ 
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Chap. X. 



ON THE CENTER OF GRAVITY. 



Lemma. 

XJY Mechanics^ if A^ B, C, 
&c. be any number of bodies, 
whose center of gravity is G ; 
and ^a, Bby Cc, Gg^ be drawn 
perpendicular to a plane PQ ; 



a 



A B 




then the line Gg = 



Ax Aa + Bx Bb + Cx Cc+&jc. 



The truth of this Proposition is assumed in the follow- 
ing articles. 

Proposition. 

(59.) To find the center of gravity of a body taken 
as an area, solid, curve line, or surface. 

Let MAN he the body, AF 
its axis; draw KAL, BEC 
perpendicular to AF. Then, 
since AFis the axis, the figure 
will balance round it, or the 
center of gravity is in AF. 
Conceive the body to be com- 
posed of an indefinite number m y /^ 
of particles, and multiply each particle by its distance 
from KL. Then, by the lemma, if G be the center of 
gravity, AG is equal to the «um of all these products, 
divided by all the particles, or by the body itself. The 
sum of all these products is found by taking the fluxion 
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of the sum in the first instance^ and then the fluent. 

Hence^ if s represent the fluxion of the body at the 

J. ^ - ^r ^^ the fluent of ari 

distance x firam KL, AG = —, — 3 ^ .. . ■- . 

the fluent ot s 

(60.) To find the center of gravity of an area. 
In this case, the fluxion 
of the numerator = 2yxx\ 
j^ ^ the fluent of 2yxx 
~ the fluent of 2yx 
the fluent of yxx 
^ the fluent of yir 

(61.) To find the center of gravity of a solid. (See 
the Figure in Art. 59.) 
„ jf^ _ the fluent oipy^x x x the fluent of y*a;;g 
" the fluent oipy'^x the fluent of y*i * 

(63.) To find the center of gravity of a curve line. 
(See the Figure in Art. 60.) 

In this case^ the fluxion of the numerator = xi, and 

the fluxion of the denominator = i ; .\ AG— -2 — : . 

fluent z 

(63.) To find the center of gravity of a surface. 

The fluxion of the numerator == 2pyxiy and that of the 

. . ^ . .^ Huent^pyxi fluent ya?i; 

denominator s2iwx; .'. AG = -3 ^ j; . = ^3 ^"-r . 

'^ fluent 2pyz fluent yz 

Examples. 
(64.) Ex. 1. To find the center of gravity of a 
triangle ABC. 

Take AF bisecting the bilse ; draw 
DE parallel, and AL perpendicular, 
to BC; let AF ^ a\ BC ^ b, 
Al^Xf D^s=y, AH:=sv, AL=c. 
Then the center of gravity is in AF, and 

^^ fluent yxx fluent DE x AIx the fluxion of AH 
fluent ^x tnangle ^/iC 

£ 
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Now AF : AL :: AI : AH, 



or^ a : c 



ex 



ex 



:: X : t; 



; /. V = — , and 



a ^CX bx 

, fluent — X — X X 

ox Mg^ a a 

V = — ; /. AO = - 



ch x 3? 



which^ for the whole triangle^ = 



triangle ABC 3a* x triangle * 

c6 X g^ £a 

ei " 3 • 

3a» X — 
2 

Ex. 3. To find the center of gravity of the common 
parabola^ BAC. 

Here y* = ax; /. y = a'x^ ; ^ 

fluent yxx fluent gix^j 
•• fluent yx "" fluent a^x^x~ 
s i \ 

-a»x a«, 

I ^^-^^AG. T 

^a'x* 

Ex. 3. To find the center of gravity of any parabola. 

u » ««i — - 1 fluent yxx 

Here v = a*^ x ; /. y = a • x« ; and -5 ^^ : = 

•^ * ^ * fluent yx 




fluent g *x* x _ ^ 

fluent a " x^x 



»«+! 



= i^L+ili? = ^G. 



H!i±ixx""r 2« + l 



Ex- 4. To find the center of gravity of a semi-circle. 

LetFBinthiscase=x,D£=y, b f c 

FD = r ; then x» + y* = r* ; 

fluent yxx ^ 
.•• xx= ^yy; .". ,, .:,^ ^ 




fluent y X 
_ fluent— y^y _ cor. - |y' 
fluent y X area DEFB * 

Now when the distance of the centerof gravi^from BCssO, 
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DE coincides with BFi .\ FG = - — ^ ^^^^ ; or, 
for the whole semi-circle = 



3 X AFB' 



CoR. AG = r ^ 



3 X AFB • 

Ex. 5. To find the center of gravity of the segment 
of a circle BAC. 

Take F the center ; join BC, 
and draw FA perpendicular to 
BC; the center of gravity is 
in ^A. Let FE=Xy ED=y, 
MB=:b; then, by the last case, 

the corr. — ^y^ 




FG^ 



s^ _ 



the area BMED 
/. FG for the whole segment = 



63. y 



3 X the area BMED * 



3 X the area BMA * 
Ex. 6. To find the center of gravity of the solid 
generated by the revolution of the common parabola 
about its axis. 

«--*■=«- ■■"^^, 

_ fluent of ax^i fluent of jc^i 

"" fluent of a XX ~ fluent of j^^ 

"" 30^ "" 3 - ^^• 

Ex. 7. To find the center of gravity of any paraboloid. 

Lety" = a'^-'x; .% y = a » j?» ; .. t/* =: a * x^; and 







flaent of y*j?i __ fluent of a * x" i \« 

fluent of «»x — Z ~~rS~T7 "" Tz 

^ fluent of a • r-i (- + 



C- + ») 



X x* 



"* 211+2 



s 2 
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Ex. 8 . To find the center of gravity of a cone. 

By similar triangles, AEDy AFC, 
AF : FC :: AE : ED. Or, if 
AF=a, and FC=b, 

a : b :i X : y; .'.y = — , and y* 

b^a^ ^ the fluent oi y^xi 

a* ' * * the fluent of y*i ~ 

V 
the fluent of -; 3i?x 

the fluent of-! aj^i: ^^ ^ 




or 



^AG. 



Ex. 9. To find the center of gravity of a hemisphere. 
Let BAC (See the second Figure in the preceding 
page) represent a hemisphere ; here y^ = 2ax - jf ; 
/. the fluent of y^xx = the fluent of 2ax*x - x^x = 

; and the fluent of y*i = the fluent of 2axx 

3 4 

_^, ^ 0^ the fluent of y»i?i ^air^-jar* 
— a^x = aop* - -r J •'• Tm — ■ ; ^ . = -* 



the fluent of y*jb 



ax* -5** 



Let X = -rfjPs a; then -r^G = ? 



::flf* — -?fl* -rrfl* 



a»-Ia» 

3 



12 



5a 

8 



Ex. 10. To find the center of gravity of a hemisphe- 
roid. 

Let BAC (See the 2d Fig. in p. 64.) represent a hemi- 

spheroid ; then y* = ^{aax — j:*) j /. the fluent of y*xr 

a 



b h* 

=r;xthefluentof (2aar*i-«»i)=:2;x ( 



2ax' 



3 / 



^- 
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and the fluent of y*i = -^ x the fluent of 

• .X 6* / • ^\ the fluent of y^xi 
(2axx - ^x) = - (««• - -) ; .-. the fluent of y'x 

s ^-T5 "5 — ; whence by the last case, if 

-.x(flx*--) 

&a 
Cor. 1. Since 6 is not found in the expression — , 

flie distance of the center of gravity from A in all hemi- 
spheroids round the same major axis is the same. 
Cor. 2. In the same manner, if BAC be an hyper- 

li* ^CLX ^ 3x* 

boloid, andy» = ^, (iax+x*), AG = ^^^ ^ ^ i that 

Ex. 11. To find the center of gravity of the arc of a 
semi-circle. 

UtFE^x,ED^yyBD=-%, b r c 

FD=^r; then i :— y :: r : x; 

(Art 44.) .-. - ry = xi ; 

—^ flu. of jcx flu. of - ry 
.•.JPG = = ' - 

z z 

= ^^^ + thecorr.; andif FG = 0,y ssr; .\FO^ 
— r" . ^y s= J for the arc of the quadrant ; and the 

same is true for the other side ; .'. FG ^ urij ^^^ ^^ 
arc of the semi-circle. 
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Cor. AG^zzv 



r' 



BDA' 

Ex. 12. To find the center of gravity of any arc A EC 
of a circle. 

Take S the center; and draw SDE 
perpendicular to the chord AC\ the cen- 
ter of gravity G is in that line. Let AD 
= b, SE=r, SB = x, BM = y,AM 
= z. Then xx = — ry ; .•. the fluent of 
a?i = — ry + the corr. = ri — ry ; and 

-,^ the fluent of xz rft — ry 
so = ^M^'*or 

taking the whole arc AE, and therefore y = 0, SG = 
jp ' =s -j-^ — ; and the same conclusion holds for 




SE X AD 
AE 



EC; .\ SG for the w.hole arc AEC = 

5^ X AC 
AEC • 

Ex. 13. To find the center of gravity of the sector of 
a circle. 

Let S be the center of ^ 

the circle; il/m the chord 
of the arc iJf^w ; *S^per- ^j 
pendicular to Mm ; QDq 
an arc at any distance 
SD ; Qq its chord. Take MAm = c, SM^r, Mm^a^ 

SQ = Xy QDq = V ; then r i x :: a : Qq z=: ^; 

2 r 

/. yxx, in the preceding cases, corresponds in this 

instance with -x xx = ^; ,. SG = ^"^"* ^^^^^^ 

r r fluent of yi 
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2 fluent of aa^i 
"" r vx 



2a3c* 
3rv 



; and for the whole 



sector = 



2a r 
3c 



Ex. 14. To find the center of gravity of the surface of 

a hemisphere. 

let jiE = x, ED = f/y 

. .^ the fluent oS yxz 

then Aijr = -rr — s . ^r ^. . • 

the fluent oi yz - 

'Sowi : i :j r : y; .•.y«=ri5 

^ _ the fluent of rxi 




2x 



the fluent of ri * 



= - ; or for the whole hemisphere = - . 



Ex. 15. To find the center of gravity of the surface 

of a cone. 
Let AC = s, AF =z a, FC ^ b; (See the Fi- 

sx I 
GURE in p. 68.) then x : i :: ^ : a ; .*. i = — ; also 

6a? , .^ fl uent of yxi 
yixiibi a; .'.y = ^, and AG = -fl^J^^JT^f^ 

- X - X fluent of a:'i 
-. ^ ^ = — ; .•. for the whole conical 

^ X - X fluent of XX 
a a 



surface AG = 



2AF 
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CENTER OF GYRATION^ &C. 



Chap, XL 



ON THE CENTERS OF GYRATION, OSCILLATION. 

AND PERCUSSION. 

Proposition. 

(o5.) J.F P represent any moving force acting at 
a distance SD from the axis Sy and a body B revolve 
round the axis by the action of P, the same angular 
velocity will be produced in a given time, if a weight = 

— K^5 — be placed in D. 

Let M and m represent 
two movitig forces acting at 
B and at D; /^and t; the 
velocities ; and B and x the 
quantities of matter at these 
points. Then since Moc Q 

^ , M_B V 

X V^ we have — =— x — ; 



m 



X V 




B M V ^j 
hence — = — x -ry. Wow 

X m y 

since the effects are the same, we have by the lever M : 

M SD 

m :: SD : SBi .\ ~ =Trij; also, since the angular 

HI oxi 

velocities of Jb and D are the same, the linear velocities 
are directly as the distances ; or f^ : v :: SB : SD ; 
V SD ,.,. B SD SD BxSB" 

^^''^'^>x = SB'' SB^'^''^-S]^~' 



CoR. Since the accelerating force oc as the moving 
force divided by the quantity of matter, the accelerating 
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force upon D oc as BxSW oc ^ — ^^^ ; and the same 

18 true for any number of bodies. The inertia of P is 
here not taken into account 



ON THE CENTER OF GYRATION. 

(66.) Def. The center of gyration of a body, or 
system of bodies, is that point into which, if the whole 
mass were collected, a given force as P applied at a 
given distance from the axis of suspension, would pro- 
duce the same angular velocity in the same time, as if 
the bodies were disposed at their respective distances. 

Proposition. 

(67). To find the center of gjrration of any body, or 
system of bodies, revolving round an axis of motion^ 
which passes through S. 

Let Jy B, C, &c. be the 
bodies, or the particles of 
which the body is composed ; 
P the given force applied at 
D; R the center of gyration. 
Then the force which acce- 
lerates D, whilst these bodies 
are at their respective dis- 
tances, = (by Cor. Art 65.) 

Pxsir 

Ax SA' + Bx SW+Cx 5C* + &c. * 




Next, let the 



whole mass be collected in R ; the accelerating force upon 

D = /^ . p ^At . c — ; — elFi • But since P, and the 
(-4 + /i+C+&c.)x Air ' 



74 CENTER OF 'PERCUSUON. 

angular velocity of 2>, are by supposition the same in both 
cases, the absolute velocity of D is the same, and .'• the 
accelerating force upon D must be the same ; that is, 

PxSD* PxSD* 

jixS^+ExSE^+kc. ^ {A + B+C + icc.)x SR^* 

^j^_./JxSj^ + BxSB* + CxSCa^&lc. 
.% ^U^V — A + B+C+&CC. 

CoR. If s be the fluxion of the body at the distance 

/• xL c*n A /the fluent of x*s 
X from the axis, SR=^ V • 



ON THE CENTER OF PERCUSSION. 

(68.) Def. The center of percussion is that point in 
the axis of a vibrating body, at which, if stopt by an 
immoveable obstacle, it would rest in equilibrio, without 
inclining to either side. 

Proposition. 

{6^.) To find the center of percussion of any body or 
system of bodies. 

Let RTv represent a sec- 
tion of the body formed by 
a plane passing through the 
center of gravity G, and per- 
pendicular to the axis of sus* 
pension passing through S. 
Let O be the center of per- 
cussion; suppose the whole 
body to be projected ortho- 
graphically upon the plane 
RvTy the center of gravity 
will remain the same^ and the 
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angular motion will not be affected. Let A^ B, C, &c. 
represent particles of the body RvT-, join Sj4y SB, SC, 
and draw jia, Bb, Cc, perpendicular to these lines^ 
meeting the axis of the body in a, b, and c ; and let fall 
AE, BF, CL, perpendicular to ST. The instant O 
is stopped^ the particle A will endeavour to proceed in 
the direction Aa^ with a force proportional to ^ x SA ; . 
and this force : its force in the direction AE, to turn 
the body round O :: Aa : AE ; hence, the effect in the 

J- ^- >#!:. AxSAxAE AxSAxSE,. 
direction AE = ^^ = ^rj (by 

similar triangles) =s A x SE ; and its effect to produce 
angular motion round O^A x SEx aO=zAx SE x (SO 
^Sa)=^AxSExSO-'AxSExSa^AxSExSO'- 
A X SA\ 

In the same manner, the effect of B and C, from 
which the perpendiculars cut the axis in 2^ and L^ on the 
other side of 0=B x SB^-B x SFx SO; and Cx 
SC* — C X SL X SO ; and since these forces balance each 
other round O, we have A x SE x SO ^ A x SA*=a 
BxSR-BxSFxSO+CxSC'^CxSLxSO; .\ 
{AkSE'['BxSF+CxSL + &c.) xSO^AxSA^^ 
B X SB*+Cx SC* + &c. ; or, by the nature of the center 
of gravity, (A + B + C+izc.) x SGx SO=Ax SA"-^ 
BxSB'+CxSC^+kc.; 

AxSA'+Bx SB^+Cx SC^^kc. 



S0 = 



(A+B + C+kc.) xSG 



ON THE CENTER OF OSCILLATION. 

(70.) Def. The center of oscillation is that point in 
a body, or system of bodies, into which, if the whole 
mass were collected, it would vibrate through a given 
angle by ihh force of gravity in the same time as before. 
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Propositiok. 

(7 1 .) To find the center of oscillation. 

Let LMN represent a ^ 

body projected upon a 
plane^ which is perpen- 
dicular to the axis of sus- 
pension passing through S. 
Let SGO be the axis of 
the body at some period 
of its vibration, G the cen- 
ter of gravity, and O the 
center of oscillation. Draw 
SDF perpendicular to the 
horizon ; with aS as a cen- 
ter, and SGf SO, as radii, 
describe the circular arcs GD, OF ; draw DE, FH, per- 
pendicular to SO. Let Gt; be a line parallel to SFy and 
draw vt perpendicular to SO ; join the point S, and the 
particles A, B, C, of the body. , Now the moving force 
upon Gy whilst the particles are in the position A, B, Cj 
&c. : the whole weight of the body :: tv : Gv :: DE : SD\ 
/. the moving force upon 0=(-^ + B+ C+ &c.) x 

DE 
-^Yi cT^ » ^^^ *^^^s ioxQi^ will, in a given time, produce 

the same velocity, if Ay B, Q &c be removed, and the 
masses — ^^ h — oj?s — + &c. be placed in G. 

Hence, the accelerating force upon G in this case = 

(A+ J3 + C+&C.) xDExSG 
AxSA'+BxSB' + CxSC^ + kc.' 

Next, suppose the particles collected in O ; the accele- 



QENTBR or OSCIIXATION. 77 

HF 

rating force on 0= _^_^_^^___ = ^ = -^ , 

by similar triangles ; and the force which accelerates O : 
that which accelerates O :: SO : SG; .•. the force which 

in this case accelerates G= -^^ . Bat in both instances 

the force at G must be the same ; for then^ in both cases, 
the point G will describe a small arc, and equal successive 
small arcs^ and consequently the whole arc GD in the 

sam^ time. Hence. -3^ — r^-a= — n — atu v> — ftt^s — k-^ 

_DE ^^_ AxSA^ + B xSB*+CxSa^&jc. 
-•50 • -^^- {A+B+C+&xi.)xSG ^ 

80 that the center of oscillation is the same point with 
the center of percussion. 

Cor. 1. If i be the fluxion of the body at the distance 

iv ^v o^ the fluent of jp*i 

X fipom the axis, «SO = —r — i— i ^tv . 

the body x SO 

CoR. 2. The distance of the center of oscillation from 
the axis of motion, is the same as the distance of the 
center of percussion. 

A + B+C+iStc. 
Cor. 4. If R represent the center of gyration, 

SG : SR :: SR : SO. 
For (Art. 67.) 5/?= -^_____- 

and SO x SG =s the same quantity (by the last Cor. ;) 
/. SO X SG=^SW ; and SG : SR :: SR : SO. 

Proposition. 

(73*) If the distance of the center of gravity and the 
axis of motion be increased,, the distance of the center of 
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gravity, and the center of oscillation, will be diminished 
in the same proportion. 

Let A, B, C, &C. be particles of the body, S the point' 
of suspension, G the center of gravity, and O of osciUa> 
tion; join S^, SB, SC, and 
GA, GB, GC : draw Aa, Bh, 
CCf perpendicular to SO. Then, 
S^=S&+GA»+2SGx Ga 

SB'z^SG' + GB'+fiSGx Gh 

SC = SG* + GC-' 2SG X Gc; 

.'.AxSA'+BxSB' + Cx 

SC* +&CC. ==(A+B+C+ &c) 

X SG*+A X GA'+B X GB*+ 

C X GC* +&C.+AX 2SG X 

Ga + Bx 2SG X Gb- Cx aSG x Gc. But, by the 

nature of the center of gravity, A x 2SG xGa+Bx 2SG 

X Gb - Cx aSG X Gc a ; divide the whole by 

(A+B+C+Sbc.) X SGi then, 

AxSA*+BxSB'+CxSC*+icc. _ (A+B+ Cf&c.) xS& 
(A+B + C+&c:c.)xSG {A + B + C+ &c.) xSG 

AxGA'+ B X GB'+ Cx GC*+ &c. 




SG + 



{A + B+C+&c.)xSG 
Ax GA'+BxGB^ + Cx GC*+8cc. 



or, 



SO 



here, SO - 



{A+B+C+ &c.) X SG 
Qf^ nf\ Ax GA* + Bx GB'+CxGC^+iic, 

oCr, or CxU= 7-3 ii — 75 — s — : rm : 

' {A + B+C+&c.)xSG • 

that is, OOoc ^p , for the numerator, and the other part 

of the denominator in the same body, or system of 
bodies, is a constant quantity. 

Cor. 1. SG x GO is a constant quantity. 

CoR. 2. If O be made the point of suspension, the point 
S will be the center of oscillation ; or the center of oscilla* 
tion, and the point of suspension, are convertible. 
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Examples. 

(73.) Ex. 1. Let the straight line SJ revolve 
about S ; to find O the center of g3rration. 



o/^ 4 /the fluent of 4c*i a/SA' _ 

AO = V iri = V ^jTJ — 



-^ 



SA 



O' 



when X = SA. 




Ex. 2. To find O the center of gyration of a 
which revolves in its own plane about its center C. 

Let Ce the radius of a con- 
centric circle = x, CA = r ; then 
psc^ = the area of the inner circle^ 
and 2pxx its fluxion ; .*. CO 

_ ^ / the fluent of apx^x _ 
" ^ px' 

V .£— - = -75s when a?=r. 
^ 2/wr*. a/2 

Cor. The same conclusion is true for a cylinder 
revolving about its axis, since it is true for every section 
parallel to the end. 

Ex.. 3. To find O the center of g]nration of a sphere 
ABR, revolving about its diameter RT. 

Draw CA perpendicular, and KB parallel to RT. 
Then KB = ,^/r^— x^; and the surface of the cylinder 
generated by the revolution of BL about RT = 2 x 
is/r*^x* X 2px ; .'. the numerator of the expression for 
CO becomes = the fluent o^Apafix x ,^r* — x*, whose fluent, 

ify=^r^-x^ (Fluent 76.) = 4^ x (^ + 2^0 "*■ '^® 
eorr. Let xssO ; then y sr ; /• the corr. of the fluent s 
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^^ ^ (T5^"3^*^'*'5^/'* (when x^r, andy = 0) 
-^ ; and the content of the spheres: -~— ; .*. CO = 



v/ 



— — - =s r X Vi • 



..P 



' o 



3 

Case 1. 

(74.) Ex. 4. Let SC be a straight line of uniform 
density suspended at one of its extremities S. To 
find the center of oscillation. 

Let O be the center of oscillation, and SP a 

• ui -X rru crk *^® fluent of x*s 
variable part=dr. Irien oU = = 

XX:: 
2 

the fluent of a^x 2 i* ^t u 1 r ^*S'C 

= - X, or for the whole hue =— -— . 

£ 3 ' 3 

2 

Ex. 5. To find the same, the density of the line being 

supposed to vary -y^ fi*om the point of suspension. 

the fluent of x*i x — 

In this case, SO = ■ » 

the fluent of-- 

or 

the fluent of a?-" +*jc 2 — n r ^u u i r 

the fluent of x-»^-x "33;i^^- ^""^ *" ''^^^^^ ^^ 

3— n 

Case 3. 

(75.) Ex. 6. Let ^£ be a line vibrating lengthways 
in a vertical plane about S, having its two extremes A 



J 
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and B equidistant from the point of suspension. To find 
the center of oscillation. 

Draw SF perpendicular to 
JB; let SF=a, FG = x, 
and join SG. F is the center 
of gravity of the line ; then, 
taking FM=:iF6, we have 
^Q_ g X fluent of i (a^ + x*) j 

2xxa 



arx+ — 
3 

ax 



x^ 



3a 




FR 

SSF' 

Cask. 3. 

(76.) Ex. 7. Let ANM be a circle vibrating in a 
vertical plane. 

Let a diameter MCN cut a 
concentric circle in D and B. 
Assume SC=a^ CB=x, CN=: 
r. Then SD'+SB'^^SC^ 
+ aCB" ; .-. the sum of the 
products of two particles at D ^ 
and By and the square of their 

distances from -Sssa'+x^xthe 
two particles; hence that ex- 
pression for the whole circum- 
ference = a^+x" X 2px = 2pa^x 

i^2p3fii ^ SO ^ ^"^"^ ^^ ^^ - ^y >^ fluent of {a^xx + cfij) 

fluent of xi «x ax* 




aV+ - 



pxax 



2 a? r' 

■:;:it — — ^"^^xi^^^^ the whole circle a H . 

ax^ 2a 2a 
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Cor. If the point of suspension ^S be in the circum- 
ference of this circle, SO = r + - ; .•. CO = - ; and 

conversely, if O be made the point of suspension, where 

I* 
€0=^ - • the center of oscillation will be in the circuni- 

ference. (Art. 72. Cor. 2.) 

Case 4. 

(77.) Ex. 8. Let ANM represent the circumference 
of a circle vibrating in a vertical plane. 

By the last Case, the numerator of the expression for 
SOy or, as it is sometimes called, the force of the fluxion 
of the circle BDE, or of an annul us, whose breadth is 
i=z2pa^xx + Qpx^x ; divide this quantity by i, and there 
remains the force of the circumference BDE^=2pa*x+' 

2m' ; hence, SO m this case= -r — :-^ — 7 — ^— r 

^ ' ' the circumference 2px x a 

x^ r* 

=a + — , or for the whole circle =aH — . 
a fl 

Case 5. 

(78.) Ex. 9. Let AHBE be a circle, having its plane 
always perpendicular to the axis of suspension S6^ 

The point G being the 
center of the circle, let AB be 
the diameter parallel to the 
axis of motion RS ; draw EF 
parallel to AB, GP perpen- 
dicular to EFy and join SP. 
Take GB = r, GP ^x.SG 
= a; then EF= 2^ r'-'X', 

and SO = 

fluent of 2xx^r'^x*x{a*+x*) 
area of semi-circle x a 
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_ the fluent of Aa^ijr' — x* + 4x^is/r' - x^ 



area of circle x a 



Fluent 24.) 



(y + \^)^ P^ 



= a + 



4a 



pr X a 

Case 6. 
(79.) Ex. 10. Let AHBE represent the periphery 
of a circle, whose plane is always perpendicular to SG. 
By the last Case, the numerator of the fraction, which 

expresses the value of SO for a circle, =ipa^r^ +iP^ 5 

of which the fluxion 2pa*rf + pt^f denotes the force of 

an annulus whose breadth is r; .*. dividing by r, 2pa'r 

+ pr^ is the force of the periphery ; hence, SO = 

2pa^ r + pi^ . r* 

-i:- ^— . — a + — . 

2pr X a 2a 

Case 7. 
(80.) To find the center of oscillation of a curvilinear 
area moving flatways, or in a direction perpendicular to 
its axis. 

Let S be the point of suspension, 
SA^d, AP=zx, PN = y', 
then SO —' 

tfie fluent of 2yi (d + xY 



n ^ r^ ' fbxeixt of yx (d -{• X 

nnent of 2yx x — s f .; . — 

^ fluent or j/x 



) 




_ fluent of yx{d+xy 
^ fluent of yi (rf + a?) * 
If ^ be the point of suspension, 
.^ _ fluent ofyx^x 
"" fluent oiyxx 
To apply these expressions to any particular curve, 
the value of y must be expressed in terms of x from the 
nature of the curve, and the fluent can be found. 

F 2 
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Ex. 1 1 . Let the curve be the common parabola^ and 
S the point of suspension. 

r^t ^- • « or\ fluentofaijc^i(rf+x)* 
The equation IS y^=aj7; .\SO = 1 i 

fluent of fl*a?3i (rf+x) 
fluent of ai€pxix -f 2daix^x + gix^x 
fluent of a^dx^x + a^x^x 
Id'x^ + \d X x"^ + \xi _ \d^ + \dx + \x^ 

Ifdss o, or the point of suspension be Jl, AO = — - . 
(81.) If ^ be taken for the point of suspension, the 

value oiAO is determined by the expression s ^ — ; 

•^ '^ fluent of ^xx 

and since AO can be found, GO may be determined. 
Now SO varies as -ttt^ ; hence, if o be the center of 
oscillation, corresponding to the point of suspension S^ 
we have AO : SO :: pj^ : -^ j from which Go = 

^p ; and therefore So may be found. 

If SG=g, AO = a, AO = v, and OO — V'-a; 

then Oo = — , and So :^g -{ =^ ^ + 

a {v — g) 

g 
Ex. 12. To find the center of oscillation of the 

common parabola, when A is the point of suspension. 

Tj jQ _ fluent of yx^x fluent of a^x^x 

~ fluent of yxx ~ fluent of a^x^x ~ 

^ 2 ^ 

7^ _ bx 
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Now to determine So for some other point of suspen- 
sion S; let ^^ = d, ^O = ^ = v, ^G = ^ = a 

7 ^ 

(Art. 64, Ex. 2.) ; .-. GO = AO - AG =:j - ^ . 
Then, since SG x Go = AG x GO, or Go = 

, we have So = d + 



ax yox arv 

AG X GO _T\7 ~ "K) 



SG ~ 37 



3x 



— + L , which, reduced, gives the same 

result as in Ex. 11. 

Ex. 13. Let EAD represent any parabola, whose 
equation is o""'^ = x**, and the point of suspension Jl. 
(See the Figure in p. 83.) 

fj jn — ^^^^^ ^^ yo^i fluent of 3t*'^*x 

"" fluent oi yxx "" fluent of x^'*'*x "^ 

n+ 2 
n + 3 

If n s - , it becomes the common parabola ; and AO 

= - j4L as before. 
7 

If iS be the point of suspension, SO may be found 

^_ . . fluent of yx (d+xY , . ^ ^^ . 

from the expression -5 , ^ . / j . — r (Art. 80.) = 

'^ fluent of y x (a + x) ^ ^ 

fluent of jr^i (if + grfx + j r*) _ 

fluent of x"i (<i + x) 

(n+2).(w+3)<f + (n+l)-(n+3)2^+(w+!).(yi + 2)x^ 

(n+2) . {n+3).d+{n+ 1) . (w+3) .x ' 

or by the method given in Art 81. 
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Ex. 1 4. LfCt A ED be an isosceles 

triangle^ suspended at A. 

Take^P=a:, MN=y,AL^a, 

T?T\ 1. A.\. Ar\ fluent of yjr*i 

ED=^b; then ^0 = 3 r^ — r 

fluent of ^^J7 

bx\ fluent of a^i 

^ a ) fluent of !3^x 



= — - = for the whole A - AL. 
4 4 




If -Sbe thepoint of suspension. So = fluent of (rf+x)'xyi 

^ fluent of (a + J?) yj: 



; which^ when d^=^ o, becomes 



3x 



_ 6d* + %dx + 3a?* 

as before. 

Case 8. 

(82.) Let the proposed figure be an area EAD vi- 
brating edgeways^ so that the motion of the axis is in 
the plane of the curve. (See the Figure in the opposite 

page.) 

The sum of the products of each particle of the line 
MN, and the square of its distance from S^ SP^ x PN 

PN^ 1 

+ -^ = (Ex. 6.) (rf + a?)' X y + jy' ; .". taking the 

the fluent of {d + xf x yi'\- -zy^x 

the fluent of {d+x)yi. 
whence, substituting for y its value in any curve in 
terms of x^ SO may be found. 

If <f = 0, or. A be the point of suspension, AO =» 

the fluent of yx^x + ^y'i 

. • 

the fluent ofyxx 
Ex. 15. In the common parabola^ suspended at A, 



area AMN, SO = 
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the fluent ofarx^i + ^a^ x^ x 
y* z=:axi /. AO = — 



the fluent of or x x 



7 15 

5^ 



= = AL + o fl, for the whole area. 



Ex. l6. In any parabola, whose equation is c^^^y 



*»* + * /p 1 x^^jjh 

the fluent of — ^— r- + ^ 



= ^, AO = 



a 



n-i 



3a»»-» 



the fluent of — r-r 



a' 



af 



+8 



U + l 



+ 



n+3 9»+3 



a 



,»#•—« 



j:^ 



+« 



»+2 , n+2 a:*'*-' 

X X+ r r-X 



n+3 



g'l+s a 



»!•—•' 



n + 2 



Ex. 17. In an isosceles triangle, ^ : x :: 6 : a ; •*. AO 

the fluent of - jc^i + « x —x'i ., 

a o a^ 3.1 "a? , 

= VT, = i'+4 IF ' ^^^'^ 



4 

the fluent of -x'i 

a 

a? = a, and y = ft, = - a + — = 



4a 



4a 



When 



-SO = a, then ^ — : = a, and 6 = a ; or the isosceles 

4a 

triangle must be right-angled at the vertex. 

Case 9. 

(83.) Let EAD represent a 
curve line vibrating flatways. 

Since each particle of the line 
MN moves as with a radius SP, 
if the fluxion of AM = i, 50 = 
fluent of (d + xY x i „ 
fluent of {d + x) i ' * 

if z can be expressed in terms 
of X, SO can be found* 
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If ^ be the point of suspension^ d = o, and ^O = 

fluent of x^ z 
fluent of xi 

Ex. 18. Let AED be an isosceles triangle; s one 

side, and a the perpendicular, the point of suspension 

*^ 1 ^r\ the fluent of J5*i 

— ; and AO = ■■ ^ — -= — r 

a the fluent of xx 



being A. Then i = — ; and AO = 



Ex. 1 9. To find the center of oscillation of any given 
arc of a circle MNQy the point of suspension being in 
the center of the circle. 

Let G be the center of gravity of 

the arc, MQ, its chord. Then SO 

SN* X arc MNQ _ SN^ _ 

~ SG X arc MNU ~ &G ~ 

S^ /r c/> SNxMQ 

^j^, {(or SG=. ^^Q , 



s 



SNx 



MMl 




Art. 64, Ex. 12.) = 



SNx MNQ 
MQ 4 



Case 10. 

(84.) Let EAD be a curve line vibrating edgeways. 
If iS be the point of suspension, the radius of the cir- 
cle in which z moves = \/ {d + a?)* + y^\ .\ SO = 
fluent of z (d + xY + y*i 
fluent of{d'\'x)z 

,^ ,, . • o ^r\ fluent of x'i+V*^ 
If -4 be the point ot suspension, AU=i — ^ — -^ — r — . 

Ex. 20. Let the figure be an isosceles triangle^ whose 

altitude ia a, and J = i the base. Then i = — ; y* = 
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so: 



Vx' 



fluent of a:* X h 



b'x' 



a 



« ' 



^O =• 



a 



a' 



sx 
a 



fluent of 



sxx 



= (if X = a) - a + 



2^ 
3a' 



B S C 



1 o^ iV 

- JT-i- 

"a 

Case 11. 

(85.) Let the figure AEF be a solid, generated by the 
rotation of the surface EAF about its axis AL, having its 
base HH parallel to the axis of motion BC. 

Take the circle MN, whose 
plane is parallel to HH. It 
appears, by Ex. 9^ that the 
sum of the products of each 
particle of the circle MN^ and 
the square of its distance from 

the axis, = {SP'+\PN^)x 
circle MN = (rf+a?f+ \t/^)py''; 

hence, py^ x {d+ x\ + - y') 
is the fluxion of the sum of these products ; and 
fluent ofpy^ x {d+ a?)* i + t py*^ 




50= 



fluent of py^'x x {d+x) 



the fluent of y* ((i+ a?)* i + J ^ i 

the fluent of y^ x {d+x) 
If the point of suspension be at the vertex A, d=o, 

the fluent of y V i + j y* * 

the fluent oiy*xx 
Ex. 21. Let the solid be a cone^ and S the point of 
suspension. 



9a 
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Take AL^a, LF ^h, then 

- hx .^ 

a: J::« :y; .•.y= — = mx, if 

^ 55 m. Hence, the fluxion of the 

numerator, which s=y*i (rf+a:)* 
+ 1 j/^iy becomes m*jc*i (rf* + ^dx 

+ ^) + jm*a:*i, and the fluent ss 



+ — + 

^ 6 20 




Also the fluent of the denominator y^x{d + x) » the 
fluent of nCd:i^x + mVi = — 3 — H — ; .'.S0 = 



! yi !^ by multiplying the whole 

of the numerator and denominator by 6o, and dividing by 

a 3 ukr ^u ui 30d* + 30/fa+12a*+3y 
m*jr; which for the whole cone = —-5 '• 

CoR. 1. If <2=:o, -or ^ be the point of suspension^ 



A0 = 



Ad^ + V 
ba 



Cor. 2. If a cone be suspended by the vertex, and the 
center of oscillation be in the base, a = 6. For in. this 

• =a ; .*. 4a* + ft* = 5a% and a = ft, a pro- 



case. 



ba 



perty of the right cone ; so that both the right-angled 
cone and the right-angled isosceles triangle have their cen- 
ters of oscillation in the middle of the base. See Ex. 17* 

Ex. 22. Let AEF\)^9l paraboloid, suspended at S. 
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Since 5^ = 01:, SO in this case = 
the fluent of axx (d" + 2dx + x") + -^ a'x^x 
fluent of axx x (d + x) 



iai^+i«x. 



6d + 4x 



If d=o, A0= 



3x+a 



Ex. 33. Let the solid be a sphere^ to find AO and So. 
In this case it is most convenient 
to determine the value of AOy and 
to deduce So from it by Art. ^J^. 

Since y' = 2rx - a?, AO = p 
X fluent of 
(2rj?-ar')a:*i+j(4rV-4rj?+af*)r 

sphere x AG 
^ p X fluent of 

r^x^x + ra^x — 7 s^x 

4 



P X 



sphere x AG 




4^17^ 



== (when X 3= 3r) 



X r 



28 ^ 

— fi 

15 
3^^ 



5 



2r 



Hence, GO = — ; /. if o be the center of oscillation^ 

5 

corresponding to the point of suspension S, since SG x 

Go^AGx GO (Art. 72.) ; .-. Id^-r) Go^rx % = 

o 



2r* 



3r* 



; .'. 5o=rf+r+ 



2r» 



5 (d+r) * 
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* lOr 5 5 

Ex. 24. Let the solid be a cylinder^ and S the point 
of suspension. 

Here y is constant =s 6 ; .' . SO = rr-; j-r-: — v 

^ Vxx (rf+x) 

fluent of d^x + 2dxx + x*i + j i'JF 
"^ fluent of rfi + xi "" 

d^X'^dx^'^\a^+\h^x 



1 

-X 
2 



"■ 3 2x 



s s c 



Case 12. 

(86.) Let EAF be the superficies of a solid generated 
by the revolution of EjiF round its axis ; to find the 
center of oscillation of the superficies. 

By Ex. 10. the force of the 
periphery of a circle MN^ 2pr 

(a'+ir*) = 2;y(3+^*+3y»); 

therefore the fluxion of the force 
of the superficies = 2pj/i 

(^ + ^l* + 5y»); ..S0 = 

f. 2py% (d + xC + 5 y') 
fluent of 2pyz {d + x) 




If d=:o, AO = 



the fluent ofyx*z -f- - t^z 
the fluent of xy z 
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Ex. 25. Let EAF be a cone. 
If AE:=is, AL^a, EL = b, 
AM— z, z : X :: s I a ; 

.•. « = — = mrif - = m ; and 
a a 

ox 
X : y :: a : b; .•. y = — =snx, 

if - = n ; hence SO = 
f.nxx mi {cP + 2dx+x^ + i«V) 

- 2 '^ 

= for the whole cone, ^^'^+l6da+6a*+3b* 

I2d + 8a 




Let d=o; then AO=z 



6a^ + 3 b* 
8a 



Ex. 36. Let EAF be the superficies of a sphere. 
Here X : i :: r : y ; .-. yi =: ri. Hence, if ^ be the point 

fluent of r**jp+ ^ri/'*x 
' fluent of rxx ' ("'"'^ ^^ = 



of suspension, AO 



fluent of rx*x+r*xx— - rc^x 

2rx - X*) = 3 ^ 

fluent oi rxx 

fluent of rx*x-{-r*xx 
fluent of rxx 



1 

6 



7-rdr^+ 'rV 



ro?* 



= (ifx = 2r) 



for the whole sphere -; 



br 
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Ca8£ 13. 

(87.) Let the figure EAF be a solid^ but its axis 
parallel to the axis of motion VRS. 

Take RP^a,AP ^x.PM^yx 

then, by Ex. 7, the force of the par- 
ticles in the circle MN^ (a? + 5 y*) 
X pt/^; /• SO for this solid 

the fluent of (a^ + o y* ^PV^^ 
solid X a 

the fluent of py^ i X a* + - p y * i 

the fluent of py^ ixa ^ ^"^ 

the fluent of 5 y* i 

a X the fluent oi y^x * 

Ex. 27. Let EAF be the segment of a sphere^ of 
radius r. 

Lety'*sz2rX'^af^,^ndy^=s4r*j^'^4rx^+ai^i.\SO^a + 

1 211 

fluent of 3rVi - 2rx^x + ^3c^x 5 r^x - 5 r x* + — j? 

=a+ ; • 




a X fluent of 2rj?x— 07*^^ 



{axr - -x) 



If X — r, then -So for the hemisphere = a + -^^ ; and 

* 5 a 

the same expression is true for the sphere. 

Ex. 28. Let EAF be a paraboloid, whose equation is 

y^ ^ ex. 



the fluent of rc^x'i g 

SO:^ a ^^ ri~-3 tA : ^ a + T 



c^x" 



a X the fluent of cxx 



^acx 



cx 
a + — - = a + J; 
3a 3 a 



CENTER OF OSCILLATION. 95 

Ex. 29. Let EAF be any paraboloid^ whose equation 
is c""'y =s 11*. 

Here y« =. -;^, and y^ = ^^^^^^ :. SO :=^ a + 






^+1 






7 



r = a + 



8n + 2 c^ 



—4 



2n+l 



r.9« 



a 



a?''**' ^ ^ 8n + 2"ac**-» 



fl + 



2n + 1 



.fli»— a 



(811 + 2) a 



X y*. 



If n = 9 it is the common parabola ; and aSO^ a+ 

-~ , as before. 

Ex. 30. If the figure be a cone. 
Let AL^=^Cy LE^b; y : x ::b ic; 

.\ y = — =wixifm=-; .*. SO = a 
^ c c 



a Xf. 7iC3^x 



r^a^ 



10 



5« 



3 




a + -- X — for the whole cone. 
10 a 

Ex. 31. In the cylinder y is constant, and SO:=ia'\-^ 

Case 14. 

(88.) Let £^F represent a superficies, with its axis 
parallel to the axis of motion. (See the Figure in pre- 
ceding page.) 

By Ex. 8. the force of the circumference of a circle 
vibrating in this manner, =2pa*y+ 2/^ ; .-. the fluxion 



96 CENTER OF OSICILLATION. 

of the force of this superficies = {2pa*y + 2^y*) i ; 
,. so ^li^E^^^lMl = a + -14^., whence, 

by substituting fpr % in terms of y, SO may be found. 
Ex. 33. Let EAFhe a spherical superficies. 

If J? =r the versed sine, and y the ordinate, » = — ; 

y 

^ y^ X rx 1 ^ 

a x/. ri axf.x a 

2r* 
. If ar = r, or 2 r, iSO » a + tt" • 

3a 
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Chap. XIL 
on second, third, &c. fluxions. 

(89.) X HE fluxion of a variable quantity has been 
considered as its rate of increase or decrease ; hence, if 
that increase or decrease be uniform, the fluxion continues 
the same. But if the rate of increase or decrease be 
variable, its measure will also be variable ; and will itself 
have a certain rate of increase or decrease. The mea- 
sure of this rate will be its fluxion ; that is, the fluxion of 
the fluxion, or the second fluxion of th^ variable quan- 
tity. If this second fluxion be also variable, the mea- 
Bure of its rate of variation will be the third fluxion of 
the original quantity ; and so on, till some fluxion becomes 
constant; then it will have no more. These difierent 
orders of fluxions, it is plain, are similar in their nature 

to the first fluxions ; for they are such, in fact, to the 
quantities from which they are deduced ; and their 

fluents are the fluxions which immediately precede them. 

The first fluxion of x being denoted by i^ the second 

fluxion is denoted by x, the third by x, &c. 

Examples. 

(90.) Ex. 1 . The fluxion of x^ is 2xi ; if x increase with 
an uniform velocity, i is constant ; but x being variable, 
dxpdmits a fluxion 2x ; and the second fluxion is 2d^. 
But if isr do not increase uniformly, x is not always the 
same ; hence, it admits a fluxion as ir ; so that the second 
fluxion of X* is 2xx-^2x^, If x be variable, we have a 
floxion« 2xx + 2xx + 4ixss2xx + 6±x. Should j^ 
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be variable, it admits a fourth, 2xx + 2xx+6x'+6xx; 
and thus we may proceed till some one fluxion is 
constant. 

(91.) A simple quantity x^, where n is an afiirma- 
tive whole number, has n fluxions, if x be constant. 

For the first fluxion is nx^'^^x; and x being constant; 

the second n (n ~ 1) .x^^^x^; 

the third n (n - l) . (n - 2)af''^x^; 

then^ w (n - l) . (n - n + l)x°i", 

which is constant. 

Ex. 2. To find the third fluxion ofaa^-h h^* 

The first fluxion = Aaa? x + ^hy^y, where a?, x, y, and y, 
are all, by hypothesis, variable ; .*. the second fluxion = 
1 2ax^d? + 4ar'jtf + Qhyi/^+ihy^y ; and for the same reason 
the third fluxion = 2Aaxd^ + 24ax*xx+ I2a3i?x'x+Aa3i?x 
+ 6hy^ + \^^yy + ^hyi^ + Sby^y = 2Aaxi? + SSax^iX 
+4ax'x + Gby" + ISbyyjf + Sby^y. 

Ex. 3 . To find the second fluxion of a^y'^. 

The first fluxion = 3 x^iy^ + Sx'yy ; hence, the second 
fluxion = 6xi^y^ +6x^xyy + 3x*y^x + 6xrxyy + 23?^ + 
2a?yy =^xj^y^^-\2x^xyy + 3 j?^y*x + 2x'y* + 2$?y^. 

Ex. 4. To find the second fluxion of a;**y". 

ITie first fluxion = maf^''^xy'* + ny^'^^yaf^; and the 
second fluxion = m(m — 1) . jf*"*^*^" + maf^^^xy^ ^ 
mnaf^-^' xy^^-'y + n (« - l)y'''''y*^ + ny^^'yaf^+ 
mny^"* y af^^* X. 



POINT OF CONTRART FLEXURX* 



99 



Chap^ XIII. 

ON THE POINT OF CONTRARY FLEXURE AND 

REGRESSION OF A CURVE. 

DsF. Xf a curve be in one part concave and in 
another convex to its axis, the point where it changes 
from concave to convex^ or from convex to concave, is the 
point of contrary flexure or regression : of contrary flexure, 
if the curve be continued on the same side as before ; of 
r^ression, if continued backward. 

(92.) The abscissa being supposed to flow uniformlyi 
it appears by Cor. Art. 30, that when the curve is concave 
to the axis, the fluxion of the ordinate BP decreases, or 
y is negative. In curves convex to the axis^ the fluxion 
of the ordinate increases, ov^ is positive; so that at the 
point of contrary flexure or regression, that is, at the 
limiting point between the concave and the convex part 
the second fluxion of the ordinate changes its sign ; but 
no quantity can change its sign, without becoming either 
nothing or infinite, in relation to its former magnitude ; 
hence at the point of contrary flexure j^ = nothing or 
infinity. 

Thus, if AP be the curve, AB the abscissa, PE the 
curve of contrary flexure, PD that 
of r^iession, the second fluxion 
of the ordinate BP at the point 
P = O, or infinity': and if AM ^ 
be considered as the abscissa, and 
MP the ordinate, the same rea- 
soning is true of MP. 

(93.) Hence the Rule. To determine the point of 

contrary flexure or of regression, take the fluxion of the 

g3 
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equation; suppose i or y constant; take the fluxion 
again ; make jf or XzsO, or infinity ; and the value of x or 
jf may be found. 

And to determine^ whether the part of the curve between 
two given points be convex or concave to the axis^ observe 
whether the value of the expression for jr be positive or 
negative; if positive, the curve is convex; if negative, 
concave ; the whole curve being supposed to be on one 
side of the axis. 

EXAMPUSS. 

(94.) Ex. 1. Let the equation to the curve be y sojt 
+ i«* — cx^ ; to find the pojnt of contrary flexure. 

Here y = ai + 2bxx — 3cjr*i', if i =s 1; 
= a + 2 6« — 3cx*; 
/. J^ =r 2bx -^ 6cxi; make y = O; 

then, 6 ex sa 26, and x = -g— sa --1= the value 

O C O c 

bf X at the point of contrary flexure. 

Ex. 2. To find the same in the equation y=d:-|- 36 a:* 

y = X+72XX+ 6x^x - 4x'x, ifi = 1; 

.-. j^= 72i + 12j?i - 12x'i; makej^srO; 

/. O =x 72 + 12 J? — 12 J?*; 
hence, jf — x =: 6; 

^\ X* — x+ J = —, and 073=3, the positive value. 

If 07 be assumed less than 3 in the equation 72-f 1 Qx 
— 1 2 r^ which is the 
value of^, the result 
is positive ; if greater 
than 3, the result is 7 
negative ; if therefore ABscS, and BC be drawn perpen- 
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dieuiap to ^J7, from Ato C the curve is convex to the 
axis, and afterwards concave* 

Ex. 3. Let y=A^>12«^+48x^*64x, to find the 
point of contrary flexure. 

Herey = 4a:» - 36j?* + 96a? - 64, if i = 1 ; 
.\ y = 1205^- f2x + 96; 
Let J'' = 0; then J?'— 6j?+ 8 = 0,or (^ - 2) . (a?— 4) = 0; 
.". j^ =0, when j? = 2, and 4. 

If X be less than 2, J^ is positive, or the curve is convex 
to its axis ; if x be greater than 2, and less than 4, y As 
negative, and the curve is concave ; if J? be greater than 4, 
convex. 

Ex. 4. In general, let the equation be a^y=dx^- 
35ajr* + 1 40a V - 240flrV ; fl^y = 1 5 a?* - 1 40aa;* + 420a*a?» 
- 4800^^:, ifi = l; •Mi*jf=6oa?^-420ax'+840a*j?- 
4800^; 

Let j^ sO ; then this expression = O ; or, dividing by 60, 

Ozsx^ - 7aar* + 14a* jp- 80"; 
or, 0=:(j? — a) . (a; - 2 a). (jp — 4a) ; therefore the 
curve has three points of contrary flexure corresponding 
to the value of j?, as it:=:a, or 2a, or 4 a. 

Let X be less than a; y is negative, or the curve 
concave. 

If X be greater than a, but less than 2 a, j^ is positive, 
or the curve convex. 

If X be greater than 2 a, but less than 4a, the curve is 
concave, 

(95.) If the equation which expresses the value of j^ 
have two equal roots, then y does not change its sign in 
passing through ; therefore the point determined by 
assuming j^=0, is not a point of contrary flexure. This 
will happen when the equation has an even number of 
equal roots. (Art. 270 
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(96.) To find the point of regression in a cubical para- 
bola, with the equation ^ = a + (^ - 2(fx + ax*)y 

Here y = ■ . • 

3 X (a* - 3a'x + fl^)* 

and jf = — ; . From the sup- 

9 X (a* - 2 a*x + ax^Y 

position that j^=0, no conclusion can be derived : suppose 

therefore J? e= infinity, it will give 9 x (a? — 2a*x 4- ax^)^ = O ; 
or a* -— aax + a^ = O, and therefore x = a. If this 
value of X be substituted in the proposed equation, it will 
give y = a, the value corresponding to the point of re^ 
gression^ 
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Chap. XIV. 



ON THE RADIUS OF CURVATURE. 



SECTION I. 
Proposition. 

(97.) J.N the common parabola, if the abscissa be per- 
pendicular^ and the ordinate parallel to the axis, the part 
of the subsequent ordinate intercepted between the curve 
and the tangent^ or the deflection from the tangent, is 
equal to half the second fluxion of the ordinate. 

Let jiK be the abscissa, and j4RO the axis of the 
parabola; ak, lo, nuf, three ^ 

equidistant ordinates ; join 
ad J and at a and c, draw tan- 
gents aby ce; draw as, ct, 
parallel to Jim ; then as^ ct, 
vaay represent the fluxions 
of the abscissa, and sb, te, 
those of the ordinate. Now 
by the nature of the parabola, Ih bisects ad, and bc^zch; 
also oe is parallel to hd ; therefore Ac= de, and consequently 
bc=ide ; or the deflections from the tangent are uniform. 
But these deflections, be and de, are produced by ac- 
celerations of velocity, which were nothing at a and c ; 
therefore 2 be and 2de will represent the spaces that 
would be described by the uniform rate of increase,. 
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whilst be or de is described^ or they represent the fluxions 
oisb and te; that is, be or de ssi the fluxion ofy, or 

1 .. 

CoRi Ifbc, and (^e^ be considered as produced by 
accelerating forces, which were nothing at a and c, and 
act in the directions of the ordinates, those accelerating 
forces must in the parabola be uniform. 

Proposition. 

(98.) In any algebraic curve, the deflexion from the 
tangent is ultimately equal to half the second fluxion of 
the ordinate. 

In the parabola this accurately obtains, and will obtain 
in all curves, where the accelerating force, as in the last 
Corollary, can be considered as constant. By Art. 7) if 
the time be indefinitely diminished, the space described 
by a variable velocity which was nothing at firsts vanishes 
in respect of the space described by an uniform velocity ; 
and in the same manner the deflection from the tangent 
caused by a variable force, which was nothing at a, 
vanishes in respect of be described by the constaqt force, 
when the time is diminished in infinitum; that is, in 
any algebraic curve, the deflection from the tangent 
ultimately equals half the second fluxion of the ordinate. 

Proposition. 

(990 I^ '^^ algebraic <;urves have the same fluxions of 
the abscissa and ordinate, they will have the same tan- 
gent ; and if the second fluxion of the ordinate be the 
same in both cases, they will have the same curvature. 

The first part of this Proposition is evident iVom 
Art. 30, and the second is immediately deducible from 
the last Proposition. 
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Let AB be any curve ; 
BED a circle, touching 
the curve in B ; draw the 
ordinate BF; then AF 
flowing uniformly, if the 
second fluxion of the ordi- 
nate BU" be the same both 
in the circle and the curve, 
BED is called the Circle 
of Curvature. 

pROPOaiTION. 

(100.) To find the radiuB of curvature in any algebraic 
curve, in terms of the fluxions of the arc, of the ordinate, 
and the abscissa ; the fluxion of the abscissa being constant. 
Let MAD be the circle of curvature, touching the 
■curve at M; AP the abscissa ; 
MP, NL, two ordinates; C : 
the center, and MCD the 
diameter of the circle-, pro- 
duce MPta E, and join DE. 
L£tAP=x,MP=i/,MN=z, 

SN= if, and OiV= |>'i join 
MO, MF. Then, by similar 
triangles, NOM, NMF, NO : 

NM:: MN: NF or (Art. 97.) - i>- : i :: i : iVf = 
; — . Now when O and M nearly coincide, NF 

-y 

ultimately = Jf£; and, by similar tnauglea, . A'M^, 
DME, NM : MS :: DM : ME 
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or z : X v. DM: 



«• 



-a» 



, ; .♦. />3f =7-=-; and CM 



- i' 



the radius of curvature = . ■ ; i being constant. 

xy 

(101.) Nearly in the same manner, by taking AT as 
the abscissa perpendicular to AP^ and TMm the ordinate. 



x» 



the radius of curvature = -tt; for y is uniform by sup- 

yx 

position, and the second fluxion of x is positive, on 
account of the convexity of the curve. 

(102.) In general, when i and y are both variable, 

-•.3 

the' radius of curvatures; - 



JV 






• •• • j2 • 

yx - xy 

Let AMN be any algebraic curve, and let MC and rC 
be two lines indefinitely near 
each other, and perpendicular to 
tangents at M and r. Suppose 
these two lines to meet in C; 
C is the center of the circle of a 
curvature. Draw CF parallel to 
the abscissa AL^ AF and JULE ^ 
perpendicular ; and take AL = x, ML^y, ME = r, 
MS = X, MN=^ i, SN^y. Then, by similar triangles, 
MSN, CME, MS : SN :i ME : EC, or X : y i:v : EC 

= ^; .-. FC^x-^-^. Now for the two radii CM^ 

XX 

Cvy the line FC may be considered as constant; .•. its 
fluxion-O; or i + lli-±i:§AzLiii:f = ; hence, 

X* + iy x+ vyi ^ vyx =: O; .-. t? = -r^; — ^ . But 

yx - xy 



I 
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kince MC: ME :: MN-.MS, or MC.v :: i : i, MC= 
-r-; hence^ substituting for v its value^ audy for % MC^ 
i i^ + iyx x*z+^*z ., . . . ., .. . ., 

i ^ W^ " yx-iy ' '^"^ '*' '™'* »' = «• +y'. 



• •• • 



(103.) To find the value of the chord of curvature 
at JIf. 

The diameter of curvature — 2MC ; hence the chord = 
SMB. Now, by similar triangles, MNS, CME, MN : 
MS :: CM : ME', or, supposing i constant, z i i 'S 



«» -,„ „^ X* 



2j : ME-y .'. MEs — p ; and the chord, or SME 

-J 



Hz* 

Examples. 

(104.) Ex. 1. To find the radius of curvature in the 
common parabola. 
Here y^^ax. Assume i constant and = 1 ; then since 

y = i aiop-i >' = — - . Again, % = ^/i^ + y* = 

V 1 + •— = V —7— ; •*. the radius of curvature = 
Ax 4x 

i^ / Ax + ax ^ ^ ^^ _ (4jr -f fl) ^ 

Coju Let «sO; then the radius of curvature at the 

ipertex = - • 

Ex. 3. To find the radius of curvature in any parabola, 
whose equation is a"^'x=y*. 

If ^r be assumed constant and = 1, the radius of 

curvature = nr . Nowa?=-~r; a x=— -^ — v-, • 

X a" * a* 



.n— ft 
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a 



Also i» + y» = =Jl-.+ 1==:2Z 



a 



««— « 



(/ly^-^+gv-y 



»J»-3 



; and the radius of curvature =: 



1 



n(«-l)y»-' 

Cor. At the vertex y=0; if :.n be any number 
except 2, the radius of curvature is either nothing or 

infinite. If «= 2, the radius of curvature=— X t-T =» - • 

a* 2.1 3 

Ex. 3. To find the radius of curvature of the comaioa 
cycloid. 

Let A'BG be the cycloid ; JI#Cthd radius of curvatare 
at M^ which is to be found ; BD the axis, BOJ} the 

B 




generating circle, Mh an ordinate parallel to the axis, 
and WT a line drawn parallel to the base AU^ Join 
BO, DO. Take AL = x, AM^z. ML = DT=y^ 
DB^a, MN^ij MS^i, and NS^y. Suppose i:^l. 

The radius of curvature in this caje = —r. 
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Now, by similar triangles, MSN, BOT, DTO, ij. 

i :: BO : OT :: DO : DT :: ^fly : y :: s/7i s/v \ 

/, » = ^ and %^x=z —. Again, by the same triangles, 
xxy i: OT iTB V. DT : TO :: y : ^ay-y" :: y4 : 
ija--y\ .\y = V ^ ; and y = the fluxion of (a -y) 

1. 1./ V 1.1.1^. 

, --.y -^{<i-y) --^y-ifly^iyy 
xy-4ss = — i+— — r=—- ^ ^^ — IT — = 

_i . _i 

y*x -v/a-y i^xs/a-y y* 3y*"-ijf 

^ X — = 2c4^i = 2D0. 

CoE. Let y=>ai then i(^, the radius <^ curvature 
at the vertex, = sDA. 

Ex. 4. To find the diord of curvature in the cydoid 
atilf. 

IVodaoe MR to F; take 3/]r» 4D0, and draw TP 
perpendicular to ML produced. MP is the chord re- 

quired. And by Art. ia3. MP= — ^ =2 x - x -^ = 
4y s: 4^/Z. 
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SECTION 11. 

ON THE EVOLUTES OF CURVES* 

(106.) Def. a curve PCR is 
said to be the evolute of another 
curve AMT, when it is of such 
a nature that if a thread MCR 
wrapped round PCR were dis^ ^] 
engaged from it by some power 
at M, whilst the thread remained 
stretched^ the point M would F 
trace out the given curve AMT. 

CoR. 1 • CM is the radius of curvature at the point M^ 
and C is the center of curvature. 

Cor. 2. If -4 be the vertex of tlie curve, and^^P the 
radius of curvature at the vertex, the evolute PCR will 
leave the axis APD at P ; and since APC^ CMy the 
curve line CPy which is the length of the evolute, = 
CM^ AP. 

Cor. 3. The same construction remaining as in Art. 
1012, if PH be drawn perpendicular to FC^ and CD to 
AD^ PH or CD will represent the ordinate of the curve 
PCRf and PD or HC the abscissa; hence, to determine 
the nature of the evolute, we must find PH and HC. 

Cor. 4. Since PH= ME - ML, and HC ^ AD ^ 
AP^ the following lines are to be found by the nature of 
the curve ; viz. ME, AP, and AD, or its equal AL + 
LD, or AL^^ EC. 

Hence the Rule. 

(106.) Having obtained the value of CAT from one of 
the expressions for the radius of curvature, make x or 
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y=sO; this will determine AP thf radius of curvature 
at the vertex. From CM take AP ; the remainder is 
CP the length of the evolute. Then find EL and CE 
from the nature of the curve, and the equation of the 
evolute will be determined. 

Proposition. 

(107.) To deduce a fluxional expression for LE and 
CE^ in terms of the fluxion of the abscissa, of the ordi- 
nate^ and of the curve. 

By Art. 103, ]\fE = — r. , if i- be constant ; .•. LEy 

which = ME - ML,= — -s —y. 

Also, by similar triangles, MNS, CME, 
MN : NS :: CM : CE ; or 



y 









-dy -ay 

or, if x=l, CE=^^. 



Examples. 

(108.) Ex. I. To find the evolute of the common 
parabola, and to determine its length. 
Let ^ilfT represent a parabola. Then (Art. 104. Ex. 1.) 

Cilf = Ii£±^, and ^P= ? ; ,. CP ^i^^^ - 

a 

r = the length of the evolute. 

Also ME= ^ = i^±i X ^ (Art. 104. Ex. 1.) = 
*fl+£L^ .: LE or PH^ME-ML^i^^-S, 



lis 
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■ ■ ■ . . .p ^^ a^^= -~:v 9 ^ ordinate of the evolute. 







Again, i^2>= -4L^L2>=a? + JJC=«+ ~~ = a: + 

— T X — rr— X —r- (Art. 104.) = ^+— T — ^Sx-h-ia; 

.-. He s= -^-D — jiP = 3a?, the abscissa of the evolute. 
Hence the square of the ordinate oc the cube of the 
abscissa, and the evolute is the semi-cubical parabola. 

Ex. 2. To find the evolute of the commoii cycloid, 
and its length. 

By Art 104. Ex. 3, 
the radius of curvature 
= 2D0in that figure; 
/. at the vertex -/#, it 
= 0; and if Abe the 
center of curvature at 
the vertex J5, RB = 
2BD=:^TcAB; but 
RB^RCA; ..RCA 
=:AB; and the evolute RCA is a cycloid similar and 
equal to AB. 

(109*) In the definition which has been given of the 
point of regression of a curve, it is supposed that the 
curve returning back towards its origin, changes finam 
concave to convex, or from convex to concave. 

But there is another species of regression ; viz. when 
the curve in returning backwards, continues to be of the 
same kind with respect to concave or convex, that it was 
before the regression. . 

In illustration of this case, it may be observed, that if 
the value of the radius of curvature be positive, it ought 
to be taken on that side of the axis AL^ which is supposed 
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in Article 102 ; (See the Figure to that Article^) and 
here the curve is concave to the axis. But if the radius 
of curvature be negative^ it ought to be taken on the 
contrary side, and the curve is convex. Hence in the 
point of contrary flexure^ or regression, the radius of cur- 
vature changes from + to — ; it must therefore at that 
point have been equal to nothing, or infinity, in relation 
to its former magnitude. 

(110.) To find an expression for regressions of 'this 
second species. 

Let ABK be the proposed curve, having a point of 
contrary flexure at B ; and let an evolute be formed 
by a thread beginning at some point F, which is not the 
point of contrary flexure. The evolute of FK is jF^ ; that 
of AB is IE ; and that of BF is EF; so that the whole 
evolute of ABK is lEFG, which has two regressions ; 
one at ^of the common form, because the convexity at F 
of EF, FG is turned, and one at E of the second kind, 
because EF and El are concave toward the same parts. 
Let ND, NCp be two rays of the evolute FB, and let NH, 
CHbe perpendicular to 
them ; the infinitesimal 
sectors HNC^ DNp 
are similar ; and there- 
fore HN : ND :: NC 
: Dp. But in the point 
B of contrary flexure 
the radius HB ought 
to be either infinite, or 
equal to nothing ; and the radius ND^ which becomes 
BEy continues finite. Hence in the case of contrary 
flexure at Bj or in the point of regression E of the 
second sort, the ratio of NC to Dp is infinitely great, 
or infinitely small ; that is, the ratio of the fluxion of the 

H 
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radius ND to the fluxion of the curve is infinitdjr grea^ 

NC 

or infinitely small ; or -^ = infinity, or nothing. Now 

JVD = -^— = ^-L 5 when i is constant; and its 

fl«ion, or ifc==2M:^SEj^MjiIMl : ™l 

infinity^ or nothing, the formula for points of regression 
of the second sort. 
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Chap. XV. 



ON SPIRALS. 



Definition. 



J. Fa line of inde- 
finite length SA re- 
volve about S^ and a 
point P move in it 
continually from S^ 
the point P will trace 
out .a spiral; S is 
called the center^ and 
SP the distance. 




Proposition. 

(111.) To draw a^ tangent to a spiral at the point P. 

In the revolution of SP round S, the point P has two 
motions ; one in a direction perpendicular to SP^ and 
tlie other in the direction of SP. Let Pc, and cb repre- 
sent two small spaces^ conceived to be described in these 
two directions, with the velocities at P continued uniform ; 
join Ph. This case^ therefore^ coincides with that in 
Art. 44; Pc represents the fluxion of the abscissa, and 
c & of the ordinate ; hence, P 6 is the fluxion of the 
curve, and Pb produced is a tangent at the point P ; 
draw SZ perpendicular to SP, meeting bP produced in 
Z ; SZ is called the sub-tangent, and its value is to be 
determined in each case from the nature of the curve. 

H2 
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Let SP=yf b c=y ; then, by similar triangles, SPZ, 
Pbcy be: cP :: SP : SZ; 

or, if \ cP v. y : SZ\ .\ SZ = ^ .^ ^ . 

Proposition. 

(112.) The same con- 
struction remaining, 

If a circle ^Rx be de- 
scribed with a given radius 
SA = a, and ifAR = x, and 

Rx=i, then SZ==^ . 

ay 



Join <S'c; then, by similar triangles, Pbc, SPZ, 

be : cP :: SP : SZ 
cP : Bar :: SP : 5/J 




« • 



be 
or,y 



/Jx :: SP* : 



x 









SR X SZ; 

a X SZ; 



(113.) To find the areas of spirals. 

Let the spiral SfP be conceived 
to be described by" the uniform 
angular motion of SP; and sup- 
pose iSy*and Sb to he two dis- 
tances near SP, which make 
equal angles with it With S as i/ 
a center, and SP as radius, de- 
scribe the circular arc DPc. 
Then SPc being equal to SPe, is greater than the pre- 
ceding increment SPfot the area, and less than the sue- 
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oeeding ; also, since SP revolves uniformly^ SPc is 
uniformly described ; .'• SPc is the fluxion of the area 
SfP. Now if the arc DP^zx, and SPszy^ the sector 

SPc =^; /. the fluxion of Sfp^^ . 

(114.) If bPy be a tangent at P, and PSb a very 
soaall angle^ and Sy be drawn per- 
pendicular to Py, the triangles Pcb, ^j^c 
SPy are ultimately similar^ and ch ^if ; 
.*. Pc : ch :: Sy : Py 5 or, if Sy^p, y 
and Py = /, 

X :y :: p : t; /. ^ =^ . 

And — , or the fluxion of the area, =^-f . 

(115.) Again, by similar triangles, Pcft, SPy^ 

Pc : P6 :: Sy : 5P; 

yi pi 
or, a? : X :; /? : y; /. '^ = 2 ' 

and the fluxion of the area = ^ . 

2 

(116.) If with iS" as a center, and SA^a^s radius, a 

circle be described cutting SP, SCj in R and x ; and 

AR^w\ the fluxion of the area = '^ — . (See the 

2a ^ 

first Figure in the preceding page.) 

For Pc : Rx :: SP : Sflj 

or, i : tiy :: y i a\ 

.'. i = ^^ ; and ~ , or the fluxion of the area= ^- — . 
a * 2 2a 

Any of these expressions may be adopted to find the area. 

Proposition. 

(1 17.) To find the length of spirals. (See the Figure 
in Art 114.) 
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Let SP be a spiral curve described by the UDiform re- 
volution of the distance SP, whilst the point P moves 
continually from S. Draw Pc perpendicular to SP^ 
and cb parallel to it; and let Pc, ch represent the 
uniform velocities of SP and the point P ; join Ph, then 
Ph is in the direction of a tangent at P, and is the 
fluxion of the curve. Draw Sy perpendicular to the 
tangent ; then, by similar triangles, PhCy SPy, 
Ph : be :: SP : Py 



or, z 



y 






y : ti 



. ' vv 




Proposition. 

(118.) To find the point of contrary flexure. 

Let C be the point of contrary flexure ; 
suppose the curve convex from A to C, 
and concave afterward toward S. Draw 
1% perpendicular to the tangent ^y. Then, 
while A approaches C, Sy is increasing ; 
after that time it decreases to S. Hence, 
if the fluxion of the perpendicular be as- 
sumed = 0, it will determine the point 
of contrary flexure. 

Proposition. 

(119.) To find an expression for the radius, and chord 
of curvature, in spiral curves. 

Let PVM be the circle, and 
PCM the diameter of curvature; 
S the center of the spiral, and 
C that of the circle. Draw Sy ' 
perpendicular to the tangent Py, 
SR perpendiculartoPil/, and join 
SC. Let SP=x, Sy=RP^p, 
CP = r ; then, by Euclid, 
SC'^CP^+PS' ^ 2CPx PR 
= r'» + X* — 2rp; 
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Now SC may be considered as invariaUe for this circle ; 

JCtJC 

.*. its fluxion = ; hence^ = 2xx — 2 rp, and r = -:- = CP. 

Next, to find the chord, produce PS to F; and join MF. 
Then, by similar triangles, SPt/, MPV, 
SP iSy.i MP I PF; 

Q jr*4* 2 D 37 

or, X : » :: — ; — : P/^= —v-= the chord of curvature. 

P P 

Examples. 

(120.) Ex. 1. To find the radius, and chord of cur- 
vature of the parabola, considered as a spiral. 

Here7)*=aa:; .*. 2pp^aXy and-— = 

^ X j?=-~ =the radius of curvature. 
a a* 




A, X 2p 2px 4p* Aax ^ ,, 

Also- = -^ ; .'. ~- = --^ =s =4«: \ or the 

pap a a 

choid = 4-SP. 

. Ex. 2. Let the ellipse be considered as a spiral ; to 

find the chord of curvature passing through the focus. 

Let JC=a, SP = x, Sy =;? ; y 

CB-h,HP^v^ 

then, p* = , by Conic Sec- 

tions; /. 2/i!p=: ; ; but 

x+t? = 2a; .'.11:=— a}; hence. 




^PP 



V iv+x)x 2ab*x X 2ptf J 2 pi 

» = — ^ — T"^— = T^ ; .-. T = -S:; , and — V- 



4p*t;^ 4)cft^j?t; 2SPxHP nCir . ^^^ 

" 2a6^ ■" 2fl** * :3c --j^ , where C/i 

is the conjugate diameter to CP, 



1 
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Ex. 3. To find the chord of curvature of the spiral, 
whose equation is p =: 



Herep = ax (a* + j:')"'«"-xi k ax (a' + a:^)-*as 

a*x -^ ax^i --^ ajfi c? x ^i_ i , i- 
J -- ; /. the chord of cur- 

2px 2 j: (a* + Jr*) 
vature. or . ■ = ^^ — ^ . 

p a* 

Proposition. 

(121.) To determine the evolutes of spiral curves. 

Let SVP represent any spiral curve ; CP the radius of 
curvature at the point P ; S the pole 
of the spiral ; Sy perpendicular to a 
tangent at P, and SR perpendicular ' 
to CP. Join SC, and let CTbe the 
evolute; then, by Art. 11 9, CP = 

XX 

--r- ; and CP corrected, if necessary, 

gives the length of the evolute. Next, 

find CR^s^CP-^PR the tangent of the evolute ; then, CS 

its ordinate, which = tJTJW+RS^. From these two, 
the nature of the curve will be known. 




ON THE INVOLUTE OF A CIRCLE. 

Definition. 

(122.) The involute AB of a circle is described by the 
extremity £ of a string unwinding itself from the cir-> 
cumference of a circle AEC. 



\ 
\ 
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B 





Cor. 1 . A small arc at B may be considered as a 
circular arc, whose radius is CB ; and CB is therefore 
perpendicular to the curve or to the tangent By. 

Cor. 3^ If SV be drawn perpendicular to By, and 
iSC be joined, BCSy is a parallelogram ; BudBy^SC, 
the radius of the circle. 

Problems. 
(123.) Prob. 1. To find the area of the involute. 
Let -S5=y, By=^SC^r, %=p; then, Sy^ss/t^^^\ 

:. thefluxionof the area, or ^(Art. 114.) = 2r ^^ * 

and the fluent = ^^-rs — - + cor. 

or 

Let^s^^sr; then the area=0; therefore cor. = 0; 

/. the corrected fluent or the area SAB =k ^i— ; =Tro7^ • 

br ooC 

r c ^D r^iPA CBxSC^CEJySC 

Cor. Smce CJ5 = CEA. • = ■ ^ ■ ■■ , or 

the area of the triangle SCB = the sector ASC; hence 
the area ^5CB-the triangle SCB= the area A SCB 
- the sector ASC; that is, the area ASB = the area 

AECB ; consequently the area AECB^sz ^ ^ . 
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Frob. 2. To find the length of the involute. 

Here i= ^ — H2.. ... z^ — ^- cor. ; but when y^r, 
t r 2r ^ * 

)s = O ; .•. cor. fluent = ^ = t^t, • 

2r 2SC 




ON THE SPIRAL OF ARCHIMEDES. 

(124.) Def. If with iS' as a pole^ 
a spiral SEP be described of such 
a nature^ that the distance SP 
always bears a given ratio to the 
arc AB of a given circle, whose 
center is S^ SEP is called the 
Spiral of Archimedes. 

Problems. 

(126.) Prob. t. To draw a tangent to this spiral. 

Let PZ represent the tangent at 
Py SZ the sub-tangent ; SY a per- 
pendicular on PZ. Then if AB = 

Xy SP ^y, SA^a,SZ^^ 

(Art. 112.); but here x \y v. c x d, 

a given ratio ;.•. i = -^ ; .\ SZ= 

t/* ci/ ci/' t/^ Q,d 

~ X -4'=-j=*T-» if — be assumed = b.^ 
ay a cut b c 

Prob. 2. To find the length of the tangent PZ. 
PZ* = SP* + SZ* = y' + 1^ = y* ^^y"^^'^ ; therefore 

PZ= J'^\^^'+.V' 
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PftOB. 3. To find PY, 

We have ZP : PS :: PS : PF; 

or,|x^/F+7':y ::i^ : Pr=-j^==,. 

Prob. 4. To find the perpendicular SY. 

By similar triangles, SPK, SPZ. 

PZ : SZ :: SP : SY; 

Prob. 5. To find its area. 

One expression for the fluxion of the area is «~— 

(Art. 116.) where w is the fluxion of a circular arc of 
radius a, or in this case the fluxion of AB ; /. here the ex- 

pre«„onis-^. 

Now, X : y :: c : d; /. i= ^; 

.-. Ae fluxion of the area=: ?- x ^ = 5^ =« ^; 

2a a 2 ad 2b 

.•. the fluents ~ ; cor.= ; and the area= ~^. 

bo oi> 

Prob. 6. To find its length. 

bv 
By Art. II7. i = -^; in this case, t = . ^ -■■ ; 

^.^i^yP^J^J^^JfW. whosefluent (/.58.) 

- f, X N/77J9+ i » X hyp. log. 2±4!i2 . 

Prob. 7« I0 find the radius of curvature, or the length 
of die evolute. 
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By Art. 119, the radius of curvature = -:-, where 

X = SP ; that is. in this case it = ^ . Now p = 

^ p 

_X_; ,. p = y'y+^^y (Art. 20. Ex. 23.); 

hence, the radius of curvature, or ~ = ' i ■ ^w ' + cor. 

^ p y*+26* 

Let y = O, this expression = - ; / . cor. = — - ; that is, 

the radius of curvature^ or the length of the evolute 



reckoned from the vertex^ = 



y* + 2 y 2 




ON THE SPIRAL OF PAPPUS. 

(126.) Let C be the 
center of the sphere; 
ARaB a great circle ; P 
its pole. Let the quadrant 
PMA revolve uniformly- 
round the pole Pj while 
at the same time^ a point 
proceeding from P moves uniformly with a given velocity 
along the quadrant^ and traces out upon the spherical 
suriace, the spiral PFfa. This spiral is analogous to 
that described upon a plane by Archimedes. 

Problems. 

(127O 1"^ find the spherical surface^ included between 
the quadrant PMA, and the spiral. 

Let PFRy Pfr be two positions of the revolving 
quadrant very near each other, and jF and ^ corresponding 
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points, in the spiral line ; with P as a center, describe 
the parallel small circles, MFH, Lhf^ and let the great 
circles PFy Pf meet the great circle ARaB in jR, r. 
From F in the plane of the circle PFR^ draw FN per- 
pendicular to the axis CP ; then will FN be the sine^ 
and CN the cosine of FP. 

Let the circular arc PF^ % ; the radius CA = CR = r : 
FN—y ; CN^x, and assume Hf\ Ar :: m : n :: the 
velocity of the point F : the angular velocity of the 
quadrant. 
Then^ since the velocities are uniform, 
z : AR :: m : n 
AR : MF :: r : y 
z : MF :: rm : ny. 



• • 



Hence MF = — X v;b^ and the fluxion of the spherical 

mr * 

area PMFsx — x v«i;= — x — zrxi = x «i ; 

ft 
and the fluent or the area PMFss — ~ x («a? - fxz) =» 

- H X («r-^)=: ^ X (ry-^x). which is correct since 

the area=0, when j/=0, and ^==0. 

Cor. 1. Let the quadrant PMA make a complete revolu- 
tion^ in the same time that the point F describes a qua- 
drant^ which is the case considered by Pappus, and in which 

m : n :: 1 : 4; then the spherical area=s— x ry=:-- x r*=: 

* m ^ m 

4r^ssAB\ since the quantity zx in this case vanishes. 

Cor. 2. In any other case^ the area PAa : the square 
of the diameter :: n : 4m :: arc Aa : the whole cir- 
cumference. 

Cor. 3. Hence a portion of the spherical surface 
included by the quadrant PMA, and the spiral line 



126 LOGARITHMIC SPIRAL. 

admits of a perfect quadrature, when the ratio of the arc 
Aa^ to the whole circumference can be assigned* 



ON THE LOGARITHMIC SPIRAL. 



(128.) Def. Let ABD be a circle described with 
a given radius SA ; then, as the arc AB of that circle 



CD 





increases in arithmetic progression^ if the distance SP 
increase in geometric, the point P will trace out the 
logarithmic spiral. 

CoR. 1. Let SP^ SQj SR be assumed indefinitely- 
near each other, and equidistant, so that the arc BC=s 
CD. Draw PT, QF, perpendicular to 5Q, SR. Then, 
since SP :SQ :: SQ : SR, dividendo SP : QT :: SQ : 
Rr, or QTocSP. That is, if SP ^y; since QT 
ultimately becomes ^, y oc y. 

Cor. 2. The distance SP being supposed to revolve 

PT 

uniformly round 5, the angle PSQ is constant, or ^p 

i« a constant quantity ; hence, PT oc SP oc QT. 
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Problems. 

(129.) Prob. 1. To draw a tangent to the logarithmic 
spiral at any point P. 

The subtangent 5Z= ^I^ (Art 111.) Now PT : 

QT (if) in a given ratio, :: a : 5; .-. 5Z= J-. Hence, 

draw SZ perpendicular to SP^ and equal to -^ i join ZP ; 
it is the tangent required. 

Cor. 1. 5P : J?Z :: y : f :: 6 : a, a given latio j 

•'. the triangle SPZ is always similar to itself in the same 
spiral, and SPZ is a constant angle. 

CoR. 3. If -Sy be drawn perpendicular to PZ, the 
ratios of SP : %, of SP : Py, and of Sy : Py, are 
given. 

Prob. 3. To find the area contained between two rays, 
SP and SM. 

The fluxion of a spiral area = ^^ ; in this case, p : t 

in a given ratio, :: a ; i ; .*. the fluxion of the area = 

2^ ; and the fluent = % + cor. ; let SP = SM— d ; 

30 40 

then the area = -r (y* - ^) » or the area SPM = -r 

(SP'-SM'.) 

Cor. 1. The area contained between <SPand SM oc 
SP'-SM*. 

Cor. 2. If iSilf =s 0, or the whole spiral area be found 
between SP and the pole S, it= ^ x 5i»*= -^ x SP' 
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- (since Sy : Py :: SZ : SP) ^ x SP* =^ 

• = half the area, of the triangle SPZ. 

pROB. 3. To find its length. 

The fluxion of the length =*^ . In this case, y : t 'm 

y m J . mil 
a constant ratio, :: m \ n\ .•.-=—, and «=~-; 

... ;g = ^ + cor. Let SP = SM- rf; then PM=^ 
n n 

{SP- SM) = Jf- (SP-'SM) . 

Cor. 1. The arc PM oc SP - SM. 

SP^ 

Cor. 2. The whole arc to the pole 5= -jj^ = (since 

ZP : SP :: SP : Py) the tangent ZP. 

Prob. 4. To find the radius and chord of curvature. 

By Art. 1 19, the radius of curvature =-r, where SP=sx; 

Jr 

that is, in this case, where SP = y, it = ^ . But y : p, 

V m t VV ^V 
in a given ratio, :: m i r; .•. ^. = — , and ~ = — ^ ; 

^ p r p r 

pr the radius of curvature = . 

r 

Again, by ArU 119, ^^^ chord of curvature = -~; 
in this case = -^ . But, since y : p :; m : r ; .*. y : 
p II y i p, wd \:=::.^ \ hence, the ohcwtl of curvature 

r If 
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Prob. 5. To determine the evolute CT. 

By the nature of the evolute, CP 
the radius of curvature = CT\ and 
Qp^ rnySP ^^^ ^^ j^^^ p^^^^^ 

or CP : SP :: m : r. 

But SP I PR or Sy \i mir; /. 
CP : SP :: SPiPR; hence (Eudid, 
B. VI.) the triangles CP5, iSP/J are 
similar; .*. PSC is a right angle, and the angle 5CP =•. 
the angle SPy ; and SC : CP in the given ratio of Py 
to SP. Therefore the evolute CT is a logarithmic spiral 
similar to SvP. 

Cor. a line SC drawn from *S perpendicular to SP 
passes through C, the center of curvature. 
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CONCHOID OF KICOMEOES. 



Chap. XVI. 



ON THE CONCHOID OF NICOMEDE& 

(130.) Def. Let s 
CM be a line of inde- 
finite length, given in 
position ; if about some ^ 
point B Itaken without 
it, an indefinite line 
BR revolve, cutting 
CM in r, and vR be 
always taken of the 
same length, the point 
R will trace out the conchoid. 




Problems. 

"(131.) pROB. 1. To find the equation. 

Draw BCA and i?iV perpendicular to CM^ and /{5 per- 
pendicular to ^B. Take BC=a, CA=vR^h, CN—x, 
NR =y ; then, by similar triangles, BSR, vRN, 

xy 
BS ; SR :: RN : Nv, ot a+y \x :: t/ : Av = — ^ ; 

andt;ft*=t;iV+iV/i%or J*=:y« + ^ ^ ; .-. (a+y)V**= 

(a+y)'xy*+xy, or (a+y)*.(6*-y*)=a?*y% the equa- 
tion. 

^ Prob. 2. To draw a tangent to the conchoid. 
Since by the equat". ay = (a +y) >/6Vy* ; /. ay +yi= 
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since j; = 2^^ ^) y x V** - y' 

_ y.V (g+y) (g + y) s/b* - .V' X .V , , ,. 
^j«_y« ^ = oy reduction 

y^ 4- ai* -.a 

- -'^ yj^_ , X y ; hence the subtangent, or ^ = 

y '>/ y y 

y* + aJ* . . , 

- • /t, _ . > * negative quantity ; therefore the tan- 

gent and the vertex are on contrary sides of the ordinate, 

and the value of the subtangent, thus taken, is ^ "^^ 

yx V**-y** 
Prob. 3. To find the area. 

By the preceding Prob. yx= "^y^ ^ ^ . = 

yx^h*-y' y^b^-j/' 

-y»y aJ'v 

X a circular arc of radius b, and sine v + y ^ v o -.V* 

(Fluent 16.) - ^ X hyp. log. ^-^^gz| (Art. 43). 

Now the area = O, when y-h\ therefore the area 
ARNC = (i ft X a circular arc of radius b, and sine b, 
or) 4 J X 

^apc of aquad. - arc whose rad.isft andsiney + y>^vo'-y'\ 

r- X hyp. log. ^. ^^ . 

Peob. 4. To find the content of the solid generated 
by the revolution of the conchoid about its axis CM. 

12 
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the fluxion of the content= — p x : s%-r--^ + ' /„ ^ : 

and the content itself = cor. + p x — ^^ — n + Py* X 

\/**^-y* (/. 17.) ■"/'^^X a circular arc of radius b and 
sine y (Art. 44.). Let y = i> the content = 0; .-.the 
correct fluent is pab . (the arc of a quadrant— arc of radius 

b and sine y) + ^.(6*-y*)* + py' x ^b* - y^ the 

content of the solid generated by the revolution of -4/? A'C 
about CN. Lety=:0; then we get the content of the 
whole solid^ when its axis is infinites pabx the arc of a 

quadrant+ -^ = pb^ Q pa + ^) . 

Prob. 5. To find the point of contrary flexure. 

Sinceya:= '-^ — .., ^ xy; r.x—--—^ — -«==rxy. 

. , , .. ^b^a-b^y^Sb^av* 
Assume £f constant or =s 1 ; then,x=-; ^ . -^ ssO; 

(*y-y*)vA*-y* 

/. 26*a-3ft*ay*- jy =: 0, or y'+3ay-.2aA* = 0, an 

equation from which the value of y, and therefore of x, 
may be determined. 

If a=6, then the equation becomes y'+3iy*— 26^=0; 
or dividing by y + ft, it becomes y^ + 2iy — 2i* = O ; hence 

y(iV/J=CS) = -i+&^=6(-l+x/"3) =.73205*. 

And in the same case BR=:^b (3+^/3) = 2.3666. 
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ON THE CISSOID OF DIOCLES. 



(132.) Let j4B be the diameter 
of a semi-circle ACB^ D and M 
two points in it equally distant 
from B and A ; from D and M 
draw DC, MP, perpendicular to 
AB ; and join AQ cutting MP 
in P. The point P traces out 
the Cissoid. 



Cor. BL drawn perpendicular to AB is an asymptote 
to the curve AP. 




Problems. 

(133.) Prob. 1. To find the equation to the cissoid 
of Diocles. 

By the properties of the circle, ADx DB=DC^; but 
ADxDB = AM X MB; .-. AMx MB= DO. Also 

MPxMB 



AM : MP :: {AD) MB : DC; /. DC= 

MP'x MB" 



.\ DC^^ 



; consequently 



AM 
MP*xMB^ 



AMx MB ; .-. MF" X MB^AM^ ; that is, if ^iB=a, 
AM =s x, MP = y, y* (a— a?) = ar^. 

Prob. 2. To draw a tangent to the cissoid. 

The equat". is y*= ; •*. 2 vy = r Ti == 

^ '^ a— 0? ^-^ (a — J?)* 

(3ajg'-3jf+^)i . i_ 2y(fl-x)\ . •yfthe.nh 
(a - *)• • • • ^ ~ 3 ax' -20^' • • if ^''^'"''^ 
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tangent ^^ (^-^);^2arMa>x)^2a:(a^x) 



Prob. 3. To find the area. 



Since y = 



s 



v^o— a? 



; .•.yx= 



3 • 



j?*i 



ija-x s/ax-x 



r , whose 



fluent (/. 23.) = -7- X a circular arc of radius = r «, and 



versed sine j?— a? x 



j^ax-x^ 



3a 



X ^/ax^x^ ; which 



3a 



vanishes when ap=0 ; and when i:=:a, it = ^^-^ x the arc 

4 

of a semi-circle ; /. for both sides of the axis it = — x the 

2 

arc of a semi-circle = three generating circles : so that 

though the dimensions are infinite^ the area is finite. 

Prob. 4. To find the content of the solid generated 
hy the rotation of the cissoid about its axis AB. 

The/.py*i=/! J--^=- i;?x^-ipaj?*-pa*a?+|w' x 
hyp. log, . (Fluent 3.) 



ON THE LOGARITHMIC CURVE. 

Definition. 

(134.) If on the indefinite 
line AL, the parts AB, BC^ 
CD9 DE, &c. be taken equal 
to each other, and ordinates 
JF, BG, CH, &c. be drawn 
perpendicular to ALy and in 
geometrical progression^ the curve FHK, which passes 




Tb 
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through all their extremities^ is called the Logarithmic 
Curve. 

Cor. The axis LA produced^ is an asymptote to the 
curve ; for since the terms of a decreasing geometric series 
never become accurately equal to nothing, a distant 
ordinate, as OP^ never is accurately equal to nothing, 
though it decreases sine Ihrnte. 

Problems. 
(135.) Prob. 1. To find the equation to this curve. 

By the nature of logarithms, any abscissa AD is the 
logarithm of the ordinate X)/, in a system which depends 
upon the magnitude of AF, and BG; the part AB 
being given. Let ABzszi^ the logarithm of BG ; then if 
BG=^a, AD^x, Dl^y, 

1 :x:: log.of a : log.of y; but 1 =:log. of a; .*. xszlog. 
of y ; that is, <r x 1, or a? x log. of a, =log. of y ; .•.y=a' 
the equation. 

Prob. 3. To draw a tangent to the logarithmic curve. 

hety =iif; .-. log. y = x xlog. a; and- = x x log. a; 

yx 1 

.•• ~ = ^ — — = a constant quantity. 
y log. a ^ J 

CoR. 1. Ifr— — =m, 'v-=mi and yx=smif, which 

log. a ' y ^ ^ ^' 

may be taken as another equation to the curve. 

Cor. 3. In any system, where x is the logarithm of 

y to a modulus m, x=zmX^ (Art. 41.) ; hence, in the 

logarithmic curve, the sub-tangent is the modulus of tlie 
system. 

Proposhtion. 
( 1 36.) If two ordinates in one logarithmic curve be in the 
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same ratio with two ordinates in another, the abscissas 
are as the sub-tangents. 

LfCt JEy a e be the abscissas, ET and et the sub- 
tangents^ KE^ ID in one curve^ and /re, id in the other. 





TT 



D E at 

ordinates indefinitely near to each other, and in a given 
ratio ; 

Then KE : ID :: he : tif, by supposition ; 

/. KE : KR :: he : &r, or y : y :: JT : JT; 



• • 






y 



X in one case : X in the 



y 




R — 



other :: m x - : ilf x -i? ;: m : M, and x \ X\\ m : M 

or AE : ae :: rE : te. 

Prob. 3. To find the area included between any two 
given ordinates, as BG^ EK. 

Since yx = wiy ; .•. f-yi =wiy + 
corr. Let the area = 0, when y = 
BG=sa; then the area included 
between B G and EK^ my — ma = 
mx{EK^BG.) 

Cor. 1. If BG go off ad infinitum, and become 
evanescent, the whole area included between the asymp- 
tote ER and the curve = wi x JBJSr= sub- tangent x KE=> 
twice the triangle EKT. 

CoR. 2. In the same logarithmic curve, the area in- 
cluded between any two ordinates : the area included be- 
tween any other two :: the difference of the two first : the 
difierence of the two last. 

CoR. 3. The whole area included from KE between 
the asymptote and the curve varies as KE. 
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Prob. 4. To find the content of the solid generated by 
the revolution of the area BGKE about its axis BE. 

Since yi ^my \ /. f.py^i =y*. nipyy =:7np^^ + corr. 
But the content = 0, if y — EG = a ; /• the content 
corrected = — {y* - a*) ; and the content included 

between EG and EK:=^ {KE^^B&). 

Cor. 1 • Suppose GE to go off ad infinitum ; then 
the content of the whole solid generated by the revolu- 
tion of the infinitely extended area KPRE about its axis, 

= — ^ X KE* SB — X the area of a circle, whose radius is 
2 2 

KE = ^ the content of a cylinder whose altitude is the 

sub-ttangent, and radius of the base equal to the ordinate 
of the curve. 

Cor. 2. The solid generated by the revolution of 
EGKE = I the cylinder, whose altitude is the sub- 
tangent, and base the difference of the circles, whose 
radii are EK and EG. 

Cor. 3. The content of the infinitely extended solid 
varies as KE^^ where the sub- tangent is the same. 

Prob. 5. To find the length of the logarithmic curve 
included between any two ordinates GE, KE. 

Here z : y :: KT : KE :: ^/w^Ty* : y ; therefore 
^^ yXy/^^'+ r. ...by/.6o, «or A:G = V^S^» + 

— X hyp. log. - Vw'+a»- - x hyp. log. 

^ \/ny -^y^ + m ^ 

—==: , corrected for the value of y = a. 

y/ m*+a^+m 
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Prob. 6. To find the sur&ce of the solid generated 
by the revolution of any part KG of the logarithmic 
curve about its axis. 



By the last Example, s = ^^ — ^ 2-. .•. ^pyi^ 

the fluxion of the surface, = 2p x y x s/^+Jf^y of 
which the fluent, (by ^.68.) when properly corrected, 
= jEi X n/y^ + m^y^ - P X A/^F+f^oF + prn^ x hyp. log. 

^ — ^ = tht surface required ; the values of a 

a + y/ni'+a* 

and m being the same as before. 

Prob. 7* To find the evolute of the logarithmic curve. 

Let jiKD be the curve; 
KT a tangent at K; ET the 
sub*tangent ; EH the sub- 
normal. Then if C be assumed 
as the center of the circle of 
curvature at Jf, and CN be 
drawn perpendicular to EK 
produced, KN corresponds 

with the line § MB, in Art 100 ; therefore KN^ ^ 'Y . 
But y = •— ; .•. if i be constant, j^' = ^ =^ '^ • ^od 




m 



m 



rnr 



by substitution, A^ATs^^liy!. But EH^^, .-.by 
similar triangles, KEH, CKN, CN^ ^-±^' = - m 



— m 



— ^ = —TE - EH. Hence, take EB = THy and draw 

911 

BC perpendicular to BE ; it will meet the normal in 
C, the required point of the evolute. 
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ON THE CATENARY. 

(1370 ^^ ^^^ ^^^ curve, into which a flexible chain 
of uniform density and thickness would form itself^ if 
suffered to hang freely from two points, A and B. - 

Let ADB be the curve. Da c jS 

the lowest point; draw the 
axis DC perpendicular to the 
horizon ; let Ht, Fo, be two 
ordinates^ is a tangent at /, 
and tr parallel to CD. Now 
the chain having assumied 
this form, it is immaterial 
whether the part Dt be considered as flexible or rigid. 
On the last supposition, it is kept at rest by three 
forces I by BD in the direction DE or sF^ by At in 
the direction ts, and by its gravity in the direction rt ; 
therefore, by Mechanics, these forces are as the sides of 
the triangle str. Let the tension of BD = a, JDf » %^ 
DH = Xy Ht = y ; then a i % :: y : i ; .*. ai = «y, 

y» = ^; .-. z\ or i'+y% = i* + ^; hence, 

«%=^;5» + a*Xi; .'.i——===\ and x—^z'^ra* 
^ ^z^ + a^ 

+cor. Letar = 0,;s=0; .-.cor.ss— a; .Mr=A/F+a^-(i; 

/, a+x=c a/^^To*! and ar*+2fla? = «% the equation to 
the curve. 

Cor. Since ^ = — =— ==r ; y=ax hyp. log. 

Problems. 
Prob. 1 . 1 o draw a tangent to the catenary. 
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By the nature of the curve, oi =: 2y ; .v t = - ; /. '-^ = 

4i — "Z — :y _ jjj^ 8ub-tangent. 

Prob. 3. To find its area. (See the preceding Figure.) 
By the equation, zy = oi ; 

.-. %Y — «*i* = a' («• -yO = tfi» - ay ; 
.-. (2*+a')y» = aV, 
or (a+o?)* X y* = aV ; 
••. (a+ar)y = aa, 
or a^+^ = ai:; 
•*• J^^5 t^® fluxion of the external area DTP^ = 02 - ay ; 
and the area BDT^az-^ay^ and cor.== 0; .*. DMT=z 
xy^az+ay^ {a ^ x) y - a^/2ax^^. 

Prob. 3. To find the content of the solid generated 
by the revolution of the catenary about its axis. 

The fluent of py^x = py'^x -f. ^pxyif ; and the fluent 
of 2py X xy = the fluent of 2payi - the fluent of 2poyy ; 
since, by the last Article, xy=^az^ay\ 

.-. f>2pxyy ^f.2pay%--pay^\ 
and f.2payz = 2payz'-f.2pazy\ 

= 2payz— 2pa*Xf by writing 
for zy its equal ax ; .•. the content = py'^x '\-pciy'^— 2payz 
-^2pa*x, which needs no correction. 

Prob. 4. To find the surface of the solid generated by 
the revolution of the catenary. 

The fluent of 2pyz = 2pyz -J*. 2pzy. But 2y = ax ; 

/. the fluent = 2/3^2- 2pax^ which needs no correction. 

Prob. 5. To find the radius of curvature of the 
catenary. 
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X» 



By Art. 100, the radius of curvature = — r., when i 
is constant, and = 1. Now % = ^2ax + a?*; .•. % = 



oi a ^ a + x 



.•. the radius of curvature = -^ --r = -i ^ . 

a (a + J?) a 

Cor. At the vertex, where j? s O, the radius of cur- 
vature =: a. 
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Chap. XVIL 



ON THE ATTRACTIONS OF BODIES. 



Problems. 

(138.) Prob. 1. JLo determine the attraction of a cor- 
puscle P towards a right line AB, in a direction perpen- 
dicular to that line ; the attracting force of each particle 
being supposed to vary inversely as the square of the 
distance. 

Let PA perpendicular to AB = a ; AC^ a variable part 
of AB^ = X ; then PC=zj^a^ + af^. Now, p 

since the force of attraction varies as 




diit]'' 
the force which draws P toward C may be 

represented by -pj^^ But the force of at- Wc^ 

traction toward C : that toward A by resolution of force :: 
PC : PA :: ,/aF+x^ : a ; therefore the force of attrac- 
tion toward A for one particle C= — t . And if the 

number of attracting particles at the distance a?=i, the 
attraction from these particles will be i times as great ; 

hence the fluxion of the attraction to ACs= — ^ — • and 

(a»+x*)+ ' 

X 

its fluent, or 7==== > is the attraction to AC\ and 

ax\/a*+x* 

AB 

the attraction of P to the whole line AB= r=~s — ^^ . 
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Prob. j2. To find the attraction of a line PA to AB^ 
PA being perpendicular to AB^ and the force of each 

particle varying as 



di8t.j • 

Let AB=za, AD a variable part of AP=x ; join BD. 
Then, by the last Case, the attraction of 

a ^^ 

a corpuscle D to AB = ^ • 

Therefore the fluxion of this attraction 

ax 

; and the fluent, or the 



XX 



s/a'+x' 




attraction itself, = | hyp. log. y^ ^^ + corr. (Art 

' -^^ ^ y/^^+7+a ^ 



4S.)=i hyp. log. 



*+a:*-a 



-. ^*" - i hyp. log. — 



when 



x=PA=:i hyp. log. gp^^^ - i hyp. log. ^-^, an 

infinite quantity. 

Prob. 3. Let C be the center of a circle ABE, and 
a corpuscle P be situate in the line PC perpendicular to 
its plane ; it is required to determine the attraction of P 

to the circle, the force of each particle varying as y^. 

Let PC=a, P/>=j?;then CD—^x'-^a^ and the 
force of attraction of P to D 

being represented by -pjji, 

that in the direction PC :=i 

P C 

-pjTi (Art. 138. Prob. 1.) 

Now if ;?=3.14159 &a the ^' ^' 
area of a circle whose radius 
is 1, the area of the circle of 
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radius CD=^p (x* - a*); and its fluxion = 2pxx; 
hence the fluxion of the attraction of F toward the 

circle = 3X 2pxx^=z2pax^'^x ; whose fluent =2/»ax — 

+con = 2pa (^ ") *= ^P """^ "^^'' *^^ whole 

circle 3;,^i-— -j) . 

Cor. The force of attractioa of P to the whole circle 
vanes as 1 — yr-:;, . 

Prob. 4. To determine the same^ when the force of 
attraction varies as^''. 

Here^ as before, 2pxx is the fluxion of the variable circle, 

and - X jf or aj?""* represents the force of a particle />, 

X 

in the direction PC; hence, the fluxion of the attraction 

^+» 
to the circle =2 ©a J?" i; and the fluent sz2pa x h 

cor, =s2»ax T": — •» which varies as ,or 

^ n+1 n+1 

vanes for the whole circle as : . 

n+l 

Cor. 1. If the diameter of the circle be increased in 
infinitum, and n be a negative number greater than 1, 

.u ^ .• PC . 1 1 

the attraction vanes as - -pA!^^ "^ p^^-« y or ^ TC^* ' 

because the first term vanishes. 

CoR. 2. If the radius of the circle be infinite, and the 

force vary as -yp , the attraction varies as pTSo » ^^ ^* ^0^" 

stant, whatever be the length of PC. 

Prob. 5. Let P represent a corpuscle placed in the 
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vertex of a cone PAB ; to determine the attraction to 
the cone by a force varying as -|j« • 



The attraction to the circle 2>J^jP varies as 1 — 



PE 
since -vr^M in the cone is a constant 




quantity, the attraction to every section 
parallel to the base is the same; 
hence, the whole attraction to the 

cone varies as f 1 - -p-p) • the number ^ 

of sections, or as M — jnS .PC* 

CoR. For similar cones, the attraction is as the 
height. 

Prob. 6. The law of the force remaining the same, to 
find the attraction of a cylinder ABCD upon a corpuscle 
P situated in its axis produced. 

Let PM=x. MPs a, and PF—Ja'+x\ 
The attraction to the circle EMF is as 



X 



z.; .\ theflux- 




PM 

l-pj.,orasl^;^^,_, 

ion of the attraction is proportional to 

XX 

* / ^ ^ ; and the^. = j? — V^a* + a?* + 

cor. = PM ^ PF + eor. == ^ 

PM - PF- PH + PD, or for the whole cylinder « 

PL - PH -PC + PD=HL- PC+PD. 

Cor. If the diameter be inBnite, PC= PD j and the 
attraction is proportional to HL. 
Prob. 7. To find Ibe attraction of a corpuscle P to a 

sphere, the attractive force of each particle varying as -^ . 
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Draw PjPB passing through JPthe center of the sphere^ 

and let CED be a sec- 
tion of the sphere per- 
pendicular to 2^£. Take 

c^b'-a, PE=j/, PC 

= c + a: ; then, AE = 
y-c, and-BB = 2a-y 

+ c. Now AE X EB 

= EC^=PC^^PE*i that is, (y-c) . (2a- y + c) = 

(c+J*)*-y ; from which equation y=: 2a -^20 

(since b = a + c)z=: ^*^+^^^+< . Hence the attrac, 

. ^ , ... 2ic+2cx+aJ» 2ax'-s^ 

tion to the circle is as 1 rr"? — ; — ^: — 9 or ^s tjttZJT* 

2b{c+x) b{c+x) 

and the fluxion of the attraction to the sphere is propor- 

tional to Ti—. — r x y, that is, to =-; x r^ — 

A (c + 0?) "^^ 6 (c + J?) b 



or 



1 



^o n ; whose fluent =: 



- , which needs 

ft* 



no correction. Let :r s 3a; then the attraction to the 



4^" 



a' 



whole sphere is as —j^ , or varies as t; • 

Cor. 1 . If the corpuscle be at the surface of the sphere, 
or if ft be any multiple of a, the attraction varies as a. 

CoR. 2. Since the contents of spheres vary as o^, the 
attraction varies as the content divided by the square of 
the distance from the center ; and is the same as if all the 
matter of the sphere were collected into the center. 

Prob. 8. To find the attraction of a particle P towards 
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a plane LhO infinitely extended, the force of each 
particle varying inversely as the dist.) . 

CaS£ 1. 

Let MHM represent a section of the infinite plane per- 
pendicular to PHK\ the attrac- L id o 
tion to the plane MHNy con- 
sidered as circular, is as prv^^% tP 



or if PH^x. as — -?; /. the 



JC 



a 



X 



fluxion of the attraction is as -rrr; ; and the fluent ss 



cor. — 



when PH becomes infinite, it= r ^ . piin^z > ^^ ^'^^ 
whole attraction varies as prh^^z • 

Case 2. 

If P be placed within the plane, and PHhe taken = 
PG, the particle P will be ^ mo 

equally attracted each way to* 
wards the planes bounded by 
LOly MHrrty or they will de- ^ 
stroy the effect of each other; 
hence, P may be considered as 
attracted only by the infinite 
plane MHmoKO; and the 



H 



attraction to this plane by the last Case, is as prw. - j 



or as 



PG*-» • 



K2 
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Cor. 1. If nz^3, the fluent fails; for the fluxion of 
the attraction is as - . 

CoR. 2. If the plane be finite, but PG extremely 
small, if compared with PHy the force of attraction is 

still proportional to pr^^s • 

Def. An oblong spheroid is generated by the revo- 
lution of an ellipse round its major axis. 

Prob. g. A particle of matter is placed in the pole A 
of an oblong spheroid, whose major axis : minor :: I : 
1 — n, where n is very small ; it is required to compare 
the attraction of this particle to the center of the spheroid, 
with its attraction to the center of the sphere described 
round the axis major, the force of each particle varying 
1 



as 



TP' 




Let ^£=07; then, DE—{1 - n) .^2x^x^ by the pro- 
perty of the ellipse ; /. AD^ = 
x^ + (1 -n)*.(2x- a?')=a:* + 
( 1 - 2 w + w*) . ( 2 J? - X*) = J? V 
(1 - 2n) . (2a?— x'), n* being a] 
omitted as indefinitely small, 
=x* + 2j: — 0?* - 4nx+2nx^=^ 
2x— 4nx + 2na?*; /. AD = 
{fix — 4nx + 2nx*)i. Hence the attractive force to tiie 

circle, whose diameter is 2DEy =1 ^ ; 

(2x~4iw:+2ii«')« 

and the fluxion of the attraction of the spheroid is pro- 
portional to i % ; therefore the attrac- 

(2x- 4n J? + 2wj?')t 

tion itself is as the fluent of this quantity, or proportional 

TtX 

- l{fl*d^') which needs 



to 0? — 



23ar* 



2^nx^ 
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no correction. Let ir = 2 ; then the attraction to the 
whole spheroid is proportional *^ ^ "" 5 ^ T" "^ X* ^^^^^ 

varies as - - — , or as 1 - — . If » = 0, the spheroid 
3 15 3 

becomes a sphere ; hence, the attraction of this spheroid 

on a particle at A : the attraction of (hfe sphere described 

4ii 
round iiM on the same particle :: 1 - -r- : 1 . 

Def. An oblate or compressed spheroid is generated 
by the revolution of an ellipse round the minor axis. - 

Peob. 10. A particle is placed in the pole B of an 
oblate spheroid, whose minor axis : major :: 1 : 1 +n, where 
n is very small ; it is required to compare the attraction 
of this particle toward the center of the spheroid, with 
its attraction toward the center of the sphere described 
round its minor axis^ the force of each particle vaiying as 

The ratio' of the major to 
the minor axis is, in reality, 
the same in this case as in 
the last ; for 1 : 1 — « :: 
1 +n : 1 — n* or 1, since n' is 
extremely small. 

ljeiBE^x\ then, Z)J5»=(l+n)».(3x-a*) by the 
property of the ellipse; .-. -BZ>* =5X*+(l +fi)*.(2j? -a?«) s 
x'+(l+2n + n*).(3a?-df)=a?*+(l '\-2n) .\2x^x''):=:^ 
ai^+2x+4nx— 3njp'-a:'=2x + 4iix-2nx*; .•. BD — 

(2x+4nx-2nx^)i; and the attraction to the circle 

X 




DEF is as 1 - 



(3X+4IIX — 2nar*)i' 



the fluxion of 
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the attraction to the spheroid oc i - 

andthefluentCyZ.92.)=^-^-^+?!^, which 

needs no correction. Let a? = 2 ; then the attraction to, 
the whole spheroid is as 2 - ^ - — + -^, or as - -| , 

3 5 3 3 16 

which varies as 1 + — . If « = 0, the spheroid becomes 

a sphere round the axis minor ; hence^ the a]l;tn^ctioQ oi? 
the oblate spheroid on a particle at B : attraction of 
the sphere described round the axis minor on the same 

j¥?irticle :: 1 + --- : 1. 

C5oit. 1 . Since these sjiheroids^ by supposition, approach 
nearly to spheres^ they may, without sensible error, be 
assumed for spheres containing the same quantity of 
matter ; and their attractions, coeteris paribus, will be 
proportional to their quantijt^s of watter. BiWit ( Afft 51. 
Ex. 4. Cor. 2.) the oblong sph?ro^ : the ofaAate. v. th$ 
oblate : the circumscribed sphere ; bence;^ IJne attfactiqm 
* of the obbng spheroid on a particl<^ at A : the attnictio^ 
of the oblate on the same particle :: the attraction qf th^ 
oblate : the attraction of the circumscril^ sphi&r? upoa 
it. Therefore, the attraction of the oblate spheroid on a 
partrete at A : the attraction of the circumscribed sphere 
on the same particle :: ^ the attraction of the oblong 
^herotd ; ^ the attraction of the circumscribed sphere 

. A /^ 4» 2n 

:: V 1^:^ : 1 :: 1^^ : 1. 

Cor. 2. By help of the preceding IVopositions^ since 
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the Earth is an oblate spheroid, we can determine the 
ratio of its polar and equatorial diameters. 

Let ABL represent the Earth ; AC and BC the equa- 
torial and polar semi-diame- 
ters. Then by the preceding 
Cases, the attraction of the 
compressed spheroid on a 
particle at B : the attraction 
of the inscribed sphere upon 

the same particle :: 1 + — - : 1 . 

The attraction of the inscribed sphere on a particle at 
B : the atb^ction of the circumscribed sphere on the 
same at the surface, or at ^, :: 1 : 1 +n. (Chap. xvii. 
Prob. 7. Cor. 1.) 

The attraction of the circumscribed sphere on a par- 
ticle at A : the attraction of the compressed spheroid on 

an equal particle at ^:: 1:1-^. 

Therefore the atti^ction of the compressed spheroid 
on a particle at B : the attraction of the same spheroid 

on an equal particle at A :: 1 H : 1 + — . 

Now these attractions must be proportional to the 
weights of equal quantities of matter at those points; and 
if the particles are not equal, their weights are as the 
weights of equal particles, and their magnitudes jointly. 
Hence, if the axes are in the ratio of 1 — n : 1 , and par- 
ticles be taken proportional to the axes in each, we have, 
the weight of 1 — n particles on the spheroid at B : the 
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weight of a particle at A i\ (l + "r) -(l ""**) • 1 +"r" 

• « , , 3n 

• 6 • ^V' 

the powers of n being omitted. And dividendo^ 

The weight of a particle 9X A— the weight of 1 — n 

particles at B : the weight of a particle at Aw -r* : 

o 

1+ — 

Now if the figure of the Earth be caused by rotation^ 
round its axis BLy since (1 — n) times a particle at B 
must be in equilibrio with a particle at A^ the excess of 
weight of one above the other must be counterbalanced by 
the centrifugal force^ arising from rotation, and is conse- 
quently equivalent to it. Therefore, the diflference of 
weight of 1 — n particles at jB, and a particle at A : the 
weight of a particle at A :: the centrifugal force at the 
equator : the force of gravity there ; that is^ according to 
Newton (Lib. 3.) :: 1 : 389. 

Hence, -- : 1 + r- :: 1 : 389, 

5 5 

4» ^«^ 6+3n in ., . 

or -— X 389 = — r — • From this equation^ 

n = -— nearly. Consequently, the polar diameter is to 

the equatorial :: 1 - n : 1, is as 1 — r- ^ If 
^ 330 

or :: 339 : 330. 

Scholium. 
We have here supposed the mass of the Earth to be 
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homogeneous. If the density increase toward the center, 
so as to become infinite at that pointy the compression 

instead of -rr » becomes——. Now the actual com- 
230 578 

pression is between these limits^ or about -— ; therefore 

did 

the Earth is more dense toward the center than at the 
circumference. 

It appears by Clairaut's celebrated Theorem, that if the 
density of the Earth increase irom the surface toward 
the center, the compression of the spheroid, and the 
diminution of gravity from the pole to the equator make 

5 1 

together a constant quantity, and are equal to - of r— . 
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Chap. XVIII. 

ON LOGARITHMS. 

(139') xi-LL numbers in arithmetic may be expressed 
by the powers of 10. Thus, if il=lO, /i»=l0O, &c; 
the number 5364 =: 5R^ + 3lV + 6R+ 4. A mixed 
number, as 45.678 = 4/J + 5/P + 6/J— + 7iJ-»+8ii-». 
Vulgar fractions, when transformed into decimals, may 

be expressed in the same way. Thus, ^ or its equal .666 

&c. = 6/1-" + eR"' +65-34. &c. 

We may also express all numbers, as near as we please, 
by a single power of any positive number whatever, ex- 
cept unity. Liet the numbers 2 and 10 be taken for 
examples; then 1, 2,3, &c. may be expressed by the 
powers of these numbers. 

Thus, 1 = 2° 1 = 10° 

2 = 2* 2 = iQ-Mi(tt»*c. 

3 = 2^****'**' 3 s= iQ-^^^^ 

4 = 2* &c. 

&C. 10 = 10\ 

Hence, if r be assumed some determinate number, n an 
indefinite positive number, some other number N may 
always be found such that r^ssiU. In every case of this 
kind, N is called the Logarithm of n ; the logarithms, 
which are derived by giving a determinate value to r, 
constitute a system of logarithms, and r is the base of 
that system. 

Cor. If e represent a number, whose logarithm is l, 
and X be the logarithm of some other number as i, e'=&. 
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(140.) In every system of logarithms, the logarithm of 
1 must=0. For if r'^sn, and n be assumed = 1, N 
must=0 ; for r® = l. 

In every system the logarithm of the base is unity. 
For let r =: n ; then N must be unity. 

The Ic^rithms of any two given numbers have the 
same ratio in every system. For let r^=n, and r^ = 6 ; 

then r^=n^, and r^=i''; .-. n* = J^, and n^b\ Now 

r is not found in this equation; therefore the value 

N 
of -jR depends only on the numbers n and b. 

In every system the base of which is greater than unity, 
the logarithm of a whole or mixed number is positive. 

If not, let n^sr^^y that is, =-3^ j then since -37 is a 

proper fraction, n must be a fraction ; which is impossible, 
for n is by hypothesis greater than unity; therefore 

In every system where the base is greater than unity, 
the logarithm of a proper fraction is negative. 

If not, let n = r^, where N is positive ; since r^ is 
greater than 1 , n is greater than 1 ; but it is by hypothesis 
a proper fraction, which is impossible; therefore n = r^^. 

(141.) Logarithms are also considered as measures of 
ratios. Thus the ratio of 81 to 3, may be considered as 
made up of the ratios of 8 1 to 37, of 27 to 9, and of 9 
to 3 ; which three ratios are equal to each other, and the 
ratio of 81 to 3 is said to be triple the ratio of 9 to 3. In 
the same manner, the ratio of 100 to 1 is twice the 
ratio of 10 to I ; of 1000 to 1, three times that ratio, 
&c. And if the numbers ^, B, C, D, are continued 
proportional, the ratio of A : B being equal to that 
of jB : C, &c., then the ratio of ^ : D is considered 
as made up of three equal ratios. Hence, ratios may 
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be compared in respect to magnitude ; thus, if two 
ratios can be resolved^ one into 5 equal ratios^ and the 
other, into ' 8 of the same ratio, the magnitude of one 
ratio : the magnitude of the other :: S : 8. 

In Briggs' system, the measure of the ratio of 10 : I, 
or the logarithm of 10 is unity. Napier took the 
number 2.718282; hence, in the two systems, the loga- 
rithms of the ratios are expressed by difierent numbers. In 
a given system, the measure of the same ratio is obviously 
the same ; of double the ratio, the measure is double, &c. 
A ratio of equality has no magnitude ; for it has no effect 
in addition or subtraction ; a ratio mqjoris inasqualitatis 
compounded with another increases it ; a ratio minoris 
inaequalitatis diminishes it. If then the measure of the 
ratio which a greater term bears to a less be positive, the 
measure of the ratio which a less term bears to a greater 
is negative ; and the measure of a ratio of equality =: O. 

When this expression, the logarithm of 1 + j?, is used, 
it denotes the measure of the ratio of 1+j; : 1. The 

A 

logarithm of -^ , is the excess of the logarithm o{ A i I 

above that of jB : 1, or is the measure of the ratio of 
A : B. 

(142.) These being the principles which apply to 
logarithms in general, the following Propositions are in- 
tended to shew the rules by which the logarithm cor- 
responding to any number, or the number corresponding 
to any logarithm, may be deduced, the one from the 
other. The quantity m is called the modulus (Art. 41.) ; 
it is the measure of some given ratio, and serves as a 
standard to which other measures may be referred. 

Problems. 
(143.) Pros. 1 . A number being given, it is required 
to determine its Ic^arithm. 
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Let 1 +x be the number, j/ its logarithm, and m the 

* 

modulus ; then (Art. 41 .) y = ■ = m{i - xi+x^i - :x^i 

+ &c.) by actual division; /.y = w(a?--a:*+-a?3 — 

jx* +&C.), which needs no correction; because, if a?=0, 

y =0 ; for the number l+x becomes 1, and the logarithm 
of 1 is O. 

(144.) This proposition is the same with the first in 
CoT£s' Harmonia Mensurarum. In the following illus- 
tration^ AB is assumed = 1, BCzzx^ and m the modulus ; 
BP is a variable part of BC, and PQ=i. 

To find the measure of any proposed ratio. 

Let it be required to determine the measure of the ratio 

between AC and AB ^ ^ P 9 ^ 

(of 1 +x : 1). Let the 

difference BC be conceived to be divided into innumerable 
very small parts as PQ (i) ; then the ratio between AC 
and AB will be divided into as many very small ratios 
between AQ and AP ; and if the magnitude of the ratio 
between AQ and AP be given, by division the ratio of 
PQ : AP is also given, and therefore the given magnitude 
of the ratio between AQ and AP, may be expressed by 

PQ ± 

the given quantity -^^ (that is, y = , if m = l). 

If AP remain the same, and PQ be supposed to be in- 
creased or diminished in any proportion, the ratio of AQ 
to AP will be increased or diminished in the same pro- 
portion ; thus, if PQ be doubled, tripled, &c., or if its 
value be changed to one half, or three halves of its 
former value, the ratio will become the duplicate or 
triplicate, the sub*duplicate or sub*triplicate ; it may 
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therefore be still expressed by the quantity --^rp i}* ^* ^^ 

1 +x be invariable, and i be doubled, tripled, &c., y will 
be doubled, tripled, &c.) ; or, if we take some constant 
quantity m, the measure of the ratio between AQ and 

-^P will be expressed by the fraction — -jp — C^~l J ' 

This measure will have different magnitudes, and will be 
accommodated to difierent systems, according to the value 
of the assumed quantity m, which may hence be called 
the modulus of the system. Now, since the sum of all 
the ratios between AQ and AP is equal to the proposed 
ratio of AC : AB, so the sum of all the measures. 

mx PQ 

— -jjj- (to be found by the known methods) will be 

.— r— =: m 

(^— 5ar*+&c. ) 

Cor. 1. The measure of any given ratio as 1 +x : 1, 
where x is given, is as the modulus (m) of the system. 

Cor. 2. Since the logarithm of 2 in the common 
system^ is ,3010300 ; and its logarithm in the hyperbolic 
is ,6931472, we have ,6931472 : ,3010300 :; 1 (the 
modulus in the hyperbolic system) : m, the modulus in 
the common system ; :. m=, 43424948. 

CoR. 3. Since the hyperbolic logarithm : the common 
logarithm :: 1 : m (,43424 &c.), the hjrperbolic loga- 

... the common logarithm . , , 

ntnm = — 2 . and the common lofOk^ 

rithm s= m X the hyperbolic. 

CoR. 4. Since m may be assumed of any value, we 
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may^ to the same number^ have as many difierent systems 
of logarithms as we please. 
Cor. 6. Since y the measure of the given ratio 1 -{-^ : ly 

varies as the modulus m, ^ is constant. That ratio 

m 

whose measure is m, is called by Cotes the Modular 
Ratio. 

(145.) ByArticlel43,y=m(x-iar*+5«^-ja:*+&c.) 
Now .the smaller x is assumed^ the quicker will this 
series converge. Ifa?=l,y =111(1— j + ^ — j + ic.) = 
the logarithm of 2 in a system whose modulus is m. If 
»i= l>y = l — 2 + 3-J+ &c. = the hyperbolic loga- 
rithm of 2. 

Prob. 2. 

(146.) To determine the measure of the ratio between 
z-^-x and Z'^x^ where )e is a constant and x a variable 

quantity ; or to find the logarithm of . 

Let y be the measure required^ m the modulus ; then 

■ • * % ' f^A • 

(X s^ sc^ \ 

-+ -— ;+"-? + &C. ) COTES, 
Z 3 Z^ 5 Z^ ' 

Schol. 1. 
CoR. 1 . If the sum of two quantities is z, and their 

difference a?, and we assume 2Mx - = -^, -^ x -t= B, 



« ' z^ ' X* 



« C, — -^ = 2>, &c., the measure of the ratio of the former 
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Ill 
quantity to the latter = -rf + g JB -*- j C+ J J0+ &c» 

Cor. 3. If s; = 1, y = 27n (x +3^+5a?* + &c.^ = 
the measure of the ratio of 1 +a? : l^x, or the logarithm 

of to a modulus m. 

1 — J? 

Cor. 3. IfmaIso=l,y = 2ra?+2a:'+3aj'+&c.^= the 
hyperbolic logarithm of ■ ■ . Let a?=- , then t*— = 2 ; 

*^* 1 — X '^ 1 —X 

and y the hyperbolic logarithm of2=:Sx :3 + 3Xgi4-5X 

^ + &c., of which the value deduced from the first 7 terms 

of the series =0,6931472. This series converges much 
quicker than that contained in Art. 146. 

Pkob. 3. 

(1470 ^^y^^ & logarithm, to find its number. 

Let 1 +x be the number, and y its logarithm ; then 

y = -— •; /.y +j?y=ini, andy+a^ — mir==0. Assume 

a series ay + iy*+cy'+rfy+&c.=a? 5 then i s ay + 22yy 
+3cy'y +&C.; .'. by substituting in the equation y+xy 
— »ii=:0, these values of a? and of i, we have 

y + ayy + hy^y + &c. J ^ ^ ^ 
--may --^ 2mhyy ^ Amcy^y -- &c. f ' 

hence, 1 — wia=0, or a=— ; a-2mi=0. ori=- — = 

m 2m 

1 _ _ 1 y V* 

r; 6 = 3mc=0, and c=— - — • &c.; .-.0:= — +;^ + 

2/»* 2.3 .m^ m 2»i* 

-^ r + &c.,andl+x==l+- + -^ + — ^^ + &c.= 

2.3.m3 ' ^ ^m 2m^ 2.3.m^ 

the number whose logarithm is y. 
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Cor. If m= 1, we obtain the number whose hyper- 
bolic logarithm is y ; it= 1 +y +~ + t~ t &c. 

Pros. 4. 

(148.) To find the modular ratio. 

By the last Proposition, the number whose logarithm is 

y= 1 +•— + -J — i + ~-~ — r+&c.; or vis the measure 

of the ratio of this number to 1. Now the modular ratio 
is that ratio of which the modulus is the measure; if 
then m=^, m will be the measure of this ratio, and the 
ratio itself becomes the modular ratio ; that is, the modular 

ratio is the ratio of 1 + 1 +- + — ~ + &c, : 1 ; and 

^ 2.3 

therefore is the same for every system of logarithms, 
being independent both of m and y. 

(149.) By summing the series, it appears that this 
modular ratio is that of 2,7 1 828 1 8 &c. : 1 • In Napier's 
system, where the modulus is 1, the logarithm of 
2,7182818 is 1. The measure of this same ratio will be 
the modulus in any other system ; the measure of that 
ratio in Briggs" system (where the logarithm of 10 = l), 
is ,43429448, the modulus of his system. 

(150.) In Art. 143. we assumed y the measure of the 
ratio of 1 +x : 1, or the logarithm of 1+x. liy be the 

logarithm of- , or— y the logarithm of 1-j?, then 

m^^Yf/k/ jf* Wl ft* 

— y = v andy=; = m>c ;f+j:i+«*i+x3i+&c.; 

* J?* jf* cd^ 

and y=m x:x+— + — +— + &c. 

2 3 4^ 

(151.) In the same manner, if in Art. 147« we take y 
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the logarithm of , y - xy - mi = ; and by assuming 

a; = ay + 6y*+cy'+&c. as before, we get l-ap=l - — + 

-i^ ^-T + &c. 

3m* 2.3m* 

Cor. 1. The modular ratio in this case = the ratio 

of 1 : 1 ^ L + i - J^ + &c.,or of i : ,36/8794 &c. 

1 R 

Cor. 3. Since 1+J-+5+— +&C. : 1 :: jR + - + 

^-{-^+ : R, if~bea88uaied = ^,^=B} j=Cj 

—=2), &c. ad infinitum, and S be put equal to R+A+ 

jB+C+I> + &c. the modular ratio will be that o( S : R. 

1 S 

Or, since 1:1 — r + 2""a^ "^ *^^' '• "^ • '^"^ T + 

h&c. adinfifiitum. if -=-^, r" = -S> "r = ^> &^* 

3 2.3 •/ ? J 2 3 

and jR be taken equal to S^A+B^ C+ &c. adit^mtum, 
the modular ratio is that of S : R. By the preceding 
cases, this ratio equal that of 2,7182818 &c :: 1, or of 1 : 
,3678794, &c. 
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Chap. XIX. 



ON THE APPLICATION OF FLUXIONS TO THE MOTION* 
OF BODIES AFFECTED BY CENTRIPETAL FORCES. 



i»^«»»»^»»#«^^ 0> 



P JB 



SECTION L 

Proposition. 

(153.) Xo deduce a fluxional expression, for the 
TariatioQ of the force in any given curve, considered as 
a spiral. 

If iS be the center of force corresponding to any orbit 

^Bj Pv the chord of curvature at P,and 

Sy9, perpendicular upon the tangent Py, 

the force by which a body would revolve 

in the orbit AB varies as ^ ^ — rr • 

Ay* X Pv 

(Newton, Sect. 2. Prop. 6.) 

Let SP = x, Sy=p; then Pt7 = ^(Art. 118.); 

1 p 

/. by substitution Foe -_^^*^ oc -^ . 

p X -V- ^ 
P 

Examples. 

(153.) Ex. 1. To find the law of force, by which 
a body may be made to describe an ellipse round the 
) center, 

h2 
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Let ^Cthe semi-axis major 
= a, CB the semi-axis minor 
= i, CP = X, CD the semi- 
conjugate = y, and - Cy the 
perpendicular on the tangent 
= PF=p. 

Then, by the nature of the curve, PF* x CD^ = 




AC* X BC\ or ~ = 

P 



y 



^ • 



a^b"' 



P 
— -; vanes as yy, 

P 



Also 



j?^ 4- y» = a* + 6* ; /. J?i = — 3^y ; ••• ^ varies as xi, 

Jr 

and -7-. varies as a:, or the force varies as the distanoe 
jrx 

from the center. 

Cor. If the ellipse be changed into a parabola by 
the indefinite production of the axis major^ then at 
any finite distance from the vertex ji, x is infinite; 
hence in this case the force is constant^ and may be 
conceived to act in a direction parallel to the axis. 

Ex. 2. To find the law of the force, by which a body 
may be made to describe an hyperbola ; the center of 
force being in the center of the figure. 

Here PF" x CIT ^ CA^ x 

CB y or -T=-^; /. — f vanes 

as yy, and -5^ oc ■ \^^ . Also 

V^X X 

a:* — y*= a* — 6* ; .•. xi ^yy ; 
.•. -^ varies as - x ; or the 

JrX 

force is repulsive^ and proportional to the distance from 
the center. 

Ex. 3. To find the law of the foroe in a parabola 
round the focus S. 
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Let SP ^x^ Sy asp, SA = a ; then 
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A _ 



n" ss axy or vanes as j? ; .•. — is as -, 
'^ p X 



and § as 3 ; .-. ^ 



^ , . . , . vanes as -- . or 




># s 



the force is inversely as SP^. 

Ex. 4. To find the same in an ellipse round the focus. 

Let^C«fl, CB = b, 5P = a?, 6^y = ?, HPs=:v. 

Then, by Conic Sections, Sy^ = . 

b*yx 1 . . r J 

; /. ^ vanes as - , and 
V p* X 



18 as 



xv^vx 



But x+v 




= 3a, /. V = — i ; and — f 

jsr + tri . ^ • x + v 2a 



vanes as 



of 



• • 



^ vanes as 



p^x 



X* 



, or as 



of" 



Hence the force is as 



SP*' 



£x. 5. To find the same in the hyperbola round the 

focus. 

h^x 
Assuming as before, p^=: 



V 



-5 vanes as - , and 
P ^\ 



vanes as 



VX '^ XV 



pP a? 

But V— x=2a, and'Usi; 



IS as 



xx^vx 



p^ X' 



— a? X 



^' 



a^ 



; or as 






• . 



v — x 2a 

varies as — r-, or as — ^ ; 

a? X 




that is, the force varies inversely as SP\ 

Ex. 6. To find the same, if the center of force be 
situate in the pole of a logarithmic spiral. 
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Here SP : Sy :: a : b, or x varies as 

«; therefore -r varies as -;;^, and -v^ as 
'^ p ar p*x 

-r ; or the force varies inversely as SP^. 



Ex. 7". If the center of force be situated in a point 
S, which is not the center of the. circle ; to find the law 
of the force. 

Suppose the body at P; join PSy and produce it 
to V ; draw vA a diameter, Py 
a tangent, and Sy a perpen- 
dicular on the tangent; join AP. 
Let Av =sfl, SP = X, Sy =/>. 

By similar triangles, AvPy 
SPy, SP : Sy ;: Av : Pv; 
/. % varies as iSP X Pvy or j» 



vanes as 



vanes as 



ar 




«, and -^ as 0? X — jr% 

1 

SP^TT?' 



; or the force varies as 



Cor. If the point S coincide with v, or the center of 

1 



force be in the circumference^ F^ 



Pv^' 



Ex. 8. To find the law of the force, by which a body 
may describe the semi-circle APB, the force acting in 
parallel lines, and perpendicular to AB. 

Draw PM perpendicular to AB, and suppose it pro- 
duced indefinitely to S ; draw PK a tangent, and let 
SV be conceived perpendicular to PJT; join CP. Then, 
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by similar triangles^ CPM; 
spy, SP": Sir ::CP: 

PM^ ; .•• SF^ varies as 
PM\ since SP^ islnfinite; 
or, if SJr=^p, wd PM=^tf, 

/^ y 1^ y' 

y sthe fluxion of SP^i ; 
.'. -4-r varies as—,, or. the 

force varies as tjtjwj- 

Ex. 9. Let -^P5 be a cycloid, and the force act in 
parallel lines perpendicular to the base AB. 

Let F Be the vertex, and FDC the generating circle. 





-I I, • 

.1 * 



Then if PDE be drawn parallel to AB, and DF, DC, 
be joined, SP : -SF :: CF : C7> :: ^VF : 7 Cl ; 

/. SYocjTJEocsJy'^ hence —oc - and ~ <* -^^ o 

.-.^oci, and the force ocpj^,. 

Ex. 10. To find the law of the force in a spiral, whose 

ax 
equation is »= --===-».. 
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Here -oc—^- ,.. -^oc —1 ^ 

p X pr X 



20? XX 

■ ■iifc 



; /. the force, or -^ i « !? • 



J?* * 'j^ X Sr 

Ex. 1 1 . Let the curve be the involute of a circle^ and the 
center of force in the center of the circle ; to find the law. 

Take SPszx, St/^p; then, by ^ 

the nature of the curve, Py =r, and 

J 1 1 

p^^x'-^r*; ••.p=^r7»5 and 

p X SP 

pi^x {x' - r*)* Sy^ * 




SECTION II. 

(l54.) On the motion of bodies in non-resisting 
mediums, when urged hy forces tending to a 
center, aud varying according to some power of 
the distance. 

Proposition. 

(155.) If t; represent a velocity generated by a constant 
force F through a space x, t;*=r 4mFx. Let AB « 
the space through which the body has descended; let 
BD^Xy and F represent the force at B. Then 
however F may vary, yet through a small element of m 
space BD, it may be considered as constant ; there- i> 
fore 2vv = + 4mFx, and vv—+ 2mFx. If CB = x, 
then BD ^ — i ; therefore in this case 2vv = «-* 
AmFx\ .\ vv =A -^ 2m Fit whence in general 

VVs:i±2mFxs 

c 
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Ga. vv varies as ± Fi. 

If F^ \y and z represent the space through which a 
body must iall by this force to acquire the velocity v^ 

/. 2mi = ± 2tnFxy and i = ± Fi. 

If X decrease as the velocity increases^ «= - Fi. If x in- 
creases with the increase of velocity^ & == + Fi; and 

v^sfArnz^M^ Am X s/ f* Fi. 

Proposition. 

(156.) Let T=the time in which a body acquires the 
velocity v, when ui^ed by the constant force -F; then i; = 

2mFT; r. for a small element of time as T, v = 2mFT. But 

^ TxV ^. Tv + vt 2mFTt+2mFTt 

SoTX=— — ;.\±x= ^ = — 

= imFTt^Vx t; ..f^^. If a? inci-ease with 
the increase of the time, T = ; if x decrease as the 

' V 

time increases, 7= 



Examples. 

(I57.) Ex. 1. Suppose the force to vary as the distance}''"* ' 
from the center ; to find the variatioo of the velocity. 

Here f^oc -^Fioc — jp^-^i; .-. v'oc h corr. Let 

n 

t;=0, when x = a; then t;*oca"— x", and t?oc(a*— -x")!. 

Ex. 2. To find the variation of the time. 

Here Tcc^ rr> and the fluent gives the variation 
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of T; but this fluent can only be found in particular 
cases. 

£x. 3. Let the force oc |y,+i > where D is the 

distance from the center; to find the variation of the 

Telocity. 

— i 1 
Here vvoc — — ; /. r*oc j- corr. Let r = 0, when 

ir«a;thent;»oc(^-^)oc~;^;.-.i;oc(_;^) . 
Ex. 4. To find the variation of the time. 



T • 

^ X X 



Here T oc -j ; of which the fluent may be 

(a* — jp")' 

found in particular cases. 

Ex. 5. To find the actual velocity acquired by 
a body in falling through a space AB, when urged 
by a constant force Fj situated in the point C 

Let AC = ay and x s any variable distance ; 



M 



v" 



B 



then Wss — UmJFi, and r-= - 3m-Kr+oor. When' 

t> = O, x = a ;.*.«* = 4 mF (a — x), and w = 
(4»iJP'(a — x))4. 

CoR. The velocity acquired through ABoc^ AB. 

Ex. 6, To find the time of falling. 

• • ■ - 

^ (4mF)i(a-a?)4 (4mF)* ^ ^ ' 
••• •* ~74^JJ"^vJ (a - a?)4+corr. ; and when ajsrd, 7=0; 

/. corr.sso. Hence, r= (— p.(a— a?)V . 



• 
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Cor. The time oc sj AB. 

Ex. 7* Let a body fall from rest at A^ when urged by 
a force situated in C, which varies directly as the distance; 
to find the velocity acquired through AB. 

Let the force at some point jif = F\ then, if CM^r^ 
and opssany variable distance^ r i x ii F i the force at 
n Fx - 2mF J . 2mF ,, 

r r ^ r 

-~?(a*-^); /. the velocity = (^. (a*-:r»))* . 

CoR. 1. If with C as a cent^, and CA radius, the 
quadrant of a circle be described, and BD ^ 
be drawn perpendicular to AC^ the velocity » ^^^ 
at A oc BDj oc the right sine of a circular 
arc, whose radius is the greatest distance 
from which the body begins to iall, and 
versed sine is the space through which it has descended. 

Cor. 2. The velocity acquired at B : that acquired 
at C :: BDi CE :: BD : CD. 

CoR. 3. Since the force in. a cycloid varies as the 
distance of the pendulum from the 
lowest point, if a pendulum be con- 
ceived to oscillate in a semi-cycloid, 
CL := the line CA, and the magnitude 
of the force at X# = that at A, its 
motion will correspond with that of a body descending 
through AC; and if C& = CB, the velocity of the pen- 
dulum at b must be as the right sine of a circular arc, 
whose radius = CLy and versed sine = the space Lb. 

Ex. 8. The same things remaining, let it be requited 
to find the time. 

r \2mF/ ^a'-a» 
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»• \i -<» . . T ( ** "^^ g circular 

arc, whose radius ss a, and cosine x = ( yr^ ) . the are 

-^2). (Art. 44. Case 5. Cor. 5.) 

Cor. 1. The time oc as the arc AD\ and Ty AB :: 
Ty AC :: AD : ^jB. 



Cor. a. Since the arc of the quadrant AE^=J~' , where 
p fi= 3.14159^ &c*, the actual time of descent from A 

CoR. 3. In this expression a does not appear ; hence, 
when the force varies as the distance from the lowest point, 
the times of descent from all altitudes to that point are 
the same, whether the bodies descend in straight lines, 
or in curves. 

CoR. 4. The time of descent from -^ to C = half the 
time in which a pendulum, whose length is r, would 
oscillate by the action of the constant force F* 

Ex. 9- Let tl^c force vary inversely as the distance 
from C, and be repulsive ; to find the velocity acquired 
through a given space AB, and the time of describing it 

Let the force at some point F=:F; then if CD^Xy 
CF=r^ the force at D = — ,andtn;= H ; I/) 

X X 

/. v* =s 4mFr X hyp. log. a?+corr. Let CA = a, Vf 
the velocity being nothing at A ; then r = u 

^4 mFr X hyp. log. -) 
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Also Tzx +- = 1 =- 

^ (4 m Fr)i 



X 



a:\l 



(hyp. log.-) 
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3 and 



/ = , — -;:7 : 2av^ + -r— r + &c., where v 

{4mFrp •^•^ 



=hyp. 



d? 



log. of - {Jl. 130.) 



1 



Ex. .10. Let the force vary as from C; to find 



dist.] 



the velocity and time. 



Fr' 



Here the force at a variable distance x = — r ; .*. w =r 

a?* 

»r xl 1\ 
-SmJPr* X — , atad t;'=4mFr* ( ) when corrected^ 

„„ a -a? /4mJPr\4 /a-x\i 



(ox — ar*)i --."•* - - ^ 

- a circular arc of radius - a, and versed J 

sine X (Jl. 33.) ; that is, if upon AC as 
a diameter a semi-circle be described, and 
the ordinate BE be drawn, the time through e 

«£ - CDE + CB^ = (j^^) : BE+JE. 
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•j^ — gg^ J or in 

different parts of the same descent <^ (7^0) • 

Cor. 2. The velocity acquired in falling to the center 
is infinite. 

Cor. 3. The time down AB oc the arc + the sine. 

Cor. 4. If p = the circumference of a circle, whose 

diamieter is 1, ^ = ADC, the semi-.circumference to a 

diameter a; and the whole time of descent from AtoC 

(a , ^pa _ P ^ f^ 

CoR. 5. If Q represent the length of a quadrant, 
R the radius of the circle, and the force ex: — -, the time 

of descent through the first half of a straight line toward 

the center : the time through the remaining half :: 
Q + Jl : Q-R. 

Bisect AC in F, and draw FH perpendicular to AC\ 
then, Tdown AF : T, down AC :: AH+HF : ADC; 
/. T, AF: T,FC :: AH+HF : ADC^AH-^HF 

:: Q + R : Q^-R. 

Ex. 1 1 . Let the force tending to C vary inversely 
as the cube of the distance \ to find the velocity and 
time. 

In this case, the force at a variable distance 

Ff^ X 



— r +corr. = 2niFr^ x { -'^— — . ) = 2mFr^ x — 7-:^- ; 
,\ V c= {amFf^'y X ^ . 



B 
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Also !r= 1-- X -=^-^i and T= ^ . 

(a* - x*)i 

CoK. I. With Cas a center, and Ca ss CA as radius, 
describe a circle aDE. Take 
ob = AB ; draw bD perpendicular 
to aC, and let aT be the tangent 
of al>. Th en Ch ; h P :: Oi : aT, 
or ar : ^a^ — a? ;; a ; aT; 



/. aToc^^ZZZ. 



X 



; but V oc 




— -^ ; .'. the velocity acquired 

through AB oc as the tangent of a circular arc, whose 
radius is CA^ and versed sine the space through which 
the body has descended. 

Cor. 2. The velocity acquired at C is infinite. 

Cor. 3. The time through AB <xDb oc the right 
sine of the arc, whose versed sine is the space described. 

Ex. 1 2. If the force oc D'*'^\ required an expression 
for the whole time of descent to the center. 

In this case, the force at a distance x = 



r^ 



-I » 



•E 









Hence t = ^ = .m;»-'xi -i /J^TTIY* 

V \4mF/ (<i»— x»)5 V4m/S»»A 
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- i X 1 - ^1 = ^^y ^^^ Binomial Theorem) ^:j^7;^; 
a* 

. a^x 3x»*i 3.5. ar^*i . . T - 

3a» 2. 4. a*" 3.4.6.a"* 

\AmFar) * "^ 2.(n+l).a'* 2.4.(2/i+l).a- 

+ corr. Now when 7==0, a?=ii; and when the body 

reaches the center, all the terms which contain x must 

4 nFa" ) ' ^ ^ 
a«+« 3 0"^*+' / ^r*"-\ |^ 1 

2.(w+l).a** ^ 2.4.(2n+l).o*'* \4mF/ oT 



r* + &c. 



2.(n+l).a"5r 2.4.(2n+l).a« 
Cor. Tlie whole time,<« -^ . 

Examples. 

1. Letthe force be constant ; n- 1 =0 ^ .•. n= 1, and 

2. Let Foe the distance; n— 1 =1; .••n=a; 
.'. Toe--:: oc 1. or is constant from all altitudes. 

3. Let Foe 4ii ; w - 1 = - 2 ; •'• «= "" * » *°^ '^ 



or. 



Ex. 13. If the attractive force in C vary as ^Tm * •^"^ 
a body be projected from B in the direction BAy with a 
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given velocity ; required to find the height to which it 
will rise. (See the second Figure in page IJi.) 

Let CA, the height required, :=^p, CB » r, CE a varinhle 
distance = ir ; let c =: the velocity of projection, and 
V the velocity at E. Let the force at BszF. Then 

the for?e at -£=— ;— r ; •*. tn; = -tt 5 »od v* = 

-j; h coTT. When v = c, ops r ; /. v* — c* = 

■ ■ _^ • Let i;=0, or the body arrive at 

^ ; a? = /I, and c* = — ;— — ; /. np^c^ = 

ft up 

AtnFrp^ - 4iwFr"+\ Hence, p* {AmFr - nc*) = 

^ \4mFr-nc*/ 

Cofe. If jP =: 1, and « also = 1, or the force oc ~ , 

p :=! r X -^ ; hence, if c = the velocity acquired 

through - , by the constant force at B, or c* = 2»tr, jp= 2r. 



SECTION IIL 

Proposition. 



(158.) If a body describe any curve round a center of 
force, the velocity at any point varies inversely as the 
perpendicular drawn from that center upon the tangent 

Let C be the center of force ; AB, BE, ED, 9maU 

M 



17S 
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parts of the curve described in equal 
successive portions of time. On Ey, 
a tangent at Ey draw the perpendi- 
cular Cy ; then CED may be con* 
sidered as a small rectilinear triangle^ 
and its area CED^DEx Cy; 
CED 



DE 



Cy 



But the arc DE 




described in a small given time is proportional to the 
velocity at E; and (by Newton, Prop. 1.) all the areas 
ACS, BCE, ECDj &c. described round C, dato tempore^ 

are equal ; .*. v ^y^* 

pROPOsrinoN. 

(159.) Let C represent a center offeree, and suppose 
one body to describe round that center a curve yiK, 
whilst another descends in a right line by the action of 
the same force toward C; if their velocities are equal in 
one instance, when at equal distances from C, in the 
curve and the straight line, they will be equal at all other 
equal distances. 

Let JK represent a small part of the curve ; with C as 
a center, and radii CI, CK, describe the 
circular arcs ID, KE ; draw NT per- 
pendicular to IK ; and suppose that the 
velocity of the body descending from A 
to Cy when at D, to equal the velocity 
in the curve at /. Let DE or IN re- 
present the force at D or / toward the 
center ; IT will represent that part of 
it which impels the body in the curve. 
Now the times in which DE and IK are described, since 
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the velocities are equal at D and /» will be proportional to 
DE and IK; and the increment of the velocity is as the 
force and the increment of the time, or v oc Fx T; 

But F in the curve : F in the line :: IT : DE^ 

and Tin the curve through IK i T through DE :: IK : DE. 

- ■ ■ - ' — - — 

Hence (FxTor) v in curve : (/. xf) ^r » in ^^ - iTxIKiDE^. 

But since INK is a right angle, ITy( IK^ IN^^DB" ; 

/. the increments of velocity through IK and DE are 
equal. In the same manner, the corresponding increments^ 
and therefore the whole velocities at equal distances, will 
continue to be equal. 

Cor. 1 . If the body at D projected upward with the 
velocity at D would ascend to A before it loses all its 
velocity, the body at /, projected from / in the direction 
CI produced, would rise to a distance equal to CA. 

Cor. 3. Hence, since t;*!; oc ± Fi in the line, the 
same expression obtains in the curve. 

Proposition. 

(l6o.) If a body revolve uniformly in a circle round 
the center C, the velocity of the body is equal to that 
which it would acquire by falling through one-fourth of 
the diameter, when urged by the constant force in the 
circumference. 

Take AD a tangent at A^ very small. Draw BD 
parallel to AC, and BE perpen- 
dicular to it ; and suppose Ax to 
be the space through which a body 
must fall to acquire the velocity 
at A. Now whilst the body 
describes AB with an uniform 
velocity, another would fall through 

DB by the constant force at A, ^*f 

and would afterwards describe ^DB in the same time 

with the velocity at B continued uniform. Hence,the 

M2 
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vel. of the body at A \ vel. acquired thro* DJB :: AB : 2DA 
and vel. thro' DB : vel. acquired thro' Ax :: ^J DB : s/ Ax\ 

/. vel. at-4: vel. acquired through Ax :: AB : 2y/15>WxAx; 
.'. by thie hypothesis -^JJ = 2 K \/ DB x -^x, 

and ^^=^05'==^^='^ 5 ^^ * °^y must fall 

AF 
through a space = -— , when urged by the constant force 

at Ay to acquire the velocity in the circle. 

CoR. 1. Ifm=l6— , and r= radius, the velocity at 

-^ = V ^ sj2mr = the space uniformly deacribed 

in 1"'^ the force at A being assumed = 1. 

CoR. 2. If c = the circumference of a circle to the 
radius r, and /7=3. 14159 &c* = ^^ circumference of a 
circle to the diameter 1, c = 2pr; hence, to find the 

whole time of revolution, we have \/2mri 2pr :: l" : T" ; 

.•. the time s;^ JL — =o x y — . 

is/ 2mr m 

< 

In the following Problems, the velocities are deter- 
mined from the equation z=z ± Fx. It might have been 
applied in the cases preceding, but it was thought ex* 
pedient to give Examples of both methods. 

Examples. 

Ex. 1 . To find bow far a body must fall externally to 
acquire the velocity in a circle, the force varying directly 
as the distance from the center. 
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Let P be the point from which the body must fall^ CB 



any variable distance ; suppose the 
force at^=sl^ and CA—ci^ CP^p^ 

CB^x. The force at 5==-; .-.if 

a 

z represent the space through 

which the body must fall by the 

constant force at A to acquire the 

proper velocirp"^ i as — -— , and 



a 



« s= 



3a 



+corr. Let^=:0^ /^=0; 




••. a?= cP=p; hence, z = ; and when a?=c-^, or 

the body comes to A, 

z = £-"--. But «= -,(byArtlDO.);/. ^ -= r; 

2a 2 2 ^ "^ ' 2a 2 2 

'hence, /)•*= 3^*, and p or cP^=ia x s/2. 

Ex. '2. To find how far a body must fell intemally.to 
acquire the velocity in a circle, the force varying directly 
as the distance from the center. 

Suppose P the point to * which it. must descend, and 

let CB^Xf a variable distance. ^ 

• 

The force at 5= - ; .•. ic= . , 

a a 



2a 



and z = -~* + cofT. Let a?=a ; 



then V = 0, and therefore ;» = O. 
Hence, C=: 



a* a 



2a 2' 



a 

« = 

2 




2a 



, and when x =p, or the body comes down to P, 
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ft 

that is^ j9 s ; /. the body must fall to the center. 
Ex. 3. To find how fiur a body must fall externally to 

acquire the velocity in a circle^ the force varying -p^ 
from center. 

The force at It = -- ; .\ i =-^^ — ,and2=^ax hyp. 

log. x+corr. = a X h. log. - , (when the body comes to A) 

=i a X hyp. log. ^; .-. ?x:ax hyp. log. -2; ,-. hyp. log. 

^ = 2 . Let e s 2.7 1 838 &c. s the number^ whose hyper- 
bolic logarithm ia 1 ; then (Art. 139* Cor.) e^ = ^^ 

£x. 4. To find the same internally. 

The force at B within the circles- ; .% % =: '' ■ . and 

X a: 

%st-ax hyp. log. x+oorr. =«« x hyp. log. - , (when the 

X 

bodycomes to P) aa x hyp. log. - $ that is^ ^ =a x hyp. 



^. - • Hence^ assuming e as before, P == 1 ^ ^^* 
£x* 5. To find how far a body must fall externally 
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to acquire the velocity in a circle, 
if the force vary as j^ from the 
center. 



a= 



Tlie force at -B=-t; /. 2=s — 



a'i 



r 



X 



a > 



a» (f 



and is = — . When the body 

comes to Af it=^- '^ ; that is. - 

p .2 



a' 



a* a 



=?a — — ; /.—=■-; .t. « or aP = 2a. 
2> I? 2 '^ 

Ex. 6. To find the same internally. 
The force at B = -.; /. i = 



a^i 



a* a» 



r, and^^fti . Let the 
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body come to P. and - =s~ — a ; 
•^ 2/1 

a* 3a, J 2tt * 

.*. -^ = — , and ©=•-—. 
p 2 ^ ^3 



Ex. 7* To find the same externally, if the force oc^. 




a' 



a^i 



tf a» 



The force a* ^ = ^; •••f= --r>and«=^.-5^.' 
or, when the body comes to P, r=o"~ o~i» /.y'ss — -, 

2 2 211 i/ 

or the body must fall from infinity to acquire the velocity 
at ^. 



Ex. 8. To find the same internally. 

The force at S =b — • .\ «s — -r ., and ^ = ;r-; — '::• 
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Let the body come to P, then - =— r "• - ; •'• — =!>* xir, 

^ 2 2p 2 2 '^ 



V^2 ' 

Ex. 9. To find how far a body must fall externally to 
acquire the velocity in a circle^ the force varying as y^^, 
from the center. 

The force at -Ba=-xn » •*• *= -" ■■ ^k '^ and «» ~--- 

; or, when the body comes to jf , - =« — 



> • • 



a — i; , and p=a5C V ;; • 

2ii ^ ^ 2-n 

1 
Cor. 1. Ifnsiy^FVx—, And|ia2a, as before. 

Cor. 2. Ifns2, Foc^^and/isaxV ^s=aninfinife 

quantity. 

Ex. 10. How &r must a body 611 internally, to ac- 
quire the velocity in a circle, the force varying ■ f^^ x ^ 

Here «=•— =rr- * aad 2= — -- — . When the body 
x*-^* ' nor" n ^ 

. n« a"+i a a"+' (n-f2).a 
comes to Jr,-s=- — r— -,or — ===^--r — ^; .•.ossax 




Cor. 1. IfW= — 2, Focdist.and|>=ax - = <>> 
before. 
Cor. 2. If iia 1, 1? as ~ , and Foe -^5 . 
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If the force vary as D*"', general expressions may be 
deduced in the same manner. 
The distance jp, if the body fall externally^ to acquire 

the velocity in a circle, =ax y • ^^ ^* ^^ intcr- 



2 

tmL. 






nally, jj = a x ^ ^ 

In all these cases, we have considered the force situated 
in C as attractive. If the force be repulsive, the same 
reasoning may be adopted to find the velocities and times 
of bodies ascending ; only in this case, 2vv=^ '^4mFx^ 
and «= +-Fi, for the velocity increases with the increase 

of X. 

JL«EHMA • 

(161.) The space through which a body must fall to 
acquire the velocity in any curve at 

any point P, is equal to 7th the chord 

« 

of curvature at that point ; the force 

of acceleration being equal to the 
force at P. 

Let PF' be the chord of curvature 
passing through S the center of force; 
PQ a small arc, PR a tangent at P, 
QR parallel to PF, and QE parallel to PR. Then, if 
Px be the space through which the body falls by the 
constant force at P to acquire the velocity at P, by the 
same process as in Art. i6o. we have the 

vel. with which PQ is described : vel. acq', thro' RQ :: PQ : fRQ, 
snd vd. acquired through RQ : vel. thro' Px :: \/ RQ: s/Px; 

A vel. with vrhioh PQ k descr . : vel. tiuo* P Jf :: PQ : 2^/RQKPi; 
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/•since the first velocitysthe second by bypothens, 

PQ^2^RQxPxy or ^^=^/i=~ • 

Cor. If the accelerating force be the same in two cases, 
tte Tdocity oc the ^chord of curvature ; if the force be 
not the same^ the velocity oc as the \/(JP x the chord of 
curvature). 

Ex. 1 1 • How far must a body &1I externally to acquire 
the velocity at any point P in the 

parabola^ F vaiy ing -^ ? » 

Let c=the chord of curvature = 
ASP, SM=p, SBz=x, SP^a. 

The force at J9=: -^ , if the force 
at P=l; .-. «= -r-, and z = 

ST 

*— ; .*. when the body comes to P. - or a =: a — ^; 

X p '^ '4 p 

a* 

.•. — = 0. or p is infinite. 

p ^ 

Ex. 13, How far must a body fall internally, the 

1 . 

force varying jy; ^ to acquire the velocity in a parabola r 

Here x= ri •*• «=— +corr.= a, and when 

3^ X X 

C 0^ 

the body comes to i!/, - or « = a; 

/. ap ss a, and /> = - • 

. JSx. 13. How far must a body fidl externally to ac« 






A. 


y^ 


^/^ 


//^ 


^^ 


\7^ 


V^ 


\^ 


\ 


I 


" J 


^L 




y 
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qaire the velocity in an eUipie ; the force teadtttg to the 

focus, and varying -jj: ? 

Let M be the point fiom which the body mnrt iUl; 
assume AN = 2a, SM » p, ^ 

5Bsx, -SP=rf, and PlTst;- 
Then, if the force at P= 1, 

the force at JJ = ^ ; /. i =s 

d^x . d^ ^ 

^—r, and « = - - --; 
or X p 

and when the body comes to 

p. ^ :=id - ^ . Now if CD be the semi^conjugate 
' 4 p ^ 

diameter to the distance CP^ the chord of curvature 

• .u u c ^C'D* 2SP X HP n. n ' \ 
passmg through S^z ■ ■■ = --j^ (by Comes); 

c_ SP X HP dxv , rfx v _^ £ . <f 
4 2AC 2a ^ 2a T P 

2ad^dv V y \ v 

— ; or 2axd=p (Jia-'Vj—px a; •*. p=2a, or 

SM=2AC^SP+HPi ••. MP^HP. 

Coil 1 . Since in whatever part of the orbit P is 
assumed, the line 5ilf always=:2a; if with 5 as a center, 
and a radius =: AN, a circle be described, a body de- 
scending from any point in the circumference of -that 
circle, in a line JI!fP5 directly toward S^ acquires a velocity 
at P equal to the velocity of a body revolving in the 
ellipse. 

Cor. 2. A body prcgected from P in the direction 
SPMj with the velod^ in the ellipse at P, will Just rise 
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to the circamferenoe of that circle before it loses all its 
velocity. 

Ck)R. 3. If BC be the semi-minor axis, and a circle 
be deteribed with the center S, and radius SB^ the velocity 
of a body revolving in that circle is equal to the velocity 
in the ellipse at B. For a 
body must fall through MB 
=s jfifJB a SB to acquire the 
velocity in the ellipse at B • 
and (Art. l6o. Ex. 5.) it falls 
through the same space to 
acquire the velocity in the 
circle^ whose radius is SB, 

9 

\ 

Ex. 14. How far must a body fall internally to acquire 
the velocity in the ellipse at P, under the same drcum- 

stances ? 

Suppose it must fall to M. Let SM=:p, the force at JS = 







-d*i 



X' 



y and 




» = d. When 

X 

the body comes to Mi 

c_d*^ , dxv _ 
4 p ^^ 2a "" 

a;.\dx - = 

p 2a 

-,and^=-.2£l.=:^J|f; .. PM ^ SP-^SM =^d^ 

2ad _ dxv SPx HP 
2Q + V 2a+v ~ AN+HP' . 



Cor. Since PM= ^/l.'' ^ ; /. PM : HP :: SP 

AN -f UP 

: AN + HP. Hence, if PH be produced to L, and 
HL=zAN, and JHM be drawn parallel to SL, PM is 
that part of SP through which a body must fall to acquire 
the velocity at P. For PM : HP :: SP : PL. 

Ex. IS. How far must a body fall externally to ac« 
quire the velocity in an hyperbola ; the force tending to 

1 
the focus, and varying jjj ? 

■ 

Tiie same suppositions being made as before^ the force 

at JB=— ; .'. «= --; and 

or X p 

when thebody comestoP, ^ = 

-/ ^ 4U 4- ^^*^ ^ ^ 
a— — ; that IS, — — =a— •; 

/I 2a 2a 

J /. «=: — 2 a. That 

2a '^ 

• 

is^ if PS be produced to M^ and SM be taken s 2 a, the 
body by ascending from M to an infinite distance, the 
force being considered repulsive, and then descending by 
the attractive force to P^ will acquire the velocity at P in 
the curve. 

Ex. 16. How fiir must a body fall internally to acquire 

the velocity in the hyperbola atP^ the force varying «m ? 

rf* if 
The force at 5= - ; .\z == d\ and when the body 

X X 




IM 
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comes to M, -or-— - = rf;/._=^ — ILi!r or»=s 

4 2a p p 2a ^ 

^JtJll. . PM=zd ^^^^ dxv^HPx SP 
2a+v''' ^2a+v 2a+v jiN+HP' 

CoE. If in PH produced, HL be taken=^iV; SL 
be joined, and HM drawn parallel to it, it cuts off from 
PS a part Pilf through which a body must fall to acquire 
the velocity in the hyperbola at P. 

Proposition, 

Corollary to the Three last Cases. 

A body is projected at a given angle, with a given 
velocity, and at the distance SP from the center of force ; 
to determine the curve in which it will move, the force iu 

/Svaiying^. 

1. Let the velocity be equal to that acquired in 
felling through a finite distance 
MP. Let Py be the direction of 
projection ; produce y P to « ; 
join^P. Make the angle «Pjy 
equal to yP5; take PH^PM; 
and with 5; H as foci, and 
SP+Pff as major aicis, de- 
scribe an ellipse. That ellipse 
is the curve required. 
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2. Let the velocity equal that acquired in faUtng 
from an infinite distance to P, and 
Py the direction of projection. 
Join SP\ make the angle MPy 
.equai the angle iSPy. Take PAf= 
SPj and draw ML perpendicular 
to PM\ then with «S as focus^ and 
ML directrix^ describe a parabola. 
That parabola is the carve required. 

3. Let Ae velocity equal that acquired by ascending 
from some point C to infinity by a repulsive force, and 
then descending by the attrac- 
tive force to P. Let Py be 
the direction of projection; 
make the angle yPH = the 
angle yPC; draw CyH per- 
pendicular to Py ; then with S Ci 
and H as foci, and an axis 
major ABzzSC, describe the 
hyperbola P-^, concave toward 
the center of force. This hyper- 
bola is the curve required. 

Ex. 17. How far must a body &11 externally to ac- 
quire the velocity in an ellipse, the center of force being 
in the center of the ellipse ? 

Here the force varies directly as the distance from the 




H 



X 



center;. '.the force at 5= -, , 

a ' 



M 



andi;= 






2 = 



2d 



corr.ss ^• 
2a 



^. Letthebody 
come to P, then - = ''A-- ; 
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/. p = y/CD' + CP*. 

Cor. 1 . If with Cas a center, and radius = ^/CZF+TJP, 

or ^ AC* + fiC, where BCis the semi^minor axis, a cirde 
be described, a body descending from any point in the 
circumference of that circle- in a line MPCj mil acquire 
at P the velocity in the ellipse at that pointy 

CoR. 2. Since with the same variation of the force a 

body falls externally through a space= CPx ^J^^ to ac- 
quire the velocity in a circle of radius CP (Art. l6o. 
Ex, 1.), the velocity in this circle and in the ellipse at 

P will be equal, when ^JCTf^t CP^ = CP x s/iT or 
when CD =rCP, 

Ex. 18. How far must a body fall internally, under 
the same circumstances^ to acquire the velooity' in the 
ellipse at P ? 

The force at jB =s-^ ; .•. i =: 

-J-, and «= -3J+5; ••• 
when the body comes to M^ 

Cor. 1. If CD^ CP, p=0. In this case, the body 
falls to the center ; but it must fall to the center to acquire 
the velocity in a circle of radius CP (Art. 160. Ex. 2.) ; 
whence it appears also, as in the last Case^ that if 
CH— CPf the velocity in an ellipse at P is equal to that 
in a circle at the same distance. 
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Cor. 3. If CFis less than CD, |i becomes impossible; 
that is, the body by. falling to C cannot acquire the velocity 
in the ellipse at P. 

Ex. 19. If a body be projected obliquely^ with the 
velocity acquired through a finite space d, by a force 
which varies as the distance from the center^ it will de* 
scribe an ellipse. 

For rvoc - Fi oc - xx ^ ^ 

(Art. 159. Cor. 3.); .-. t;*oc ^ 

if — a:*, and v ocj^iP — «*. 
But (Art. 158.) voc—; /. 
1 



Cffoc 



!&y which is a pro* 




perty of th 

Ex. 30. A body revolves in the hyperbola JP by a 
repulsive force varying 
as the distance, of 
which the center is in 
the center of the 
hyperbola. To find ir ]i^ 
how far it must rise 
from Pf in the direc- 
tion CPilf^ to acquire 
the velocity in the hyperbola at P. 

Here xsa +Fi= — -; .•• « ^'Tj^:r'j\ that is, when 

a 2a 2a 

ciy ©' — J* 

the body comes to M, ■— = ^ . ■ ; .-.p^sCJD^+d^^and 
Ex.31. Theaame supposition being made; to &a^ 

N 
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from what point M a body must rise to P, to acquire the 
velocity in the hyperbola at P. 



XX 



te 



Here i = —r- , and % = -r-} 
d 2a 



P 



— ^. Let the body come to 



d»- 



CD' 

:- . or 



2d 




P, then 2=-^^, 

-r^'y .'.p = ^CP*-CIJ^= CM. 
Cor. l( CP=CD, or the hyperbola be rectangular, 

« 

Ex. 22. To determine the orbit described by a body, 
if projected from A in b. direction perpendicular to AQ 
with such a velocity as would be destroyed by descending 
to the center C; the force being repulsive, and varying 
directly as the distance from C. 

ft 

Suppose a body to ascend from A in the line CAG 
with the velocity in the curve at the 
point A; then, by Art. 159, the 
velocities in the curve and the line 
are equal at all other equal dis« 
tances from the center of force. 
Now in the line, t;*y oc Pioc xx^ 
.\ v*oca?% and vocx, for the jfluent 
needs no correction. Hence, if CP^zx, the velocity in 
the curve at P oc as CP. But if Cy be a perpendicular 

on the tangent Py, the velocity at Poc as -rr- (Art 158.) ; 




. • 



CP 



as 



rr-j which is a property of the rectangular 



jiyperbola. 
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Ex. 23 . Universally, the force varying as ^^ -, to find 

how fiir a body must fall externally, to acquire the velocity 
in any curve at a given point P. 

Let M be the point required ; take SM=p, SB a 
variable distance = x, SP = d, and c = the 
chord of curvature at P. Then the force 

at P being assumed = 1, »= — • • 



^+^ 



9 • 



ifvl + l jH + l 

z = — ; or, when the body comes to 



naf* np' 



rf*+ 



„ c d rf^+* 



1 d'^inc 

4 



n 



,and 




p^ . 



d x d 



n 



y/d^ 



SM. 



Examples. 
Suppose the curve a circle, and J^ocdtstance ; c^id^ 

d X V 2rf 



and n= - 2 ; /. SM—dx d x ^rf + rf = 

six a/^ 



V^ 



2. Let ^^'Jja9 ^^® curve being a circle ; here n+l 

d X d 



2; .*. nssl, and ASil/ = 



2 



= 2rf. 



* *^ 1 * r^mM d X d^ 

3. Let F<x>— , n+ 1 =3^ .-. ?i=i2, and -Silf =-7==^ 

Xl' A^d-d 

= an infinite quantity. 

4. If the curve be a logarithmic spiral, c^2d; and 

n2 
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the Foe -jP ; /. SM=s —==5= =s an infinite quantity. . 

1 
5. In a parabola^ c=4i2; and F^ -^^ or n s li 

.% SM = T — -f = an infinite quantity. 



6. If the curve be a circle, and the center of force in 

IT 



the circumference, or Px — , n + 1 =s 5 ; /. n=4, and 



M, 

c=rf; hence, SM ^ ^. • = an infinite quantity. 

^ a — a 



Ex. 24. The force varying as ■ ^^^ ; to find how fiur 

a body must &11 internally^ to acquire the velocity in any 
curve at a given point B. 

Here %^ ---rrr-"» •*• *== — :"*"•» w# wlienthe body 

comesto/w, 7 = — r--"- ;and — -= ; 

4 «/>" » njT n 



1 



■ J.- ''X''' _ e»f 



V^ 




4«C 



Examples* 

Ex. 1. Suppose the curve a circle, and that the force 
varies as the distance ; cs= 2c?, and n+ 1ss-1;.m|3=— 3; 
and p^ d X d^ ^ a/2P7= O, or the body fells to the 
center. 
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I d* 
3. Let JPoe -sn^n+lsS; .*.n=l, and»=s 3 



3. Let Foe 



dx >J d d 

T . 1 

4. In the logarithmic spiral, c=3(f> and Foej^} 

.•. n=3, andps — j^=«=~=r . 

V« + rf ^3 

5. In the parabola, F varies as yp; .*. n =* 1, and 0=^4 d; 

£ d 

d + d" 3* 

6. In a circle, which has the center of force in the 
circumference, n + 1 = 5 ; /. n =s 4, and c s tf; hence, 

_ d x(» A 

' ^7+3" 3) 



.•.;>* 



1 • 

IT 



SECTION IV- 



Proposition. 

(163.) To compare the velocity in a curve at any 
point, with the velocity in a circle, at the same distance 
from the center of force. 

The velocity in the curve at P, is equal to that which 
a body would acquire, in falling 
through one-fourth of the chord of 
curvature at that point, if urged by 
the constant force at P; and the 
velocity in the circle at P is equal 
to that acquired through one-fourth 
of its diameter by the same force ; 
hence, ^* oc the chords of cur- 
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vature ; or V^ in the curve at P : 

•• « • 
•• • • 

V 



V* in the circle SP 



2x 



(Art. 119.) 



X p 

• • • 

X p 



Examples* 



Ex. 1. To compare the velocity in a logarithmic spiral 

with the velocity in a circle at the same distance SP. 

• • 

Here x : p :i a : b ; .\ x z p :: i : p^ and -=C. 

"* X p 

hence the velocity in the spiral is equal to that in a circle 
at the same distance. 

Ex. 2. To compare the same in a parabola. 

2 * 

f) X 

In this case, /?^=a47; .'. 2pp^ax\ also j:= — ; .*.- = 



a 



X 



— ^ = — ; .•• ^* in the parabola : V^ in the circle :: ~ 
ap^ p V 

: ^ :: 2 : 1 ; and V in the parabola : V in the circle at 

the same distance :: sj^ : 1. 

Ex.3. To compare the same in an ellipse round the 
focus. 



SP 



y-x 



Here -%'=Be X ^p ; or, if ^C=:a, BC=:: 6,/^^ = ^^5 
2aVx Vx ^ ^ 

••. 200=7- r,=- X J/ ^ 

2ai 0* X 2ax „ 

r =^-7- : . Hence, 

a? ^2 a - J?) xyp.a'^x) 

xjp^ 2a^x ^ 
X p ' a * 
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i9d 



.•: V intheellipseat P : f^»inthe circle*SP :: t x ?irf : t . 

'^ pap 

:: HP : -.^C; 

and Fintheellipseat P: ^inthecircleSP::^/^H1^:^/^5a 

Cor. The velocity at B in the ellipse is equal to the 
velocity in a circle whose radius is SB. 

In this and some other cases, it is more convenient to 
determine the ratio of the velocities by comparing the 
chords of curvature. For V^ varies as the chord of cur- 
vature^ when the accelerating force is the same. (Art. l6l . 
Cor.) 

In the two following Propositions, the velocities are 
compared by determining their actual values. 

Ex. 4. To compare the velocity 
acquired by a body in falling from 
a given point M through a finite 
distance MP^ with the velocity 
of a body in a circle at the dis- 
tance SPy the force varying 
1 



M 



as 



/>H + 



Let SP = rf, and the force at P = 1 ; SM^p, SB 
a variable distance = x. Then the force at -B = r;rrr> 

''' *""~1?^+^' and « - ^^ ^^^, — ^^„^, 

But F* = 4mz ; .'. F* at P, where a? = rf, = 4md x 

Also F* in a circle at the distance 5P = 4m x ^ ; 
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/. velocity of body falling at P a velocity in circle SP 



«/i* 



np^ 



CoR. 1 • When the velocity of the falling body is equal 
to the velocity in a circle at that distance, jp^— <f*=-^ , 

and p may be found ; thus^ if the force oc -^ 9 ^^^^ 
n^l, p=z2d. 

Cor. 2. If Foe ^, 

vel. of body falling in P : vel. in circle -SP :.: s/p-di V -^ 

.ly/lIPis/JMS. 
(Newton, Sect; 7. Prop. 33.) 

Ex. 5. The force varying according to the same law ; 
to compare the velocity of a body falling from an infinite 
distance to a given point P, with the velocity in a circle 
at the distance SP. 

By proceeding as in the last case, s;= — ^^ and the cor* 

rection=0 ; .\ when the body comes down to P, s = - ; 

hence, velodty of the falling body at P t vel. in circle SP 

^/4md 4 /4md 

^ Examples. 
Ee- 1. Let P*^» t « = 1 ; therefore the 
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vd* from infi&itjr : vel. in a cirele SP :: V^* ^^' ^ ^9 

the parabola. 

Ex. 2 Let jRac j^ , n=2 ; therefore the velocity from 

infinity is equal to the velocity in a cirde SP, as in the 
logarithmic spiral. 

Cor. 1 . If the ratio of the velocity aoquived from 
infinity at P to that in a circle be given :: c : 1, the law 

of the force may be found. For c : 1 :: ^/^ : V"^ 

CoR. 3. If a body be projected from P in the direction 
PMy with a velocity which is to the velocity in a circle at 

P V. mJ 2 : »J n/\t, will go oS ad infimtian ; and this is 
the least velocity with which it can be projected, so that 
it may never return. 

Cor. 3. Since V^oc as the chord of curvature when 
the force is the same, we can compare the chord of cur- 
vature of the curve described by a body projected per- 
pendicularly at P ; its velocity being that acquired from 
infinity, with the given distance SP. 

For 2 : ft :: the chord of curvature required : 2SP\ 

therefore the chord of curvature = ~— . 

n 

Thus, if 11+ 1 s 2, n=l, and the chord » 4^$"^; or 
the curve is a parabola. 

Cor. 4. If the force vary inversely as the cube of the 
distance, it == 2 ; and a body projected at P, in a direction 
perpendicular to SP with the ^velocity acquired from 
infinity, will in this case describe a circle. If the force 

vary in a higher inverse ratio than ^ , 2 is less, than n \ 
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henee^ the velocity of the body U less than that in a circle 
at the same distance ; but V^^^PV^ where the force is 
given. Hence, the chord of curvature of the curve de* 
scribed is less than that of a circle, whose radius is SP ; 
and the body will describe an orbit interior to the circle^ 
and at last fall into the center. If the force vary in a less 

inverse ratio than -j^ , 2 is greater than n, or the velocity 

of the body is greater than that in a circle of radius SP ; 
therefore, since Jf^*oc PV^ the chord of curvature of the 
curve described is greater than the diameter of the circle ; 
hence, the body will describe an orbit exterior to the 
circle, and at length go off to infinity. The two following 
Problems are connected with this subject. 

Prob. 1. 

(163.) If the force vary as yr, from the center, where 

n is greater than 3, and a body be projected from /^ in a 
direction perpendicular to the line SV^ with the velocity 
acquired in falling from an infinite distance, it is required to 
find after how many revolutions it will fall into the center. 
Let VP'p be the curve described ; VRr a circle, whose 
radius is SV', SPB, SPr ^ 

two lines drawn from S 
indefinitely near to each 
other. Draw the tangent 
Pf/^ Sff perpendicular to 
it, and px perpendicular to 
SP. TakeiSP=a,5r=r. 
Then in the curve (Art. 
I69. Cor. 2.) vv oc - Fx 

-X „. 1 

oc ; 



• • 



.«-» i 
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and the coiTCction vanishes. Btit, by Art. 1S8. f^oc 
inversely as the perpendicular. 

Hence, V^ at Vx V^ at P :: a?""* : r^-" :: Sy" : SV^^ 

, . Now, by similar triangles, P/Mf, SPy^ 

Px : 7>4f :: Py : 5y; 
and px : Rr :: 5P : 5fl ; 

.-. Px :Rr:: S PxPy ; %x 5 fl ; or, if FR = «, 

- X : « :: aJ X*r"-^ - aT** : „/i*lF^; 

/. % = ====== = ; whose fluent 

(/! 48.) or « = ;;r5 X a circular arc of radius 

(n— 3)r"«" 

= r « , and cosine x * , which needs no correction. 
LetarssO, and r = l; then. 2= -x a quadrant = -• 

circumference circumference ^, ^ - .i r j 
X =^ 7. — ; that IS, the body 

describes 7; revolutions, before it falls into the 

center. 

Cor. If ii=:4, the body falls into the center after 
half a revolution. 

Prob. 2. 

(164.) If the forceoQ — from the center, where n is greater 

than 1 and less than 3, and a body be projected as in the 
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last case ; to find after hove, many revolutioDS it will go off 
ad infinitum. 

In this case, £ is positive ; and by reasoning in the 

same manner as before> ^ 

Mr or z is fomid = 



«-5 

rx * X 




^ fi and the 

fluent (/. 48.) = 

^ -;j::g X circular 

(»-3)r~ 

arc of radius = r « , 

w-3 

and cosine x ^ , which 

needs no correction. When r is unity^ and x is infinite 

(or when the cosine s O, since n is less than 3, and therefore 

— - — negative), it= x a quadrant = ^ — -— revo- 

3 ^ ' 3-n ^ o-2n 

lutioQs. 

CoE. If n=:l, f^_ =7> or the body goes off ad 

inf. after j of a revolution. This must be considered as 

the Iimit,'or the least angle at which the body can go off 
ad infinitym; for n cannot be assumed accurately si, 

smcem this case they .—^ cannot be taken by tlie 
eoinmon method. 



SECTION V. 



Proposition. 

■ 

(1*65.) If a body describe a curve, when urged by a 
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ibroe acting in the direction of the ordinates^ that force iS) 
proportional to the second fluxion of the ordinate. 

Let PR be a tangent to the curve at P ; and MP, 

NQRy two ordinates indefinitely near to 
each other, in the direction ^of the force. 
The body at P would describe PR, if 
the force did not act, in the same time 
that it now describes PQ; therefore RQ ^a m^n' 
represents the small space, through which it is impelled 
by the force, in the time of describing PQ^ Now, 
ultimately, when the time is very small, S<xFx T*; 
therefore^ if 7 be assumed a small given time, RQocF; 
but ultimately flQ = =t f j?, if MP = y (Art. 97.); 
.\ Fx±y, according as the force is repulsive or attrac* 
tive. 

Examples. 

Ex. 1. A body describes a curve, whose equation is 
x^so^y^y by a force acting in the direction of the ordinates. 
Required the law. 

Here yoc x^ ; ••. y oc x^i, oc jrf , since the motion in a 
direction paraUel to the axis must in these eases be uniform. 
Therefore j^o^xi; that is, the force ^^^xi, or <^y*, and is 
repulsive ; or the curve is convex to its axis. 

Ex. 2. Let the equation to the curve be y"**^ = a**;F*, 
and act in the direction of the ordinates. To find the 
law. 

Here y oc x'H* ; /.y oc x""*-*, and j? oc — x'~*+» , 



concave to the axis. 



-^ , and is attractive ; or the curve is 



Ex. 3. A body describes a semi-circle by the action 
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of a force in the direction of the ordinat^s. Required the. 
law. 

If JM=x, AC = a, PM^y, 

y = >^Sax— X*; 

and jf = — i (2ax — x*) "^ — — ^ — '^ — '—^ x x = 

(2 ax — x)* 

— ^ — \7* = —5— ; therefore the forceoc ^ - . 




(2 ax - x^)^ 



y 



PM 



The same conclusion is deduced from the expression 
Art. 153. Ex. 8. 



J5^X 

Ex. 4. Let the curve be a parabola, and the force act 

as before. 

Ill -J .f 

In the parabola, y=a^x ,ocx ; .\yycx ^; .•.— j^ocx 

oc -rr ; or the force oc — , '. 

y^ y' 

Ex. 5. Let the curve be an ellipse. 

b k ^ 

Herey= -X(2ax-x^) oc(2ax-x*)*; hence, the 

reasoning and the conclusion is the same as in the circle, 
and the force oc — . 

Ex. 6, Let the curve be an hyperbola. 

b i ^ 

Herey=:- x (2ax+x*) oc(2ax+x»)''; andyoc(a+x) 



{^ax-^rixr) ;.\yoc -i- 5 — L; and - j^ 

(2ax+x*)* 



oc 

(2ax+«*)' y* * 
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Ex. 7* Let *^? curve be a common cycloid VDCy 
and the force act in the direction of the ordinates^ 
parallel to the axis. 

Let DEj and PLy be two ordinates indefinitely near 
to each other ; draw DM parallel to ^ 
CAy meeting the axis in M, and I n^ >^2> 
the generating circle in R ; join VR, 
ARy and let CE = x, ED = y, 
Dn^Xy Pn^yi and AF=2a. ^ £-^ — ^ 

Then, by similar triangles, P2> ft, RFM^ x : y :: RMi 
MF::AM:MR::y:^2^^:r^^;r.y^xx^ 

. y _ (# - .yy) y - .y (a ay - .v') _^ -^ayy 




Bati = 



^ i . ... j, = ^ . and -j? o«; L , or the 



force oc — , 

y 






t f 
I 
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SECTION VI. 

Proposition. 

(166.) To find the forces, by which bodies may be 
made to perform isocbronoua bsciUations in curve lines, 
when the force tends to a center. 

Let AT represent a pendulum, C the center of force, 
and R the lowest point in ^ 
the curve. By Art. 15 f. 
Ex. 8. Cor. 3., if the force 
acting upon Tin a tangen- 
tial direction be propor- 
tional to TRf the oscil- 
lations will be isochronous. 
Join CT; draw Ty a tan- 
gent to the curve; take 
T\f^TR,Btid fix)m y let 
yzhe drawn perpendicular 
to Ty. Then, if Tz re- 
present the force tending 
to C, the oscillations will be isochronous. 

Take CP very near CT, and draw Px perpendicular 
to Cr. Let RT=zz, CT=x, Tz^Fy TP^i, Tx^i. 

Then, by similar ;triangles, F : the tangential force Ty :: 

. ^ . ^ ^ • « the tang ent ial force x % 




zz 



X 



Examples. 

Ex. 1. Let the force vary as the distance; then %% 
varies as xxi .*. 7^ varies as x^^ and z varies as x, or the 
curve is the logarithmic spiral. 
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Ex. 3. Required the law of the 
force tending to S, which will 
make the involute of a circle the 
isochronous curve. 

Here z : x'u ST ; Ty i: x : r; 

Z X . ZZ ZX -rt -rt 

.•• -. = -, and-r = — i=F; .-.Fx r 
X r XT 

= «xar; or, jP required : the arc 
:; the distance ST : the radius of 
the circle. 




Proposition. 

(167.) To find an expression for the force necessary 
to make any curve isochronous, when it acts in parallel 
lines. 

Let it act in lines parallel to AR. Draw Py a tan- 
gent equal to PR^ yZ perpendicular 
to Py, and let it meet PZ drawn in 
the direction of the force in Z. Then, i 
making the same assumption as be- 
fore, 
F: the tangential force :: PZ : Py 

iiPT: Px::z:x; 




J?— the tangential force x z 



X 



ZZ 
X 



Examples. 



ZZ 



Ex. 1 . Let the force be constant Then — r varies 

X 

as 1, and x varies as z\ a property of the common 
cycloid. 

Ex. 3. Let TR be a circular arc ; to find the law, 

o 
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The force required : the tangential force :i.i i x :: r z 
sine ; or, if the tangential force be represented by the 
arc, and gravity by the radius of the circle, F : gravity :: 
arc : sine. 

Ex. 3. Let the curve be the catenaiy; and the force 
act in a direction parallel to the axis. 

In this curve, z^—2ax + x*; .\zz=:ax+ xx. Hence 
JP, or -7- =sa +0? ; therefore this force : gravity :: a+x : a. 

X 
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Chap. XX. 

ON THE MOTION OP BODIES IN RESISTING MEDIUMS. 

(168.) XN estimating the effects of fluids upon the 
motion of bodies, the retaixlation ma}* be conceived to 
vary according to any law of the velocity. Thus, in the 
second Book of the Principia^ Sect. 1, it is supposed to 
be proportional to the velocity itself; and any other 
power might be assumed at pleasure. But it appears 
by experiment, that the resistance opposed to a given 
plane surface varies nearly as f^* ; so that every other 
law of variation is to be considered rather as a mathe- 
matical hypothesis, than as founded upon fact. We are 
not sufficiently acquainted with the nature of fluids, to 
ascertain precisely in what manner they act. Hence, in 
demonstrating the theory, Sir I. Newton has introduced 
the following conditions. (Lib. II. Prop. 40., &c.) 

1. That the particles of the fluid, in which the body 
moves, are perfectly non-elastic, and 
fi. That the fluid is infinitely compressed. 

The first property belongs to mercury and water, and, 
provided the bodies move slowly, even to air ; for the 
particles may then be considered as sliding away after 
impact, without adhesion to the body. If the particles 
were elastic, an additional resistance would be produced 
by the rebound. 

The second supposition is npt strictly true of any fluid. 
If a body move in a medium with considerable velocity, 
the parts left by it, as it advances, will not immediately 

o2^ 
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be fiUed; and an additional resistance will arise from 
this cause. Thus^ if its velocity in air be greater than 
that with which air rushes into an exhausted receiver, a 
vacuum will be left behind. Where the velocity is con- 
siderably greater, the air is condensed before the body, 
and, in proportion to the compression, exerts a force of 
elasticity against it. But in experiments where the 
velocity is slow, the second condition may be admitted 
without sensible error. 

It is therefore assumed, that no resistance is opposed 
to the moving body, except that which arises from th^ 
inertia of the particles displaced ; the effects of elasticity^ 
tenacity, and friction, if any friction exist, in philosophittl 
experiments on air, water, and mercury, being scarcely 
perceptible. 

(169.) It is found by experiment, that the resistance 
opposed to a plane sur&ce moving in a fluid, in a direc* 
tion perpendicular to the plane, is equal to the weight 
of a column of the fluid, whose base is the area of the 
plane, and height the space through which a body must 
fell by gravity to acquire its velocity. Therefore, if ^= 
the area of the plane surfece, and z ^ the height from 
which a body must fall to acquire its velocity, the resist* 
ancess^x 2?; the density of the medium being assumed 
=: 1 . The same reasoning is true for a cylinder moving 
in a fluid, in the direction of its axis ; the curved surface, 
which is in the direction of its motion, being supposed 
to have no tendency to accelerate or retard the particles 
of the fluid. Hence, if d=^the diameter of its base, the 

resistance opposed to it = -^-— . 

(170.) Now in fluids indefinitely compressed, the re-- 
sistance on this cylinder : that on a globe of the same 
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diameter :: 2 : T; therefore the resistance on a globe 
moving with the siame velocity = ■ ^ ■ . 

(171.) The same distinction is to be noticed between 
resisting and retarding forces^ which exists between 
moving and accelerating forces. The resistance opposed 
ta. a body moving in a fluid is proportional to the quantity 
of motion destroyed in a given time ; whereas, the re- 
tarding force is measured by the velocity destroyed in 
that time, or it is proportional to the resistance divided 
by the quantity of matter. 

For the sake of perspicuity, this distinction is observed 
in the two following Sections. 

(172.) Hence, if n = the density of a globe, whose 
diameter is d^ or ^ its quantity of matter, and the 

specific gravity of the fluid be 1, the retarding force = 

%pd^ vd?n 3z . ^ ^ . , .. 

-~ -f- ^--^- = — 3 ; or, m terms of the velocity, since 
8 o Atid 

V^^AmZj the retarding force = -^ ^ . 

It was thought expedient to give examples of both 
methods of calculation in the following Propositions. 



SECTION I. 

Proposition. 

(173.) The force of resistance, which is opposed to a 
sphere, moving in a fluid with any given velocity, is to 
the force which would destroy the spheres whole motion, 

in the same time, in which it describes uniformly r parts 
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of its diameter^ as the density of the fluid to the densttjr 
of the sphere. (Newton, Lib. II. Prop. 38.) 

Let M represent the resisting or moving force, which 
would destroy the sphere^s motion in the specified time. 
Let Q denote the quantity of matter in the sphere, V 
its velocity, and d the diameter ; and suppose the specific 
gravity of the sphere is to that of the fluid as n to i. 

Then, since a body will describe --^ by an uniform ve- 

Ad 
locity /^, in the same time that it describes -— when re- 

M 

tarded by a constant force ^r , which destroys that velocity, 

we have /^•=:4w x -g-x — . But ^"=4 m«, according 

to the notation of the preceding Chapter; therefore 

M Ad ^ J ivr 3Qx -.- ^ pd?n 

Amx ^^ —=Amz, andill=-— J . Now Q= ^-g— ; 

therefore 3/= -^ — . But the resisting force opposed 

to the sphere = -^ (Art. 170.) ; and this is to ^ ■ :: 

I : n, or as the specific gravity of the fluid to that of 
the sphere. 

Proposition. 

(174.) Let a sphere of given diameter be projected in 
a resisting medium, whose specific gravity is to that of 
the sphere as 1 : n. Having given the velocity of pro* 
jection at the point ^, to find the velocity of the sphere 
at any given point C. 
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Let jiCssx, CD=zx; then, since the retarding forces 

^'*» 4na z And 

hyp. 1<^. X + corr. =s - •—-, + coir. When « = 0, let 

Ana 



32? 



x=ai then the hyp. log. J = - -i£ . Hence, if c= 
3. 71828 &c., the number, whose hyperbolic logarithm 
IS 1, we have - = e^ -, .-. «=axe*"'; and the ve- 
locity at C = ^/J^ =^^^ . 

Cor. If the spaces be taken in arithmetic progiession, 
Ae velocities are in inverse geometric. 

PROPOSmON. 

(1 7* .) To and the time of describing AC. 

Here f, which = t^^fL, and T ^ .e«^' 

+ corr. 

Let r = 0, then x = 0; /. e^=c^=l. Hence, Ts 

; 7-— X (e^-'-l). 

3 X v4ma ^ .^ 

Proposition. 

(176.) If the retarding force, opposed to a sphere 
projected with a velocity c in a resisting medium, vary 
as the velocity, the diminution of velocity is proportional 
to the space described. (Newton, Lib. IL Prop, l.) 

/ 3 c* \ 

Let r (^ = ^ w , Art. l^^.j represent the retarding 



D 
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form oorresponding ta tbe velocity c^ and v be any 

variable velocity ^ theo^ since c : v :ir i •~; .\ *^ isdie 

retarding force corresponding to the velocity v. Hence, 

Was — 2aii-ri:= xvx; .*.£= — r ,andx+conr« 

c 2wr' 

oc corr. — V ; but if j? = o, t;= <?. Hence, x oc c — r ; 
or the space described varies as the velocity lost. 

Proposition. 

(177-) If the retarding force vary as io the last case, 
and times be taken in arithmetic progression, the ve- 
locities at the beginning of those times are in geometric 
progression. (Newton, Lib. II. Prop. 2.) 

— cv 
The same assumption being made, i ss ^^^ ; and 7= 

c c 

T=0; then t;=c. Hence,' r= x hyp. log. -; or Toe 

2 tnr V 

hyp. log. ^ . 

If, therefore, the times be taken in arithmetic progres* 

sion, the logarithms of the velocities are in arithmetic 

c . 

progression, and - , or V itself, in geometric progression. 

Cor. The spaces ABj BC, CD, &c. described in 
equal successive times, are in geometric pro- ^^ 
gression. For, if c, rf, e,^, &c. be the velocities at 
the beginnings of those times, they are by the 
Proposition in geometric progression. Hence also 
their difierences, c-^dj d-e, e^f, &c. are in \b 
geometric. But by the last Proposition, the spaces 
AB, BCf CDy &c. are proportional to these dif- 
ferences ; therefore these spaces are in geometric 
progression. 



c 
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The Corollary may be illuatrated by the following 

process. 

cv c 

Since i= ---—;, ^=-rri • (p-^)i that is, the first 

X or ABin — *~ . (c - d)- Again^since x = -^ . (cor. 
— v), assume x=:AB; thenV=if; /• x-AB, or i?C= 

. (rf- e). In the same manner. CD:=i . fe - A : 

2mr ^ ' ' 2mr ^ ^ '* 

that is, the spaoes ABy BQ CD, &c. are proportional to 
c— if, d— Cj e-^ &c., or they are in geometric pro- 
gression. 

Proposition. 



(178.) If the retarding force vary as the vel.l*, and times be 
taken in geometric progression increasing, the velocities 
at the beginning of .those several times are in the same 
geometric progression inverse ; and the spaces described 
in these times are in arithmetic progression. (Newton, 
Lib. II. Prop. 5.) 

TV* 

Here c* : r* :: r : — 7 = the retarding force corre- 

• 2 fit TT 

spending to the velocity v. Hence, tn;=: -5— X r* i ; 

i= — X - , and j?= - — x hyp. log. v+oorr. =a 



• . 



2mr V 2mr 



(^ . . c 



X hjrp. log. - . 



2mr ■'* ^ V 

Also r="-=--- X-, andr=-; x - + corr. = 

V 2mr w* 2fnr v 



2 



(- - -^ . That is, if for v we write d, e,/, &c., 
» c/ 

the time through the space AB (Fig. Art. 177-) = ^^ 
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Ci-i);7;BC=-fl-.(i-J);7;cD=-£L.(i.-i) 

\a c/ 2mr \e a/ 2mr \j e^ 

&c.; therefore^ since the times are in geometric pro- 

11,11-. I 111^ 

gression, n — and — -v, &c. are also ; .•. - , -j, - , &c. 

are in geometric progression : that is, the velocities at the 
beginning of the several times are inversely in the same 
geometric prc^ressioo as the times. 

Also x='-— X hyp. log. -; /• the spaces in these 

times are in arithmetic (progression. 

This Proposition coincides in part with Art. IT A. 

Proposition. 

(179.) Let a sphere be projected^ as in the former cases^ 
in a resisting medium, whose retarding force varies as the 

velj** ; to find the velocity acquired through a given space, 
and the time of describing it. 

Here c" : v" :: r : , the retarding force corre- 

spending to the velocity v. Hence, w= --— X v"x j 

let 7= — -— , then t;v = r- ; .*• a?= - Jt;' *v r 

6 c* b 

and J? s= - h corr. Let j?= : then t;= c, and 

'' = 2^-('^ --t;-«); .m;=( ^ L.) ^ 

Also r=- = =B —it; "V; .•. jTss h 

t; V 1— » 

corn; and the correct timess — : — (c'"**- 1;'~"). 

1 — « ^ ^ 



L 
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Cor. 1. To find the space described before the ve- 

b 
locity is wholly destroyed^ assume t;=:0 ; then a?= x 

CoR. 2. The time, which elapses before the velocity 

JL 

is wholly destroyed = x c*"". 

1 "■" ft 

CoR. 3. If Xss2, it coincides with Art. 178* 

Proposition. 



( 1 80.) If the retarding forces vary as vel. |% and times her 
taken proportional to the first velocities directly, and the 
first retarding forces inversely, the velocities lost will be 
proportional to the whole^ and the spaces described will 
be proportional to the times and the first velocities jointly. 
(Newton, Lib. II. Prop. 7.) 

The retarding force corresponding to the velocity v ss 

rr* . rv*£ , . c^v . i 

^ ; /. in;= — ^; and x= - — • Hence, r= - = 

— — i , and r=: — f-corr. = =- x » . But by 

the Proposition, Toe - ; .-. t; oc c — r, and c — v occ, or the 

r 

velocity lost is proportional to the whole ; and it is evident 

also that cocv. 

m 

Again, r=-; ..irrvx 7'occx T; .-. xoccx T. 

V 



SECTION II. 

(181.) In the last Section, the bodies were supposed 
to be influenced by no forces except those of projection 
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and resistance ; in which case the velocity is continually 
retarded. Id this Section they are supposed to be acted 
upon by gravity, or by some force tending to a center. 
This combined with the resistance may produce either 
an accelerated, or a retarded, or even a uniform velocity. 
The forces are supposed to act in the direction of the 
body^s first motion, and the motion is consequently 
rectilinear. 

Proposition. 

(182.) Let a spherical body descend in a fluid from 
rest by the action of gravity, and let the specific gravity 
of thie sphere be to that of. the fluid as n : 1 ; to find 
the greatest velocity which the sphere can acquire. 

The same assumption being made, as in Art. 172, the 
difference of the weights of the sphere and an equal bulk 
of the fluid, or the absolute force of the body's descents 

f^r ^TT » ^^^^ ^s ^^^ same, whatever be the velocity of 

00 

the globe, the fluid being infinitely compressed. Now, 

let z be the space due to the velocity at- any point of the 

descent ; the resistance opposed on this account = ■ 

(Art. 170.) ; -•. the whole resistance=^^T— — ^^ — —- . 

Divide this by ^^ — the mass moved, and the aceele- 

1 3z 
rating force =1 j—r ; but when the velocity is a 

1 3 z 

maximum, the accelerating force =0; .". 1 3=0. 

n 4na 

4d X (n - I) 

lience, z = . and v = s^ Amz = 

Ifimrf. (»— lK4 



(loma. (»— iwt 
3 / • 
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Proposition. 

(183.) The greatest velocity which can be acquired by a 
spherical body descending in a fluids is equal to that 
which the body would acquire in vacuo by its comparative 

gravity in falling through a space^ which is to •— : : the 

density of the sphere : the density of the fluid. (Newton^ 

4d ^ 
Lib. II. Prop. 38. Cor. 2.) For take a? : -— :: n : 1 ; then, 

4nd ., pd^n pd? .. . . j , pd^n , 1 

X = --— . Also ^-7: *-^ , divided by ' ,. ■ , or 1 — , 

3 o -^6 «, 

or = the force of the sphere*s acceleration in the 

fluid, or the force of its comparative gravity. And the 
velocity acquired through *• by the action of this 

force in vacuo=(-j-x-^) =( J ) . 

Proposition. 

(184.) Let a spherical body descend in a fluid from 

rest, and let the specific gravity of the body be to that of 

the fluid as n to 1 ; to find the velocity at any point of 

the descent. 

1 S% 
By Art. 182, the accelerating force = 1 y; hence, 

if ap=the space described, « = i %; .*. -: — % = 

^ ^ n And And 

i z J J? _ 1 , 

4nrf-.4d^3%""4rf.(n-l)-3)5'^'^^47r2~ S^^^P- 

log. ^4<f .(n— 1) - 3«) 4-corr. Now let j? = 0, then «saO ; 
/. c = 5 X hyp. log. 4<i. (n - l); consequently j^ = 



t 
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— ^ X hyp. log. — 'j^/ v^ • L«t e = the number whose 
3 jr b 4rf*(n-l) 

u 1 • , xu TH 4d.(n-l)—3z , 3« 

hyp. log. IS 1 ; then e = — ttt ^r- = ^ —"777 TT » 

•^^ ^ ' 4a.(n-l) 4a.(n— 1) 

.•. z =5 -r-. (n — 1) . VI — e****/ ; and the velocity, or 



— s» 



Cor. If a? be increased 5iii€ Kfrnte, e^ will be a quan- 
tity indefinitely small ; and the ultimate velocity of the 

, .,, /l6md.(n-l)\i a ^ ^^.^ 

sphere will = f ^^ -j , as in Art. 183. 

pROPOSmON. 

(185.) If a spherical body of given diameter be im- 
mersed in a fluid, and its specific gravity be indefinitely 
less than that of the fluid, the velocity of ascent will be 
uniform, and equal to that which a heavy body would 

4 

acquire in falling from rest through ^ of the dia- 
meter by the action of gravity. 

Suppose the sphere to have ascended from rest through 
a space =sx, and let z be the space due to the velocity at 
that point ; then, if n =: the specific gravity of the sphere, 

its weights =^-g — , and the resistance to its motion 

arising from the velocity = -^— ; .-. the whole resistance 

nd^ ft zfidr 
opposed to the sphere's ascent = ^-tj — h -—- • But its 

force of ascent is the weight of a quantity of fluid equal 
in magnitude to the spliere, and this weight = ^^, the 
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specific gravity being 1 . Hence the force of the sphere^s 
ascent =^-7s — a" '' f> » divide this by the sphere's 

1 3z 
weighty and we get the accelerating force = 1 -j5= 



1 3 z 

— -T—iy ^^^ ^ vanishes in respect of the other terms. Hence^ 

i 3zi J i i X i • 

n 4nd' And Ad'-3z And 3 "^^ 



log. of (4 rf— 3;^) + corr. Let x= O, then z;=- O ; / . corr. = 
1, 1^, X lui Ad-3z 

Hence^ assuming e as before, the number whose hyper- 
bolic logarithm is 1, we have ■ — \ — =: e'**''= O, for 

— 2 ** indefinitely great ; /. «= -— ; ^nd the velocity at 
this point =s <^/*4m« = \/ --—--• , which is the same 

3 

with that acquired by gravity through -~ . 

As this reasoning is equally true for all points of the 
ascent, the velocity of the body is uniform. 

Cor. Spherical bodies without weighty of difierent 
diameters, ascend in fluids with uniform velocities, which 
vary as the square root of the diameters. 

Proposition. 

(186.) Let a body descend or be projected in a re- 
sisting medium directly toward a center of force, and be 
attracted by a constant force toward the center; to find 
the greatest Velocity which it can acquire, the retarding 
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force of the medium being supposed to vary ts the ve- 
locity. 

Let /"represent the constant force ; r=the retarding force 
corresponding to the velocity C, and v any variable velocitjr. 

TV 

Then the retarding force corresponding to t; = — ; .'. 
the whole force of acceleration toward the center = F- 

f*9} 

— . But when the velocity is a maximum^ the force of 

vv c F 

acceleration = 0; .•. F =0. and t;= — . 

c r 

Cor. The greatest velocity t; : the velocity c :: F : 
the resistance r corresponding to c. (Newton^ Lab. II. 
Prop. 3. Cor. 1.) 

Proposition. 

(187*) Let a body descend or be projected in a re- 
sisting medium under the same circumstances as in the 
last case^ toward the center of force. To find the space 
and time corresponding to any velocity. (Newtok. 
Lib. II. Prop. 3.) 

The accelerating force upon the deseen.ding body, by 

the last Propo8ition,=F— - — =F— av, where a = - . 

c c 

Hence, if a? be the qpaoe described, vvss:2mi .(F-^av); 
•••^= 2m.(l?'-a,>r 7r-\' Let - = J; then 



2maX — v\ 



vv 1 /• . w .\ 1 

2ma.{b-v) 2ma \ 6-v / 2ma 
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+COIT. Let X = ; then, if the body descend from rest, 
V =0 ; and X corrected = x hyp. log. t — 

- — X V. But if it be projected, let the velocity of pro- 
jection B c ; then jc=- x hyp. log. 7 + • fc— v). 

Also, t= - =7; ^ r ; /. r= - ~ X hyp. log. 

( J — v) + corr. ; therefore, if the body descend from rest, 

the correct time =- — x hyp. log. £ . If it be pro-* 

1 i— c 

jected with the velocity c, T = x hyp. log. -7 — . 

Proposition. 

(188.) The same supposition remaining, let the body 
be projected directly from the center of force. To find 
the space and time corresponding to any velocity. 

In this case, the force of retardation =Fh — ~.andtni = 

c 

'^2fni.(^+'^^ = " 2mx.(F+ av), andi = — x 

"vn — = r — X T ; and, as in the last Proposition. 

jF^av, 2ma 6 + t; ^ 

-- — X hyp. log. rr— +:x — • (^— *^)* 
2ma ^^ ^ b+c 2ma ^ ^ 

Alsor=- = ---^xj^;.-.r==--— L X hyp- 
t; 2ma b+v . 2ma ''^ 

log. {b+v) + -—. X hyp. log. (4+c)=:^^^x hyp.log. 
i + c 

+ V 



X s 
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Proposition. 

(I89.) Let a body descend or be projected toward a 
center as before^ the retarding force of the medium varying 
as the square of the velocity. To find the greatest ve- 
locity which the body can acquire. 

The retarding force corresponding to the velocity v is 
in this case —5- ; /. the whole force of acceleration = 



c" 



F - —^ . But when the velocity is a maximum, this 



c« 



x/?. 



force 

r 

CoR. 1. F : c :: ^/^: aJIt^ (Newton, lab. 11. 
Prop. 8. Cor. 3.) 

3 c* 
CoR. 3. Since r=rg ^ (Art. 172.), if Frepreaent 

n— 1 
the comparative gravity of the body, or = , t;=c x 

position coincides with Art. 182. 

Proposition. 

(190.) Let a body be projected in a resisting medium, 
directly towards' a center of force, under the same sup- 
position as in the last case. To find the space and time 
corresponding to any velocity. 

The accelerating force in this case corresponding to 
the velocity v=:F j = F-ai;% if a=-^; .-.r^ssSmi . 

(F- at;'), and a?=- — ^^ 5- = - — X rz ^, where 
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F 1 

A*=— ; /. J? = — X hyp. log. (i*- v*) +corr. When 

a 4fna •'a ^^ n 

Also 2^ = -=- ;Tr rr; .♦.2'=- rxhyp.l<^. 

—^ + corr. When r=0, let v=c ; .-. T = -—i-t x 

(hyp-log. ^-hyp. log.^^. 

If the body descend from rest^ in correcting the fluents, 
V must be assumed = 6. 

(191.) The first part of this Proposition will coincide 
with Art. 1 84, by taking the fluent without correction^ and 
substituting the proper values for a and i, and F and r. 

Thus. j?=- — X-n 9 ; .*. dp = - X hirp. log. 

(i'»t;*)+corr. Let j?=:0, and t;sO, or the body descend 

by the force F, its comparative gravity ; then, a7= — 

1 i*— v* 
X hyp. log. — ?T— . Hence, if c be the number 

,___ J*— t;* 
whose hyperbolic logarithm is 1, we have e""^= — T5— • 

r 3 c* 1 

Now for a write -7 •or -7s :j><:t (-^^t. 173.), or 

c^ \bmna r "^ ' 

; for F write ^^^^ , and for 6* the fraction — ; 



l6mn 1/ ' n a 

then 1^ mil =: l6ii>i< X ^—^- (l -<*') i *oA 



p3 






i228 on resisting mediums. 

Proposition. 

(192.) The same supposition remaining, let the body be 
projected directly from the center of force. To find the 
space and time corresponding to any velocity. 

The retarding force in this case = F+ — j-, and vt; = 



c» 



-- 2mx.(F-\ — r) = -2mi.(F+at;'); ••. i = - 
1 vv \ vv J. 1 • 

^wr::z^=-ir:rz^Trrry^^'^^^^-Tz::^>^ hyp. 



2m F+av^ 2ma b*+v^\ 4ma 

1 y+c* 

log. (ft*+t;')+corr.=j^xhyp. log- -gq:;i» where c 

is the velocity of projection. 

Also, r=- = - ^ X T7^; /. r= -T n X a 

V 2ma b' + v* 2mab* 

circulair arc, whose radios is i, and tangent v+corr. Let 
this arc=iV. Now if 7=0, t; = c. Let the arc, whose 
radius is ft, and tangent c:=^Mi then T corrected = 

— L— . (M- N). 
2mab^ ^ ' 

Cor. 1. To find the greatest height to which the 

1 i' + c* 

body will rise, take v = ; then x= — — x hj^, log. - ' » 

s (by substituting the values of a and ft% as in the Fro- 

position,) j^ X hyp. log. — p- . 

Cor. 2. To find the time, in which the body will lose 
all its velocity, assume v = 0; then the arc N^O; 

CoR« 3. Since the time in which the body loses its 
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whole velocity varies as My it varies as bxM; or as the 
sector of a circle, whose radius is b, and tangent c. 
(NfiWTON, Lib. II. Prop. 9.) 

Cor. 4. And the time in which the velocity is dimi* 
nished by the quantity c— v varies as il/— N, or as 6 x 
(ilf — N) ; that is, it is proportional to the difference of 
two sectors, whose tangents arc c and v, to the same 
given radius b. 

pROPOsrrioN. 

(193.) The same supposition being made, if spaces be 
taken in arithmetic progression, the whole force which 
accelerates or retards, according as the body descends 
or ascends, will be in geometric progression. (Newton, 
Lib. II. Prop. 8.) 

1. By Art 190, if the body be projected downward 

1 6* — c* 
with a velocity c, jp =s- x hyp. log. t* ;: ; if it descend 

I b* 

from rest, ap= x hyp. loff. yr i . In either case, 

if X be in arithmetic progression, the fractional part of the 
expression is in geometric. Hence, since the numerator 

F 

is constant, 6*— r*, or v% or JF*— av% or its equal F— 

—7- ; the whole force of acceleration is also in geometric 

c 

progression. 

3. Let the body be projected from the center, or ascend, 

1 ft*+c* 

Here (by Art. 192.) x = j^ x hyp. log. of y^ ; 

F 

therefore, if a? be in arithmetic progression, 6* + v\ or — 

+ v\ or F-i — J- J *he whole of the retarding force is in 
geometric progression. 
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Proposition. 

(194.) In general, let a body be projected with a 
given velocity in a resisting medium directly to, or direcdy 
from, a center offeree; and let it be attracted by a con- 
stant force to that center. To find the space and time 

corresponding to any velocity^ the retarding force being 

supposed to vary as the veLl**. 

1. If the body descend, the whole force of acceleration 

= 1^ - — ; ••. vv = 2mx . IF - ^-Tpl , and x = 

vv 



^.(F-'^ 



X V 

Also, T= - = - 



" 2m 



i^-f) 



2. If a body ascend, the whole force of retardatioa =5 
F + — - ; and t?i; = - 2mx. Cf+ -—^ , and x = 



^■{"^T) 



X — V 

Also, r = - = 



2m 



('+^ 



The fluents must be found for the particular cases; 

( 1 95 .) These expressions may be applied to the descent 
of bodies in resisting mediums at the surface of the earth, 

by substituting for jFthe fraction , which represents 

the force of its comparative gravity. An instance of this 
is given in Art. I89. 
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SECTION III. 

Proposition. 

(196.) To determine the resistance of a medium, by 
which a body when impelled by a given force -F, acting in 
parallel lines> may describe a given curve. 

Let ABE be the given curve ; BS the direction of 
the force at B. Draw BP perpen- 
dicular to BS^ meeting the axis AS^ 
or some given line parallel to BSj p, 
in P. Take BQ^s^i the chord 
of curvature at B. Let AP^x^ 
BD^i, AB^z, BC^i; and 
draw DR perpendicular to BC. 

Now a body must fall through |th of the chord of cur- 
vature by the constant force F, to acquire the velocity in 
the curve, whether it moves in vacuo, or in a resisting 
medium. For the resistance has no effect in causing the 
body to deviate from the tangent; it only retards its 
motion in such a manner, that it may always bear a just 

proportion to the given force -F. Hence, v = ^/2mFs, 

and V = . ^ = the whole increase of velocity in 
y/2mFs 

the direction BC, in the time of describing BC, or in 
a time = - . Also, the increase in the direction BS by 

2m Fi 




the force JPin that time = 2mFi — 



and this 



sj2mFs* 

increase : the increase of velocity in the direction BC 
from that cause :: BD : BR :: BC : BD :: i : i; 
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/. the increase in the direction BC= y „ x^ = 

s^2mFs z 

; hence, the efiect of the resistance = m x 



^2mFs 

Fs - 3 Fi 

— . ^ . the difference of these increments; or the 

y/2mFs 

decrement of velocity arising from the resistance s — m x 

Fs - 2 Fx 

Therefore, since J^oc the increment or 



2mrs 

decrement of velocity generated in a given time, the re- 

. . ^ Fi-2Fx 2mFz 

sistance : the force F :: — m x 



^2mF8 ' ^s/^mFs 
:: — --: — : 1, by omitting the 

native sign, which denotes a retarding force. 

(1970 To obtain an expression in terms of the 
abscissa and the curve. Let^=PJ3; then i;*=i*+y*, 

and * =5- (Art. 100.)=: — k-^; therefore, if y be as- 

Bumed constant, s = ,.^' ^ = nr j 

hence, ^ . > = — -— . Therefore, the resistance : the 
3» 2x 

zx 
force JF* :: -j^ i \y the negative sign being omitted as 

before. 

Proposition. 

(198.) To determine the resistance by which a body 
may describe any given curve about a center of force. 

In this case, F is considered as variable. Hence, by 
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making the same supposition as before^ since v s \/2mFs, 

Fs+sF . , , • i. . • . 

^ = m X > yj ^ the whole increase of velocity m a 

A^ 2mFs ^ 



z 



tangential direction, during the time i ■ u- • Also^ 

^ 2mFs 

the increase in the same direction by the force jP in the 

2fi%Fx 
same time= , ^ , as before ; or if <SjB=:«>, since i= 

— ^, this increase = .. ^ ; therefore the decre- 

s/2mFs 

ment of velocity, arising from the resistance, = — m x 

Fs+sF+2Fib ... . . . ^ 

J •• ; and this resistance : the force F :: mx 

sJJmFs 

Fs+sP+2F<b 2mFz Fs+sF+2F'&f , ^, 
}■ ^ — : r ■ „' '•'• ^ F- • 1, the 

n^ative sign being again omitted. 

Cor. If the force act in parallel lines, or 5 be at an 
infinite distance, F is constant, and F—0 ; therefore, in 

^u- *u • * 1? Fs + 2Fib , S'\-2ib 
this case, the resistance : Jb :: rn — : 1 :: — r-:— ; 1 

' 2Fz 2z 

i^2x 
:: . : 1, the same proportion which Was found 

2z 

in Art. 196. 



Examples. 

(199.) Ex. 1. Let the curve be the common para- 
bola, and the force act in lines parallel to AS. 

Hereflir=y'; .\ax^2jfp\ and ax=:di/*=:3, ify be 
assumed constant and =1. Hence, jc=0; also, i = 
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(1£±^> (A,t.56.)-(H±2) , .-.^-IZZI- 
a ^ ^ \ a / ^ ^x 2jif» ' 

or the resistance is nothing. 

Ex. 2. Let the curve be any parabola, whose equation 
is a*''^x ^y^^ the force acting in parallel lines as before. 

Here i= - w-i J therefore, if = -li f£^ — ^ ; and 









therefore if^=:l> the resistance, or -rj, :- 



(n*y**-* + a*''-*)^ 



2n.(n— 1) 



y 



n— I 



, jP being assumed = 1 . 



CoR. 1. If n = 3, the resistance s 0. 

CoR. 2. If n be greater than 1 , but less than 3, the 
expression becomes negative; or the medium propels the 
body, instead of retarding it. 

CoR. 3. If n = 1, the expression becomes negative, 
and infinite ; that is, the propelling force of the medium 
is infinite, and the body moves in a right line. 

Ex. 3. Let the curve be a cycloid, and the force act 
in lines parallel to the axis AM. 
Let AM^a. The 

perpendicular £Q = - « 



therefore 

and i = — 2i. 



« = - -^, L I 




Also, xix.'.ANxAPxx AM: AN:: ^AM: JIP 



h. 



J— 3i 



:: a :«;.*. 2 s= — j- ; hence the resistance, or —zrr- , 
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SX 



i 



= -3x 




235 

2JN 

-2. 




— 4£— ^^>f — 

jfjtf 9 the native sign being omitted, and the force of 

gravity being assumed = 1. The velocity oc ^BQ. 

Ex. 4. Let the cijirve be a quadrant of a circle, the 
force as before. 

Take AE - x, AC=a, BQ^ *; a 
then ^ssa— je ; /. i= - x. and :— ^ 

= - ?^ . But X : i :: J3£ : 5C; 

3i 3BE , . 

.•.-^=- j^gp, or changing the 

sign, the resistances ^^, gravity being assumed=:l. 

Cor. 1 . At ^, B£ vanishes ; therefore the resistance 
=sO. At C, BEssBC; and the resistance : gravity :: 
3 : 3. When 3AJS = iBC, the resistance = 1, = 
gravity. 

Cor. 2. The velocity at Boc t^BQi also the resist- 
ance varies as BE. Hence, if the resistance be supposed 
to vary as ^* x the density of the medium, BEocBQ x 

BE BE 

the density ; therefore, ijbe density at Boc -=g oc -jtb^ 

AT 

•-T^ oc the tangent of the arc AB. (Newton, Lib. II. 

Prop. 10.) 

Ex. 5. Let the force tend to the center of a I<^« 
rithmic spiral, and vary as the dist.] ". 

Here Foe ufy .\ Foe nio*"'*; and the expression 
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I .*. 



■ ■■ trT for the resistance, since s=^w, becomes 

2Fz 

vf^^^nufii^ + auf^v^n+a^^ But* : 5 in a con- 

2W''Z 2 z 

stant ratio^ :: a : b; .•. ~=t; and the expression for 

the resistance is — — x - , the force tending to S being 

assumed = 1. 

Cor. 1. If n = - 3, or the force varies inversely as 
the cube of the distance, the resistance = 0. 

Cor. 2. If n be a greater negative number than 3, 
the medium propels the body. 

Cor. 3. If for jP we substitute ii/*, then the resist- 
ance : the force uf :: ~— x r : 1 ; therefore the re- 

2 

n+3 a 
sistanoe = -—-X ? x w*. 

2 



«+i 



Cor. 4. Since the velocity oc ^. Fs^ or as tr"*^ , and 
the density of the medium varies as the resistance divided 
by the square of the velocity ; the density in this case oc 

--^ oc — ; therefore, conversely, if the density of the 

1 ■ 

medium oc — . , the body may describe the logarithmic 

spiral, whatever be the value of n. (Newton, Lib. IL 
Prop. 16.) 

Cor. 5. If »= — 2, then the force varies as -^ ; or J^ 

varies as the square of the density. (Newton, Lib. !!• 
Prop. IS.) 
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Chap. XXI. 



FLUENTS. 



SECTION I. 

(200.) jAlIethods have been already proposed for 
finding, in certain cases, the fluent from the fluxion. The 
following Chapter is intended to furnish a variety of £x* 
aniples^ with Rules to facilitate the operation. 

Rule. The fluents of such fluxions as are of the form 
i , ■ ; I j^ , where m is a whole positive number; 

and those of the form ^ r , where r is a whole positive 

number, may be found by dividing the numerator by the 
denominator in an inverted order. 

Fluent l. 
(301.) 1. To find the fluent of 



« 

xx+ax 



— aa? 



x+a. 
Henoe^ the fluent is x-*a x hyp. log. {a+a^. 
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2. In the same manner, the fluent of- - = — a? — a 

a- X 

X hyp, log. (a -J?)* 

ccx 

3. The fluent of = a: + a x hyp, log. (a?— a). 

Fluent 2. 

(202.) 1. The fluent of-— - = - -ax + <f x hyp. log. 

{a + a:). 

3. The fluent of = — -- — a* - o* x hyp. 

a—'X 2 

log. (a - x). 

[ 3. The fluent of -^-^ = ^ + aa; + a» x hyp. 1<«. 

(x — a). 

Fluent 3. 
(203.) The fluent of ^^ = the fluent of p x 

+1^0' X hyp. log. ; the last term being corrected by 

w X 

making :r=0. This fluent occurs in tlie problem fcr 
finding the content of the solid, generated by the revo- 
lution of the cissoid of Diodes about its axis. 

Fluent 4. 
(204.) 1. To find the fluent of —^ , where « is* 
whole positive number. 
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a? — a) ai^i (a:^~'i + ax~""*i + &c. 



aaf^"^ Xy &c. 
Continue the division^ till the index of x in the remainder 
=0 ; there are then m terms in the quotient, the last of 



a^x 



which is a"*""'i, and the remainders . Hence, the 

X— a 

whole fluent = — \r h &c.+rf*xhyp. log. (a? -a). 

2. The series is the same for the fluent of , hut 

x-^-a 

the signs of the terms are alternately + and — • 



3. The fluent of — — is found hy dividing the 

Ct '■* X 

naoierator by - x-H ^ ; smd the signs of the terms are all 
negative. 

Fluent 5. 

x^x 



(205.) 1. To find the fluent of 



x'i + a^x 



- a»i 



^ a' + ^• 

Hence^ the fluent =:x - a, a circular arc of radius a, 
and tangent x. 

2. Thefluentof^^=-«+5Xhyp.log.^. 

3. The fluent of ^, =x+ 1 x hyp. log. j~ . 
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4. In the same manner^ the fluent of ■ ^ i ^ , &c. 
can be found. 

Fluent 6. 

(206.) 1 . To jSnd the fluent of -5 5 , where m is an 

CL "f" * 

even positive number. 

The numerator divided by the denominator^ in an in- 
verted order, = i:^"*i— a*jc^"^i + a^af^ ^i - &c. ± rf»"'f 

7 I - ^ y the number of terms in the quotient being 

w- *T" **» 

— . and the remainder T-r-: — •.; hence, the fluent=- r- 

— r + &c- ± tf*~*^ + rf*""* X a circular arc of 

i» — 3 

radius a, and tangent x. ' 

2. In the same manner, the fluent of --; — -. , where 

m IS an even positive number, =: — -• — &c» 

r w— 1 w— 3 

+ -r xhyp. log. ^— ^. 

3. The fluent of -^ ; , determined in the same 

«* — a* 

manner, has all the terms positive ; the remainder is * 

a?— a 



X hyp. log. ^^ 



(SO70 1. To find the fluent of 
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Fluent 7* 



«»+«* • 



The numerator divided by the denominator in an inverted 
order^ gives xx — rr—i » ^^'^ ^he fluent = x hyp. 

Cv *^ X ^ ^ 

Jog. (a* + «')• 

3. The fluent of — — '- =s — x hyp. 1<«. (a' — ar*). 

a -a^ 2 2 Jr&\ / 

3. The fluent of ;^ = J + ^ x hyp. log. (4J» - a% 

Xt X 3C^ X 

4. In the same manner, the fluents of , ■ ■ , - i u ^ 

Of /^xr o f^x 

&c. can be found. 

Fluent 8. 

(208.) 1 . To find the fluent of -?- — - , where m is 

an odd number. 

The numerator divided by the denominator x^ +c^ 
gives aj^**x - a^x^'^^x + a^at^^^x - &c. ± a'^^^xi, 

the number of terms being , and the remainder 

+ —7- — Tf ^ 'hat the fluent is — + 

8fc-> ± — X — + the remainder x hyp. log. (fl*+x*). 

2. The fluent of*-;; ^ is obtained in the same man- 

ner; but the signs are all negative, and the remainder is 



2 



X hyp. log. (a' - x'). 
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3. The fluent of -^ 1 hals uH the signs positive^ and 

the remainder is — — • x hyp. log. (x*— a*). 



' Fluent 9. 

(209.) To find the fluent of , where r is a 

whole positive number. 

Divide the numerator by the denominator ; the quotient 
is ar'-'^-'x + a"*x*^-"»»-'i+ a*^a?^'-3"'-'i + &c. Let 
the division be continued for some number of terms as pi 
then the last term is a'"*^^'"'^x^""^""*i', and the remainder 

is z =r^ — ; if the variable part of this remainder 

were , the fluent could be found, and it is evident 

that the division may be continued till it is. Assume, 
therefore, rm — pwi— l=m — 1 ; then ^=r— 1, or the 
number of terms in the quotient is r - 1. Hence, the last 

fl** •^'^ ~" '^ *p ** "" 'i 
term isa'"'^'^~'^j:^""'i, and the remainder is — — — — — ; 



- + 

tn rwi — 2 lit 



therefore the required fluent = 

— + &c., 4 h the remainder x 

rm -Sm m m 

hyp. log. (x"* — a™). 

sf^'^^ X 
2. The fluent of -— is found in the same manner. 

In this case, the terms are alternately positive and 
negative ; in other respects the fluents are the same. 
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-1 «> 



3. The fluent of -;;; — has all its terms negative. 

4. The fluent of -i.-;:5j^, or, of 7 x is the 

same with the preceding, r being substituted in the result 
for a^j and the whole series multiplied by the fraction ? . 

Fluent lo, 

(310.) 1. To find the fluent of ^-^^ X yy. 

c + by^ ^^ 

This quantity = y.y - ^y y Divide, in an inverted 

- c + by ^ 

■order. 

Ay' + c) - ry^y + cjiy (n^ 



•ftc+rc 



/2£±£P\ ^ yy 

V 6 J^by' + c' 
Hence the required fluent ==f. ^^ + ^£±!:£ 

/«« — ry* . 6c+rc , . • c\ 



ar* — ry* 



2. If the fluxion be — r — 7 — " . ^ x yy. c=-ar^. and 

ar* + (a — r).y ^^^^ ^ 



-L/iV* 



6 = a - r ; therefore, the fluent is •:: — r-^ — • + t^ — ^i 

2x (a-r) {a-ry 

hyp, log. (y»+^^. 

a2 



X 



\ 
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3. The fluent of^^^^^r^^^^ 
X hyp. log. (/ + ^) . 
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Rule. Many fluents may be found by dividing the 
given fluxion into two parts, and considering it as a rect- 
angle. For, since the fluxion of xtf = x^ +y i, the fluent 
oixy — xy — y. yx. In these cases, the variable quanti^ 
without die vinculum, i* divisible by the fluxion of that 
under the vinculum. 

Fluent 11. 
(211.) To find the fluent of - x^x . (a* - or*)*. 
Let (a*— a;')* x - xx =:y, ando?* = «; then the given flux- 

X^ « o 

ion = «y i and its fluent = !ry~/y* =—(«•—«•) -3 x 

/x*.C«--x./=|!.(a--^^i.(^-a-/=^:^!!^ 

Fluent 12. 

XX 

(212.) Required the fluent of ri • 

Thi8=xi . (a+ar)-* • Let(a+a!) "* x i^pi thep 
x^ =1 the proposed fluxion ; and the fluent =xy—f.yxx 
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...» 

(a+x) * X 2x-f.(a+x) ' x 2i = (a 4 x)' x 3ar -| (a +ar)* 

Fluent 13. 
(313.) 1. Required the fluent of * 



(a+/x")** 

Assume (a +/x"P x a»-*i=y, and ijf =x. Then the 
fluent of zy=zy-f.yz=h3f x A., (a + /af") -£i. x 

/.(a+/af«)*x «*-'i = ^.(a+/:r-)* x x»-.^. 

(a+/4C»)*. 
By the same Rule, 

3. The fluent of 7=^ = (a» - x*)K i^±f!. 

here assume (a* -a?') x - xx=y, and a^ =:: z. 

3. The fluent of -^=i^ ;=^l±i^flzi? . 

(o*-«»)* 3 X (o»-a;*)i 

-4- 
Here assume (a*— a?') x - xx^y, and j?* = s:. 



tn+ I 



4. The fluent of (a^c%^\ x dz"^- ' ^_ tf.(g+cg") — 

H:3~ (m4-l).(m+3)) - Assume («+c^) x«-'« 
=y, and rfa" =5 0?. 
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SECTION III. 

I 

ON COMPARISON OF FLUENTS. 

This is the method of deducing one fluent from another. 
It is not easy to lay down rules which will answer in 
every case where this method may be applied ; but the 
general principle may be explained in the following 
manner. 

Rule. Assume some quantity in the form of a rect- 
angIe=/7 ; and of such a nature, that one part of its 
fluxion may be the fluxion of some known fluent, (as A) ; 

and the other part the fluxion (N)^ whose fluent is re^ 

quired. Put this equal to p \ then since iV= ± ji ± Ay 
iVitself = ± p ± A. 

The most general method of making this assumption^ 
and which obtains in many of the following fluents, is 
this. Divide the quantity without the vinculum, by the 
fluxion of the quantity under the vinculum, omit the 
constant quantities, and put this quotient =/?, having 
first increased the index of the whole quantity under the 
vinculum by 1 ; and proceed in the manner stated above. 
In other cases the method will best appear by the Ex^ 
amples. 

Fluent 14. 

■ 

(314.) Given the jSuent of •. (Art. 43.) ; 

^ ' (a«+a;«)i ^ ^ 



9 * 

quired the fluent of s . 

^ (a'+a;»)i 
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Assume J? X (a* +^*) =»; .*.ix (a*+x*) H i~pi 

or^ multiplying the numerator and denominator of the 
first part by (a*+ a:^) , we have 1 — == ^ ; •'• 

: m^^ 1 ; and the fluent = ^ — 

(«• + a?*)4 2 2 X (a* + a?*)4 2 



(a: + (a' + >)4). 



Fluent 15. 



(215.) 1. Given the fluent of ^—. (Art. 44.); 

(a* — jr*)4 



required the fluent of 



Q. • 

XX 



(a*-x')i ' 
Assume x x (a"— ar»)*=/>; then, by taking the fluxion 



jp*x a* a; 



of this rectangle and reducingit, — > r = r 

^ ^ (a*-j?0* 2(a'-x*)* 

gj 1 • 

— ^; and the required fluents- a x a circular arc of 

J. , . XX (a*-x*)4 

radtus a. and sme x— .' ■■ ■ ^ . 

2 

This fluent is used in finding the area of the conchoid 
of Nicomedes. 

3. By a similar process, the fluent pf r = 

^' "^^ .+ i a' X hyp. log. (x + x/x* - a*). 
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FLUENt 16. 



a** 
(216.) 1. Given the fluent of "-j (v^ : to find the 



/ 



x^x 



Assume x^ X (a*+x*) =;>; then, by taking the fluxion 

4. • • 

and reducing the expression^ we have — " 1 = ^ '— 

(a*+x*)9 * 

; /. the required fluent = ar . — x ^. 



a * 

XX 



2. In the same manner, if the fluent of , (B) 
be ffiven, the fluent of- j =— T" X -o ~ ^— • 



x*ji: 



3. If the fluent of ^^ | (C) be given, the fldent 

- x^x 0?* X ( J?* — a*)i . 3 a* ^ 

of f = ^ ^ H — 7- X C 

(a?*-a*)i 4^4 

4. And it is evident, that the fluents of 



Jt^X 



jnS m 3u X 

\ r5 1 > where n is an even number, may be 

determined by knowing the fluent of the fluxion, which 
immediately precedes it in that series ; and substituting 



j?»«-*i 



jp as before. Thus, if the fluent of —===r=JB be given, 

th,/: ^i x-'.(«'+x')i^(«-i).a'^^; ■ 

•^ (a'+x*)4 « « 
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_ * • 

Fluent 17. 
(217.) 1. Given the fluent of xf. (a* + a*)* (D); to 

find the fluent of 1 , where the index of x is an 

odd number. 

Assumes*. (a'+a?*) =/>; then 2xi.(a*+x*V H ■ ^ . 

= p. In this instance it is not necessary to reduce 
the first part, as in the former cases i for we have 

XX 

** **"** ( , ■ ^a -P - 2D ; -,♦. the required flueat 
=JB-22>=«»X (a* + J?*)*- 2 A where D=(^±f!)!. 
3. In the same manner, the fluent of « =s2D<» 

«*. (a*-**)* , where i)=?/.x j.(a'-a^)* :^ - i^lllfll! ^ 

This fluent is used in finding the content of the solid 

generated by the revolution of the conchoid about its 
axis. 

3.. And the fluent of ^^ ^ ^x\{a?^ a^)^-2D, where 

{x" - a)3 

Fluent 18. 

(218.) 1. Given the. fluent of r {E) ; to find 

. (a*+x')4 ^ ' 



^ 



/ 

» 
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* 

^sume a?*. (a*+x*)4 —p ; then, by taking the fluxion 
and reducing it, j — ^ T^ 5 ^^^ ^^e required 

5 5 

3. Thus also, the fluent of — \ , and of 



may be found. 



x^x 



3. In the same manner, the fluent of — . . , 

— -- — f , &c. f may be determined, where n 

is an odd number, by knowing the fluent of the fluxion, 
which immediately precedes it in that series. Thus^ if 

the fluent of * =: J5 be given, the fluent of 

(a» + x*)i 

r = i i- — ^^ ^— X E. 

Fluent 19. 
(219.) 1. Given the fluent of — ^— | (F); to find 

the fluent of 



{a^^x)^^ 



.3 . 

ax +~ a?x 

Let 0? • (a + J?) a = p ; then j- = P * ^^^ 

{a'\'Xp 

2 . 
= -^ 1 ; and the fluent= "^ "" T ^ ^ 



{a+xy ^ {a+x) 

2x . (a+x)^ ^^x R 
3 3 



\ 



X 
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2. In the same manner we can find the fl^h>: 

• ■ • 

- , and the fluent of 



(a — x)"^ (x — a)' 



Fluent 20. 



(220.) 1. Given the fluent of— — r(G); required 

(a+^)* 



the fluent of 



x'^A 



(a+x)i * 



Assume ar* . (a + Jp)^ = /? ; then, taking the fluxion 

J J • .. x^i 2p Aaxx j^, 

and reducing it, r = -f- — . 7; and the 

(a+x)3 6 6 . (a + a?)* 
fluent = -— . (a+x)^ z — . 

o 5 

2. In the same manner, if the fluent of j (G) 

(a + a?)* 

ir^ir 2 X 

be given, the fluent of r = x af x (a +x)4 — 

(a+a-)* 2'*-^! 

2wa ^ 
X (y. 



a?"i 



2n+l 

3. Thus also, the fluent of '^ ^ v may be found in 

{a'^xp 

terms of p, and the fluent, which precedes it, in the 
series. 

XX 

4. The fluent of ■ — 7, by this method, = 

(X — tf)5 

2x . (ar — a)« 4a . (a: — a)» 

3 3 
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^ 



flucSM ^. 



' Lemma. 

Jt, and C the center of tlie circle, 
A versed sine x^ jthe ^ 

^l^ax — or*)'. Hence^ 
; area AED = £ X 

the area AED = the 




Fluent 21. 

(321.) Given the fluent of i • (2ar -^ a:*)i (-H") ; 
required the fluent of xi . (2aa: — d:')2. 

Assume (2flu: — x*)^=p; then - .{^ax—2xi).{2ax—j^y 

i= p ; or, 3ax . {2ax - j:*)i - 3xi . (2ax — x^)^ = p ; 

.•. XX . (2ajr-j:*)4 = a x jff - ^ ; and the required 

fluent =za X H -^ v ^'^"' — L . 

3 

Fluent 22. 
(222.) 1. Given the fluent of a?i . (2iur - a?*)* (/) ; 

required the fluent of a:*i . (2ax— j?*)». 

Assume x . {2ax — x*)^ = p ; then, by taking the 
fluxion and reducing it as before, 5a/-4j:^ir.(2ar-r*)i 

=jp ; therefore the fluent of x*i . (2ar - j^)^= — x /- 

a?. (2aa?-x')* 
4 • 

2. In the same manner the series may be continued ; 

and if the fluent of aif^^^x . (2flur-ap')i (/) be given, tlie 

fluent of jc^x . (2ax - a:')* = i 1— ^i ^ ^• 



i 



) 



u FLUENTS. 253 

V 



H 



Fluent 23. 



233.) 1. Given the fluent of ^ j(KAvt.43'.); 

<^ lired the fluent of t . 

? (2ar+a?')4 

fa ■ -.1 , ax + XX 

I f ssume (2ax + xn^ — p ; then r = p ; 

.•. J = p - aJK"; and the required fluent = 

(2aa?+a?*)* 

(2aar+a?*)^ - a x JT. 

^^ 

2. Thus also, if the fluent of r he given, the 

(2ax+a?*)* 



a?*x 



^uent of • T may be found, by assuming 

(2aa? + 3^)^ 

X. {2cu€+x*)iT=ip, and so on, to any fluxion of this form. 
If the fluent of 3if^x.{2ax+af^)i{k) be given, by 
assuming a^"'. (2aj?+a?*)« ^p, we have the fluent of 
'sfx af'^\(2ax-k'X*)i (2n— l).a ^ 

(2(u?+a:^)* « ^ 

. 

X 

* 3. In the same way, the fluent of — ■ r (Art. 43.1 

XX 

being given, the fluent of j may be found ; 

(dP* - 2aar) s 

xf*x 
and the series may be continued to x . ■ 

(^•— 2(lx)* 

4. If the fluent of — — - — =— V (K) be given, by 

(«* - 2ajp)s 



r 



• . • 
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assuming a?*~ * . (o?^ — 20^?) 2 r=p, the fluent of ~ , 

{pc" — 2axp 

x^' ^ . (jt' - 2ax)i (2n - 1 ).a ^ 

— ^ i L^ + 2 i-. X A, 



n n 



m 

5. The fluent of ^ being given (Art. 44.), 

{2ax - x*)« 

, ^ a?i x^x o x^x 

that of ^ — , — , , &c., -T may 

(2aa;— a?*)3 (2fla:— x^)5 (2ar— a?*)^ 

be obtained by the same method of continuation. 

XX 

The fluent of found by this method = 

(ax - x*)"*" 

a circular arc of radius ^ a, and versed sine x, — {ax — sfy. 

6. If the fluent of (AT) be given, and 

(2ax—s^y^ 

J-— . {2ax-x')^=p, the fluent of — = i^^Ll^ 

(2ax-a;»)-^ " 

7. The fluent of ^ by this method ss—^x 

(ax - jr»)* ^ 

a circular arc of radius f a, and versed sine x — 

* 

X . (ax -- x^y^ 3a , ..i _,,. ^ ^ . , . 

— ^ ^ — — .(ax- x^)^. This fluent is used m 

2 4 ^ 

finding the area of the cissoid. 

' * 8. Thus also the fluent o(x . (x — a)"*" being given, the 

fluent of XX. (x-^ a)^, x^x . (x—ay^, &c., af'x . (x — a)^ 
can be found. 
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Ifthe fluentofa?«^*i.(x-a) (K) be given, by as- 

s 1 

suming of (x - a)"^ =sp, the fluent of af^x.^x-- ay is found 



s 



2«+3 "^ 2« + 3 ^ 

9. And, given the fluxion of x . (x— a)"*, the fluent of 

XX . (x— a)**, the fluent of x' x.(x— a)"*, fee, x^x . (x - a)^ 
may be found. 

10. Ifthefluentofx"-^x.(x-a)"* (K) be given, by 
assuming x~ . (x-a)'*^*=/?, ttie fluent of x^x (x-a)** 

r. 

will be found = ^^ -^ * 

m + n + I 

41. By the same mode of continuation, the fluent of 
x"x . (a i x) , and of x^x . (ai«») «iay be found. 

Lemma. 

IfGP=x, and GE = r,EF = 

2 (r* — x*)i ; and the fluxion of the 
area ABFE=EF x the fluxion of 

GP=2x.(r*-x*)i. 

Cor. The fluent of 2x.(r*-x^)4 
= the area ABFE. 




Fluent 24. 



i 



(224.) Given the fluent of x.(r»-x')' {A,) to find 
the fluent of x' x . (r*— x*)i. 

Assume x.(r'-x*) =/>;thenx.(r^-x*) — 3x*x.(r*-x*) 
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*p ; that is, (fi - 4ar*i) . (r» ~ x^)^—p ; /. sil'x . (r*— «»)* 

^= --— -. (r' — -a?*) — ^; and the fluent = ^^ . 

4 ^ ^ 4 4 

When a: =0,^ = 0; .*, no correction is wanted. Also, 
when x=ir,pssO; /. the whole fluent between the values 

of x = and ar=:r, is ="rx | the semi-circle JBC^= 

4 4 

— ^ X the area of the whole circle = ttt x pr\ where p =i 

.3.14159, &c. 

Cor. 1. Hence, between similar values of jr, the fluent 

of 4a?*i.(r*- J?*) =— ^ P^** 

CoR. 2. Between the same values of x, the fluent of 
4a*i.(r«-j:^)*+4dP*i.(r^-a:*)* = 2a* x the area of 
the semi-circle ACB^Ar-- xpr* = fa* + — \ xpr*. 

This fluent occurs in Ex. 9. Chap, xi. where it is re* 
quired to find the center of oscillation of a circle. 

Fluent 25. 

(235.) Given the fluent of ^i.(r*-d^) (^); to find 

i ' 
the fluent of aM . (r*— x*) (C). 

Assume x*.(r*- a*)^ —p ; then 3x'i . (r» - «*) . (r» - «») ' 



^ 



.4 



= g . 

1 

In the same manner, if the fluentof x""*i.(r*— a;*) {p) 



I 
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be given^ where n is even, the fluent of a?" i.(r*— a:*) 

can be found by assuming jf * (r*— a?*)'''=/i; the fluent 
^ (ii-?-l).r*i>-j9 

Cor. Hence the fluent of i . (r' - x')'^ , or the fluent 
of r»i, (r»-a:')"^-/.j?*i. (r* - x«)^ = r« x area AGPE 

3 

- - X area AOPE+ > ^-(^'-^r ^i!^ ^ ^^ ^GP£ 

4 ^44 



3 



+ 4 • 

This fluent is used in Cotes* Problems, to compare the 
momentum of a sphere and circumscribing cylinder re- 
volving round a common axis. 

Fluent 26. 

(326.) 1. Given the fluent of xi. (a* + 1^)^ (JL) ; to 
find the fluent of ar» « . (a* +a!»)'^. 

Assume ac* . (a' + ar')* =p ; .*. ixi . (a» + «*) . (a' + x*) * 
+3a!»i.(a'+x')'^=^; .-. 2o» L+ 2ar'i. (a? 4- x*)^ + 

3r^ i. (a* + :c*)*=p ; /. ^i . (a*+ x^ =C— ^ ; and 

the required fluent = ^ r • 

2. In the same manner the fluent of dP*i . (a* ± jc*)*^ , 

x^x . («• ± 3^)^ &c. may be found by means of the fluent 
which precedes it in that series. 

R 
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Fluent 2f . 
(237.) 1. In general^ given the fluent of ff"*"*i.(a^+ jc^+ 

(ifcf) ; to find the fluent of sfi^ (a*+^*)^> ^l^ere n is an 
odd number. 

Assume af-\ (a*+x*)*=i>,then(n- l)jD»"'^.(a»+«^) 
(a*+ x*)"^+ 3afx. («'+ x')"*"=jp, or (n— l).tfilf+(« + 2) 
a:*i (a* + x*)"^ = jp, and the fluent required = 

n + 3 

3. The fluent of a?*i . (x*ia*)''^ may be found finom 
similar data. 

Fluent 28. 

(328.) Given the fluent of (a+ c«*)* x rf«"-"K {L) ; 
to find the fluent of (a+c«")'"x rf«'**'« {Id). 

Assume {a+cz'') x dz^'^p ; then (m+ 1) .nc«*""*i . 
(a+c«~)'»x d«" + «rf«*"-\i. (a + csj")**'*"* =p, or (m+ l) 
ncdz"''-' z .(a + c«''r+fMia«*-' «. (a + c«»r + nrfc«»«-^ i 
(a + Cjs")" = p; that is, by collecting the quantities 

(m+2). ncJkf + naL=«; .\ ilf= ^ "". ^. — ; or the 
^ ^ ^ (m+2).nc' 

. , a ^ (a + cz^r-"" X rf«* a . 

required fluent = ^ 7 — f-c — 7 — — -r — . 

^ (m+2).iic (m+3i.c 

(g H-cg'*)'""^^xrf 
(m+l).nc 
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Fluent 29. 

(239.) Given the fluent of (a + c z'^y x d z^^^ z (AT) ; 
required the fluent of (a+cz'^f x dz'^-^iiN). 

Assume (a + c2")**^'xrf%*" = p; then by taking the 
fluxion and reducing it^ as in the last case, we get (m + 3) 

ncx A^=jp-2fln Jf; .*. iV, or the fluent required, = 

(»i+3).nc (m+3).nc (m+3).c 

In the same manner the series of fluents may be con- 
tinued to (a + c2")"* X dz^"^* z, where r is a whole 
number. 

For another method of finding this fluent, see Ex. 74, 
under Transformations. 

Fluent 30. 

(230.) Given the fluent of (a + c*")* x x'*"* z (P) ; to 
find the fluent of (a + c«»)"* x ««•+»•-« i (Q). 

Assume (a+c«")***^Xt;'^" =/>;.-. (m+l).»c)r"-'ix 
(a + cz'^y X «^+nf . (a+c«") . (a+c^)"^ x «*•*-' x= p ; 
thatis^ (»»+l).nc.Q + «flrP+«rcQ=sjp; .-.(m+r + l) 

^ . h r^ (a+cs^y'^^z^-^narP 

ncQ ^p^narP\ .•. Q=^ r-^^ -r . 

'^ (m + r-fl).nc 

Fluent 3 1 . 

(231.) Given the fluent of Pas before; to find the 
fluent of (a + c «*)*x ;»'•'•-—> z (fl). 

Assume {a'{^c «»)"*** x «'*"'»=/> ; .•. (m + 1 ) .»c«*--^ z . 

R2 



I 
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=p; that is, {m + \).ncP + (rn-n).ak + (m - n)X 
cP=p; or, {m+r).ncP + {r-l).naR— pi .: R^ 
p-(m + r).ncP _ (a + cz'f ^ ^ x «"»-*- (m + r).ncP 
(r-l).na {r—l).na 

Fluent 33. 

(233.) Given the fluent of (a + C2")'"X«"'+"-'2 (5i; 
to find the fluent of (a+ca!»r*^ x «'»-'« (t). 

Assume (a+c«-)"*' x z"=p, then (m+l).«c2-' i . 

(a + c «T • «"* + «^«'*"' * • («+c«T^* =P ; or, (m+ 1) 

« - (>»+ l).ncS ' __ 
X ncS + nrT = pi .'. -^ = — If^ = 

(g+cg")*""^' X z" - (m+l).ncS 

nr 

Fluent 33. 

(333.) Given the fluent of (a + c «»)"•«'""""'» (^) ; 
to find the fluent of ca+cz")"-' x g^-'a (W^). 
Assume (a +c»")"' x 2"-"=^; .Mnc«^"~'».(a+csi")' 

(r„ - n) X r= p; .'. ^ = \„c« = 

(a + c^")** • 2"^""''' - (rn-n).V 

»tcn 

Fluent 34. 

(334.) Given the fluent of (a + ca")*"*' x a^""* i{X) ; 
to find the fluent of (a+ca")"''' x *"•+—' % {t). 

Assume (a+c2«)'"**x 2"*=?; .*. (»» + 3).ncz"-'« . 
(a+c«")"**' X «"• + rna"-'». (o+c«") . (a+c«")"*'=p; 



— t 
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or, (m+2).ncJr+ rnuX+ rncV=p; .\ (m + r + 2) 
i> . ir V P ^ rnaX 

^ (m + r + 2) . nc 

{m+r-\^2).nc 

4 

Fluent 35, 

(335;) Given the fluent of (a+C2«f x z^'z (Z) ; 
to find the fluent of (a+c««)""* x jK'^»-»-»i (A). 

Assume (a + ok")** x z'^^*=p ; /. mnc^'z . {a+cz^'f"* 

X z^^ + (rn - n) . «"— *i . (a + ca") . (a + cz^f^ 

=s^; or, mncZ+(m— »).a-<^*+(m— »).cZ=:p; /. ^= 

P''(m+r—l).ncZ _ ( q+cgy x g'*-*- (m+r- l).wcZ 

(m-n).a "" (r— l).wa "' 

Fluent 36. 

(236.) Given the fluent of(a+c«»)"*x z''z{B); to 
find the fluent of (a+c2")** x a^+^i (C). 

Assume (a + qz") x z'*' =p ; then taking the fluxions, 
(m+ l).nc. C + (r+ l).ai?+ (r+l).cC = pi 
/. (mn+n+r + l).cC=:p - {r+l).aBi -'• C = 
p-(r+l).aB (a+cz'')'^\z^'-(r+l).aB 
(»i»+»+r+l).c (mn+n+r+l).c 

Fluent 37. 

(337.) Given the fluent of (a+ <»»)"*. e*^* a (C) ; 
to 6nd the fluent of (a+cz")"**' X %'z{D). 
Assume (a+c2")"*' x a*^' sjoj then (w+l).ncC + 

r+l 
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Fluent 38. 

(238.) Given the fluent of (a + cjk")** x z^z (A) ; 
to find the fluent of (a + c«*)"* x z'^i (B), and of 
(a+cz-y*' X sfz{C). 

Assume (a + c^*)'*"*'' x x*^' =p ; then (m + 1) . ncz^^i . 
(a4-cx«)**+(r + l).2''i;.(a + cx*)'"*' =p; or, (m + l) 

Also, Cssa'a .(a+ca-r^'sajK-i-Ca+c*")* + <»'*"« • 
(a + c«»)"* =aj + cBi .•. Jl = "^ . Hence 

;, (r+i).C^ C-fl^ .•.p-(r+l).C=(in+l).«C- 
(iii + l).nc c '^ ^ 

(m + l).na^;.-.C=e±^?±%^. Whence fi = 
^ ^ • r + 1-fmn+n 

c "" (r+l+m«+n) .c c 

Cor. By increasing m each time by 1> and r by n, 
the fluent may be continued as &r as we please. 



SECTION IV. 

ON THE TRANSFORMATION OF FLUXIONS. 

Rule I. Many fluxions which are not of the common 
form, in Art. 39*, may be reduced to that form by a 
transposition of the variable quantity, and the fluents 
found by that Rule. 

I 



Fluent 39. 

(339.) To find the fluent of = . 

«• . (a'-af)* 

Since a*— x*= x» . («•«-*— l) j .•. (<»» — a:»)i = xx 
(a«x-- 1)-; hence ^ ^ ^"'^ = 

«-»i.(a'ar-- 1)-4. and the fluent* « • («'»~' - g^ 

— 3ir 

_ (g* - x')-i- 
In the same manner the fluent of j. = - 



{a* + a^y 






m 


Fluent 40 


• 


(240.) To find th<> flnonf ^4^ 


or 




(«' 


'+«»)+* 


Since a* + a** =s 


x» . (a'a?-* + 


1); .-. 



ax 



(a* + af)* 
<u-»x^. (a'x-» + 1)-*: and the fluent= (^'^"'+^),"* = 



This fluent is used in Prob. 1., Art. 138., on the 
Attraction of Bodies. 



The fluent of 



ax X 



(a'-«»); a.(a«-a»)i* 
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And by the same process, if a=s Ij we have the fluents of 

y and of 



Fluent 41. 
(341.) To find the fluent of -? ^. . 

Since a + c«* = «" . (ax""* + c) ; .•. (a + C)K*) = «« . 
(a«"*+ c)*, and the given fluxion = «""*" 'i . (a«~* + c) ^i ; 

and the fluent = x - — -r— ^ . 

na \ 

The fluent of 1 = — — x ^ 5 • 

Fluent 42. 
(243.) To find the fluent of ^'^^V"^^ - . 



Since 



a* + a;* s= x* . (a^'x^ + l) ; .•. — ^— r ^ = 



x"3i,(^i-»+ l)i ; and the fluent = - ~r— . (a*+j?V. 

Rule IL If the index of the variable quantity with* 
out the vinculum increased by 1, be some aliquot part 
of the corresponding index under the vinculum, sub- 
stitute for that povirer of the variable quantity, which la 
obtained by dividing the index under the vinculum by 
the number which expresses the aliquot part. 

Fluent 43. 

XX 



(243.) To find the fluent of 



(fl^^a?*)*' 
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Lei y^of^ and a* = J* ; then the given fluxion = 
— 2^ — r, and the fluent = —7 x circular arc of radius 6, 

and sine y. 

2. In the same manner the fluent of r = \ 

hyp.log. (y + (6'+y')*). 

sex 

3. And the fluent of j = | hyp, l<^. 



Fluent 44. 



2i»-'» 



(244.) To nd the fluent of —r. 

1. Assume c* = a; and a* = ar; then «* i = — , 

n 

and the fluxion -, is transformed into • ^ ; 

of which the fluent is - x hyp. log. (a:+(tt* +j?*)4). 

2. The fluxion ^ may be transformed by the 

2 

- X a: 

n 2 air , 

same process mto ^ — r = ~" x t\ whose 

^ (a*-^)4 w« (a'-.j?')4 

2 
fluent =s ^ — X a circular arc, whose radius = a, and 
na 

sine = X. 

(245.) We have in these cases supposed the quantity 
in the denominator to be affected by a radical ; the saime 
method will apply where the radical is not found. 
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1. Thus the fluent of -r — r = 71 X hirp. log. -- — 2 , 
where y=x*, and 6=a*. 

2. The fluent of . j^ ^"ol* ^ * circular arc of 
radius by and tangent y. 

OCX I ft ^^ o 

3. The fluent of ^^j— j = -^ X hyp. log.^^^. 



Fluent 46. 



i«-. 



(246.) 1. To find the fluent of * ^* 1 

Let c* =:a, 2* = X ; then the given fluxion becomes = 
3 

!* ■ ■ s — - X *; — -; ; and the fluent as — . x a cir- 
cular arc of radius a, and tangent x. 

2. To find the fluent of 5i — r;;- 
This may be transformed in the same manner into 
- X -T-— . J or — X -r — -\ whose fluent = — x hyp. 

If the variable quantity under the radical have a 
coefficient^ bring it without the radical. 



Fluent 46. 



«i-«« 



(347.) Required the fluent of- r . 
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«*•"*» » . a 



This = . Let - = i* and «• = « ; then 

the fluxion becomes — j x * ; and the fluent 

?4 (6*+x')4 






= —i X hyp. log. (x+(6»+x')*). 



In the same manner the fluent of -. = ~-. x 

{a - c«")' nbci 

a circular arc of radius i, and sine or. 

Fluent 47. 



(248.) 1. To find the fluent of 



z 



«.(a+c«")« 



This = . Let «* = j?, then % = x^ 



?-i. 



2 



> • • 



•«^ . 2 J-i. i 2 ^ i 2i? 

ana« = -xjf j?; /. -=-.x — r-=— , - 

2£ ^.^ a _ ,,\ 2£ 

1 2hi 1 
— -r X — : f ; whose fluent = r x hyp. log. 

(fc* + x')i - 6 1 u 1 (« + ^«")* - a* 
JT: T = — 1 X hyp. log. ^ — • i- , 

When a is negative the fluent fails, for — j is impossible. 
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2. By the same substitation the fluxion of j 

z.(c^ -ay 

2 V^ X 
may be reduced to x ^ 1 ; whose fluent = 

7 X a circular arc of radius b, and secant x. 



nVc^ 



% 1 
3. And the fluent of ; = ^ X hyp. 



log* « ^ -^ . 

^ 6 + (i*-a?^)i 



Fluent 48. 



(249.) To find the fluent of 



rx * X 



(r"-3 _jf—3)i • 



"^ n-3 



1. LetJf*-' = &*, or«=x* ; theni;= ~xar«i; 

2 

.•. r-= a? * ii hence the given flux*. = -^ > — , 

w-3 ^ (n-3).(r^-3_5^)4 






(n— 3).r ^ (r^-s^ ;g«) 



t; and the fluent =5 



— 2y »— >*< 

;r=5 X 21 circular arc of radius r * , and cosine «; 



(n-3).r 



s( 



or X '^ . 



2. In the same manner the fluent of 



(r~-3 - a^-3)4 



i:^ X a circular arc of radius r « , and cosine x * . 



»-« 



{n — 3).r « 
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These fluents are used in Art l63. and l64. Sect. 4. 
Chap. XIX. 

Rule III. When the power or powers of the variable 
quantity without the radical are mostly in the denomi- 
nator, it may be useful to substitute for the reciprocal of 
the quantity. 

Fluent 49. 



(250.) Required the fluent of ^ . 

1 z 

Let X = - , then - ■* = ^ ; and the given fluxion = 

— i _ -XX _ /., . ix ^hxx 

(ix4~, .1 I." "=~ / ^i whose 



(x»+ft')^' 


\ wnoi 


,)»=-(2 


« + «^)i 


• 

% 





Fluent 60. 

(251.) To find the fluent of- 

«.(2*+a«)"^ 

Let«=-; then, a?=^?^and-xx« = -,or— - = *. 



and the given fluxion = 



z 



1 — Ai • 
(i( b - -) ^ ; and the fluent = - 2 i^ • (J + x.)^ 

Fluent 51. 

(252.) By a similar substitution, and the application 
of the Rule in Sect. 2. Art. 211., the fluents of the foU 
lowing fluxions may be found. 



270 FtUENTS. 

1. The fluent of ^ l^i^'+^V-^^^ • 

3. The fluent of ^ ^ — ^ =-^ — ,,^ ^ x ^ ^^ ^ 

^ 15^ or 

3. The fluent of 



x^ . (a» + a?*)"^ a*x.(a*+a?7 



07 



4. The fluent of ^ , &c. &c. 



(253.) To find the fluent of 



Fluent 62. 



(a + x)^(a*-a?») 



a + oj "^ -^ {a+xy y 
a,and«'=:— — ha'; /. (a*-x') =| j) = 

y y y ^ ^ ^y f^ 



(2ay-i) 



; .'.the flux". = ^ — =- — - — ^ 



{^ay^l)^ iSj-^^y-i.) 



2a> 



which is of the same form with Fluent 19. 



Fluent 63. 



(264.) To find the fluent of — j , 

(« + «)'. (a' +a« + 55')* 

*^^— r~1 — ;then«= — • =ax ; .•. x = 

-- IF* "^^^ x' ^^ ("* + «2 + «V = - >^ 
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o Sti fC ^^ ft. 3C S* 

(o* — a a? + ar*) ; /. the given fluxion = 



of which the fluent is found in Fluents 82^ 83. 

In some cases it is useful to substitute not for the re- 
ciprocal of the denominator^ but for the denominator 
itself. 

Fluent 54. 

(255.) To find the fluent of ^f ^^^y^ , 

Let X— p=a;; a» = «+/>, and i =si; hence the given 
fluxion = f^^ = (if Lp + M—h) f — = 

h -^ ; whose fluent is L x hyp. log. z =s i x 

hyp. log. (or -p)- J-—. 

Fluent 65. 
(256.) To find the fluent of ^^f "^ ^ . 
Letl+«*=a?; then«*=ar-l, and «* = ar*-2x+l; 
.\ zH:=^ — — - ; also xi = - ; and (1 +«*) = a?*; .•. the 

2 2 3 

1 . 3a . , 3o . 
given flux.on= H 1_ 1 =— - -^; 

and the fluent = ^-l=-.^V.-. " 



2x x» 3.(l+«») (1+2")'* 

Rule IV. The given fluxion may frequently be re- 
duced to a better form, by actual multiplication or division. 



f 
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Fluent 56. 
(257.) The fluent of -4^=/.-^ , :,* being 

niultiplied both into the numerator and denominator; 
and the fluent (Fluent 23.) = (aa? +x')''- -a x hyp. 



2 



log. ^j?+ ? + (ar' + aj?) ). 

Fluent 57. 

(258.) The fluent of— ^^= f, ^^ , which 

corresponds with Fluent 33 . 

Fluent 58. 

(259.) The fluent of i . («* ± a*) = the fluent of 

= — Y ; the fluent of the first part is given in Fluent 14, 

(x* ±a")* 

and of the last in Art. 43. 

2. The fluents of «*i. (a'±J?')* &c.; ^i.(a»±x*)* 
where n is an even number may be found in the same 
way. 

h ft/* 4- fe'^i 1 

3. The fluent of '^'^^ ^ — - by this method =:g x 

iog<y + (6' +y')*) + 6' >< hyp. iog.(y + (ft* +y')*)) = ^^ 

(y* + 6* y')* + i* X hyp. log. (y + (*» + y')*). This fluent 
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is used in finding the length of the common parabola^ 
Ex. 2. Art. 55 ; of the Spiral of Archimedes^ Prob« 6. 
Art. 1 35 ; and of the Surface of a Solid generated by the 
revolution of the logarithmic curve about its axis^ 
Art. 136. Prob. 6. 

Fluent 59. 

(360.) The fluent of iiliHl^^/; -1^+ 

' X ^ (3aF+a^)4 

'• — , ; for which see Art. 43., and Fluent 33. 

Thus also the fluents of ' and of 

^i^=^ by Fluent 33. 

X ^ 

Fluent 6o. 
(361.) 1. The fluent of M^±^*=/_^^ + 

Jr. i=rx hyp. I<«. -^ -r — +(<» +«)'• 

This fluent is used in finding the length of the loga- 
rithmic curv^ Art. 136. Prob. 5. 

3. Thefluentof ^:i^=^=/— ^ -/. — ^ 

* ^ (a;' -a')' x.{x*-a')i 

= (x* - a*)t — a circular arc of radius a, and secant x. 

Fluent 6i. 

ax 



(263.) The fluent of -r—^^ — 1=/^ ^= 

^yp- log- (x+ ^+ix* + ax)''^ . 



-=ax 
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Rule V. The given fluxion may frequently be reduced 
to a better form^ by the addition and subtraction of an- 
other quantity, or by dividing it into other parts. 

Fluent 62. 

(263.) To find the fluent of 4r- • 

xJk , XX . . ax ^ j^ XX 
a+x «+j? a+x ^ a + ar 

ax hyp. log. (a+x). 

^ XX . ^ XX . ax . f xi „ ^^ 

a — 0? a— X a— X "^ a— x 

hyp. log. (a— x). 

^ XX . XX . . ax f XX 

3. =x+ x=:x+ ; •'./• T =x+ax 

.X— a X— a X— a "^ x-a 



hyp log. (x-a). 



Fluent 63. 



(264.) To find the fluent of -^^ . 

1. A± :^i^ ^^ i:^i^^^^;^ndthefiuentzz 
a*+x' ^a*+x* a'+x*' 

X — a circular arc of radius a, and tangent x. 

X* X a 
3. In the same manner, the fluent -r — -1 = « X hyp. 

' a*— x^ 3 "^ 

1 « + x 

log. X. 

^ a-x 

X* X • fl J? — " fl 

3. And the fluent -r ssx+- x hyp. log. . 
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Fluent 64. 
(265.) To end the fluent of -q^. 

a^x __ . , x^i ._ . a^xi / s^x 

3. The /. -r r in the same mannerss x 

•^ a* — a?* 2 2 

hyp. log. (a'-ar'). 



Fluent 65. 

(266.) To find the fluent of- x r~. 
^ . X l—x 

- nm • X X"^^ ^XX I ^XX u/ " Ju XX I ^M? 

1- This =----= ^ +--^^ =„-■>__- + 



k— « * 



a?— o?'^ a:-a?* x — 4^* x— x* 1-j?* 

and the fluent = hyp. log. (x - ar*) — 2 x hyp. log. (1 — x) = 
hyp. log. (j? - J?*) — hy p. log. (1 -x)^ 

y» i 1 
. - X --7— =s hyp. lo^. 

(«+«•) - hyp. log. (1 +«)». 

Fluent QQ. 

(267.) To find the fluent of ^•(^«*+^)* . 

rrn • 2ai xx ax-k-xx 
rhis « jH J = -^ ^ + 

{2 ax + «*)* (2ax+a?*)4 (aflix+x^)* 

s2 



1^76 ShVBxm. 



Sf. J.; and the fluent = (2aa?+a;*)* +« x hyp. log. 



(2ar+a;')' 

of (x + a +(2ax+i')^) (Art. 43). 

For anoAer method, see Fluent 59. 

Fluent &l, 

(868.) Thefluentofy"*y*(a-i^r =/. (ay « y«)4 ' 

arc of radius ^ o, and versed sine y. 

Fluent 68. 

(369.) The fluent of y . (^) =/-(^_y)4 = 
yy _ /. ia»f-yy . /• , *^ .- = - 

(ay - y*)i + a circular arc of radius J a, and versed sine y. 

Fluent 69. 

f * 

(270.) The fluent of ^-^^ =/. ^^^^^^ 

f-i^ =(Ar + x»)4-|ax hyp.log.(«4-| + 
'/'{ax+x'p ■ 

(x* + oa^- 

Fluent 70. 

(271.) The fluent of -^.^i;,. ^J'l^ c + x 

(if«=.^=^x/— ^+r— i'^V' ^-cW 
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gX (x^cx hyp. log. (c+«))= 5 X «- p X hyp. log. 



Fluent 71« 



(273.) I. The Hueat of — ^--. = /. , ,,i 



+ 



(ax - 3^y 



i -r •^— » 



(2*-' - 1)-T = - (2x - «*)~T + p 

(2x-' - i)^ 

— 1 * _ ' J fL__ 

(3x - x»)4 (2 - x)* ~ (2x - x')* (2x - x»)* 
x-1 

■ 

X 

2. In the same manner, the fluent of 



(3X+x') 

x+1 



3 

T 



(2x+ar')4 (2x + 3f)i {2x + 1?^)4 * 



je 0? — !> axx 



3. The fluent of — — — i = /*• 7 + 



1 
7. ox 



/ -^ = « (x' - ,} ax»)* + I . (x-|a)i 

Rule VI. When the given fluxion is affected by two 
different surds, and the jational quantity without the 
vinculum is in a given ratio to the fluxion of the variable 
quantity under it, it may be useful to substitute for 
one of the surds. 
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Fluent 72. 
(273.) To find the fluent of ^^-li?— f^. 

Assume a? = («* - A*)' ; .*. a?- =3 «* — i* ; and xx = %%. 
Also - i* — a:^ = — «* ; /. a* — i* — ar' = a* — a% or if 

(^ = a* - h\ (c* - a?')4 ~ (tf - «•)* ; therefore the fluxion = 
XX. {e-:^)^ ^ .T ■ r/^^ - .r»)^ ^^±Z^. whose fluent 

is found in Art. 44. and Fluent 15. The same Rule maj 
be applied in cases like the following. 

Fluent 73. 
(274.) To find the fluent of 5^:^!=.**) 



1. Let i*+«*=ix* ; then %% = xx. Also (a^— 2?*)^ « 
(a»+ ft»- j:*)4 = (c* - X*)*, if <f = a*+ 6* ; therefore the 

given fluxion = ^ — 5 = — ^ ^ ; whose 



a?' X 



fluent = - X hyp. log. ^^^(^_^)| + (c* - ^)4. 

2. The fluent of — — r-^ is found in the 

same manner. If a? be assumed = (c*— 2*)*, 
the fluent will be found = — a circular 
area BCED whose radius is (b* + (^)i 
and cosine x» 

Fluent 74. 
(275.) Nearly in the same manner we may find 
the fluent of (a + c^")** X dz'^^z, where the index of z 
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without the vioculam^ increased by unity, is some 
multiple of the index of z under the vinculum, 

x-4a , ^ (4?— a) 
Let a + ca*= x ; then «*= — ^ ; and %*^= ■ ^ ; 

.-. rn«"-'i « ^JEZ^L^ and ^'-^i^— ,-(^-«r'i; 
or if r — 1 = J, dsT^^i s= — . (x— a)' x i = (by the 

binomial theorem*) -^ . (af^saoT^ + s . a*a?^ - &c.) 

^^ fuf ^ 2 ^ 

Now for dsT^^k substitute this quantity, and aS^ for 
(a + c«")"*, and the given fluxion will become — ; x 

^x . (of - saaT^ + s . -^ — a'*^ — &cA = — -. 
\ 2 ^ n(f 

(ar+'i - sasT^'-^x +s. ^^ a^sT^^x - &c,) Hence the 

fluent = — ;. ( — 1^ — — ; — + ; ; 

— &c.) 

On this Fluent it is useful to observe, 

1 . The series, arising from the expansion of {x — a)\ 
will terminate, if r, and consequently ^, be a whole 
positive number; therefore if m be a positive whole 
number, or 2Lj)osittve or negative fraction, the fluent can 
be found. 

2. If r be a positive whole number, and m a negative 
whole number greater than ^ + 1 , or r, the fluent can 
be found. 

3. But if 911 be a negative whole number equal to or 
less than r, the variable part of one of the terms becomes - , 
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which is found not by the common forms^ bat by 
logarithms. 

4. By Reduction, the original, fluxion becomes 
(a«"*+c)^.<?«^"*'*''^^""''«; therefore if m and r be both 
fractions, but m+r a negative whole number, the fluent 
can be found by transforming the fluxion as before. The 
series will always terminate, and the fluent of each term 
may be obtained by the common method. 

Fluent 76. 
(276.) If a = r*,c=-l, n=3, m=i, rf=l,andr=2, 

this fluxion becomes z' i; . (r* - «*)'. To find the fluent, 

let (r' - z*)^ =y ; then 2*=!^ - y*, and «* = r* — 3r*y* +y*; 

/. z^z = — r*yy +2^y ; and z^L (r* - «')» = — r*^y + yS/ ; 

whose fluent = - r r^y'+ry*. Now when «=0, sup- 

pose y = r ; the cor. = •—• ; and the whole corrected flu- 

• 2t^ 
ent, when z=^r (ory=0), is-—-. This fluent is used 

15 

in finding the center of gyration of a sphere. For 
another method, see Fluent 1 1 . 

Rule VII. A trinomial may be reduced to a binomial, 
by substituting for the variable quantity and half the 
coefiicient of the middle term with its proper sign. 

Fluei^t 7^- 

(277.) Required the fluent of } . 

^ ^ ^ {b^ + cz + ^ 

Letj?=« + |c; thena?*=«* + c;s+^c^; /.«?• + J'— 7 = 

c* 
«* + cx+J*; that is, if a' = 6* , the given fluxion t= 

r ; and the fluent =s hyp. log. v,^ + («* + 3^') ^ • 
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Fluent 77» 



2*"'% 



(378.) Required the fluent of — -, • 

. This = T iTh i • Assume «" + — = a? ; 

\c c / 

then «'-+*£ + i;=:x% and f «- + ^ + ?)* = 

c 4c- \ c cy 

V c 4c'y \ - / » ^ 4jj»> „ 

«*"*■« ; therefore the given fluxions — j j ; whose 



i 



fluents — 1 X hyp. log. (a? + (x* ± rf*) ) . 



nc» 



Fluent 78. 
{279.) Required the fluent of ^ . (a + *« + c«*)* 

Assume 2+ -* sx: then by the last case the fluxion 

may be reduced to the form xc^ {x^ + d^)^ , whose fluent 
is found in Art. 259. Fluent 58. 

Fluent 79. 
(280.) Required the fluent of ««-' i . (a + i«~ + c«**)i 

h ' T ft SC* 

Assume z'^+ — =x; .*. x"""" 5 = - ; and »*" + h 

^ 2c . n c 

;j^=x*; /. («•»+—+ ^)=(x»±rf»), when ±i^= 

7— 7:; ; and the given fluxion = ^ — == , whose 

c 4c* ° n 

fluent is found in Fluent 58. 
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Fluent 80. 



, «— '» 



(28 1 .) Required the fluent of ' , ■ ■ — ^ . 

Assume 2"-| — =x; then the fluxion may be reduced 

to the form — . ^ . av » and the fluent found as before* 



Fluent 81. 
(383.) To end the fluent of -; — y . 

Let X — = «; then A=«, and x* — aa:H — =«*; .'• j:* — 
2 ' 4 

ax+ft = 2*+6 — ~=nf c*=6 — ^) 2*±e*, according as 

■ 

^ is positive or negative; that is^ according as the two 
values of x are impossible^ or possible. Also cxi-- 

rfi=:c;K«+ -— rfi; therefore the given fluxion is 

transformed into ^ — 3 — ~ ss (if ^ac^d=m) 

— ^5 — 5— ; and the fluents | c x hyp. log. («* ± c^H — x 

m i ^ ^^ 

a circular arc^ of radius e and tangent Zy if e^ be positive ; 
and if c* be negative, the last part = -r — ;= - t— x 

-5 5 , and its fluent is x hyp. log. . Let the 

fluent of this second part = A ; then the whole required 
fluent is ^ c X hyp. log. {z* ± e*) + A. 
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F1.0ENT 83. 



(383.) To find the fluent of — r . 

(a»--ax+ar*)5 

Assume a?— |=y ; then, as before, (x»-aar + a*)* == 



a* 



Also x'sry + ay + ~-, .'.xx=^ + lay; and the 



4 



given fluxion = "-^ ' ■ . + ±^ — , . and the 

fluent = (y» + -—•) + §a X hyp. log. of (y + 

Fluent 83. 

9 * 

(284.) In the same manner the fluent of — — . 

(a* - ax+ x^y 

may be resolved into ^f „ v , -^'^ , , , and 



a» 



4^ 



(^■^ ^4) 



of which the first is known by Fluent 14.; 



3a»\i 
4 

3a»\4 



the second = a. (^ + -JL^ ^. and the third = — x hyp. log. 
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Rule VIIL If the fluxional quantity without the tri- 
nomial be not properly related to the fluxion of the 
highest power of the variable quantity in it, after sub- 
stitution the binomial may be expanded, and the fluent 
of each term taken separately. If the series terminates, 
the whole fluent is obtained; if not, this is only an 
approximation to its value. 

Fluent 84. 

!K** Si 

• (285.) Required the fluent of , . 

Let 2 + -— = x; then i=:i, and jS^ = ( x t" J • 

Also «* + — + - =j?*+ £p, if +i» = — -— , and the 

c c "■ c 4c 

fluxion = / - . ia\ " ; where m being by supposition 

(b \"* 
X- -—J must be expanded, 

and the fluent of each term be taken by continuation* 

This is of the same form with the 4th of De Moivre*s, 
CorolK 1. 

Fluent 85. 



(286.) To find the fluent of 



a + bz+cz* ' 



Let -=«;.•. i=—^, and «""'*s=y*, and a+i« + erf" 

=a H — I- -T ; therefore the fluxion = — - ■ ^^ — , whose 

fluent may be found by the last case. 

This is of the same form with De Moivre*s 7th, 
CoroIK 1. 



i 
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Fluent 86. 



«'-"»x 



(3870 Required the fluent of ^^^.^^^^ . 

Let a"=y ; then 7f*=tfi and «•"""' % =^^ — ^ j th^ de- 



nominator becomes a + 6y + cy*, and the whole fluxion = 

-xy' 'y 
; : in which r—1 being assumed an affirmative 

integer, the fluent can be found by Fluent 84. 



Fluent 87. 
(288.) To And the fluent of ^_^j^^ ^ l^^ . 

Let x"= - ; then «~"'=y'; and «;-"—«= - ^^ . 

h c 

Also the denominator = a + - + ri ; and the whole flux- 

ion = — — , whose fluent can be found by 

Fluent 84. 

This and the last are of a form similar to the 1 2th of 
De Mcnvre's. 



Fluent 88. 



z^z 



(289.) To find the fluent of r? ^ being 

{a+hzf cz*) a 



an integer. 

b . h^m 

2c 



h / b \^ 

Assume z + '^^x; then i=i, and «"•= (^x - ^J ; 
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and the whole may be reduced to the form 

— T p ; whose fluent may be found by expanding 

the binomial. 

Flitent 89. 
(290.) 1. To find the fluent of ; -r . 

1 — y 

Let «=-, then ;:;""*=y'", and i;= — 5-; hence the 

fluxion becomes, by the same methods, = =^—7 , 

whose fluent may be found by the bst. 



«"*""'z 



2. The fluent of — -, may be found in 

the same manner, by assuming yszjs''. 

3. And that of -; * by taking »*= - • 

{a^hz^+cz^)^ ^ ^ y 

Fluent 90. 
(291.) I. Forthcfluentof;K'«^.(a + i;K+c«*)-,takex:= 



b^ 



« + -— > it ^^y ^ thus reduced to the form (x r ) X 

2c " V 2c^ 



ic (a?* + rf*)' , the fluent of which is found by expanding 



2. For the fluent of «""•« i . (a + hz+cz^) , assume z = 
^ the given fluxion = - yy"*"' . {ay^+hy+c) , whose 
fluent is found by the last case. 
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3. For that of «"-';5,(a+i«- + cO^ take«" also 

= y. 

4. And for that of «-*^-'i (a + i«-+c«*'') ,Iet«*=i 

Fluent 91. 

XX 



(292.) To find the fluent of , . 

(2x— 4wx+2nx')4 

This =zxi.{2X'^4nx+2nx^)''i. Assume 2x =a^4nj?— 
2n:c*s6; then since (a - i) =a"*--mfl^"'*i+m . — — 
o^^^i*— &c. by substituting for a, b and m their values^ 



-i a? , «x 






(2x-4n:r + 2«a^) "*=:— ^ + — ; ^ri- 4- &c.; and 

2T s**" 24 

the fluxion = --7- + — ; — - —; — + &c. ; whose fluent = 

g-i- 3T 3T 

+ &c. 

3 3 5X2- 

This fluent is used in Art. 138. Prob. 9. in the 
Attraction of Bodies. 

Fluent 92. 

XX 



(293.) To find the fluent of -^ 

Assume a=:2x; 6 = 4iijp- 2»a?*; then since (a + &)* 
=a«+m{r-"6+m. ^^rf"-*6*+&c. by substituting 
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as in the last case, we have xi. {2x+4nx - Sna?*)"" = 

XX nx'^x nx^x . i ^t a ^ i^x^ . 

-J- + — , T- + &c. ; and the fluent = - + 

nx^ 2^nx^ + &c. 



6x3^ "^ 

This fluent is used in Art. 138. Prob. 10. on the 
Attraction of Bodies. In both these cases, if n be veiy 
small, the succeeding terms vanish, and the whole fluent 
is expressed by the three first terms of the series. 

Fluent 93. 
(294.) To find the fluent of — in a series. 

In cases of this kind^ no substitution is necessary. 
Fora'-y» = a«.(l-g);.-.— ^.^ ^-^ = 

1 - '— ^ ^ ; which, expanded by the series (a — fc) , 

^ V ^ 2a* 2.4a* / ^ 2a^ 2.40* ' 

and the fluent=y + — ? — - + ^ ^^ — - + &c. 

'^2.3.a* 2.4.6.a*^ 

This fluent is used in Art. 55. Ex. 5. 

(295.) Rule IX-. When the denominator is a rational 
trinomial or multinomial, the best way of proceeding ia 
general is to resolve the given fraction into binomial ones, 
by assuming the denominators 0^ and finding its roots. 



Fluent 94. 
(396.) To find the fluent of , ^ . , . 

Leta;* + ax+J=0; then the roots are - 5 — (^ ~0^ 
and - - + (— — by . Let these quantities = p and 

* 

y ; then (a?-/>) . (a?-y) = a?* + ax4- &• 

Let then H » 1 — —.; then 

^ _ 

-rf.(jp-o)+fi.(ar-») 1 

' — /^ \,\ /« — IT^ = rr; n.9 hence, the nume- 

rators being equal as well as the denominators^ we have 



+ 



3x - Bp> = O; 



.•. Ax + Bx^O, and -^s= - B ; also '^Aq^Bp^ 1 ; or, 
since A= --B, Ap-^ Aq = I ; .\ A = , and jB=s 

1 -<4r -Bi X , 

; .•. since + = 7-; r-—, we have 

q'-p x^p a?— g a?* + aa7+6 

*i X X . 

and 



the fluent = x hyp. log. (^-/>) + X hyp. log. 

Jr. M M. Ir 

(297.) The quantities A^ B, &c. may be determined 
more easily, by substituting one of its roots for x after the 
multiplication, in which case most of the terms will 
vanish. 

Thus, let p, g, r^ &c. be roots of the equation 

T 
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of — Paf^"^ + &c. =0, to resolve the fraction «_nji-i . •. 

into 1 1 H &c. 

x—p X'-q ap — r 

Reduce the fractions to a common denominator ; then 
the denominators on both sides of this equation will be 
equal, and the sum of the numerators will s 1 . That is, 
if • (a: - 9) . (x — r) . &c. + L.{x^p) . (x - r) • &c. 
+ M . (Jf — />) . {x — q). &c. sz 1. Now as this is true 
for every value of x, let x =3 p ; then x - /i = ; .*. Jf 

Next let x=9; thenx — jr=rO, and L.(j— p).(j— r).&c. 

= 1 ; /. L = •; r — 7 r— 5 — ; and in the same 

manner the other numerators may be determined. 



Fluent 95. 



(298.) To find the fluent of 



x^x 



x^ + ox^+te+c * 



K li 

Assume », a, and r, the roots ; and let 4- + 

-* X— I? X — J 

^ ^ -;theaif= ^ 



X— r x^ + flx* + 6x + c' (P""?)*0' — **) * 

Zr = -^^ r— ; r ; il/ = ; r— 7 * 1 \ and thc 

• ri ■ /kX X MdiX X 1Vm.X^X gt t * 1 «t 

eriven fluxion = 1 1 ; of which the 

^ x—p X— y X — r 

X* 

fluents, by actual division^ are iC x r- + J^ 4- ii^ X 
hyp. log. (jf - p) + L X - + Lqx + Lq* x hyp. log 

X* 

(x— 5) 4- ilf X 7- + iWrx + Mr^ x hyp. log. (x-r) =j 
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(A'+L+3f),-j + (A/i+£j+ilfr).«+iep* x hyp. log. 

{x-p) + Lq^ X hyp. log. (^ — 9) + Mr^ x hyp. log. 
(a? — r). 

Fluent 96. 

(399) To find the fluent of ^_,p^-i . g^, , w being 

a whole positive number^ and the roots of the denomi* 
nator />, q^ r, &c. 

This fluxion may be resolved like the last, into the 

following quantities ; h H &c. ; where K. 

X ^ p X -- q 

L, &c. may be determined as before, and the fluents may 
be found in each case by actual division. The first fluent 

"^ HT ^ m-l ■*■ ^^' + ^i^ X hyp. log. (x-p) ; 

in like manner the fluents of the other quantities are 
found. The sum of all these is the fluent required; 

and \t= {K + L + &c.) x — + (Kp + Lq + &c.) 

rtv 

— — 4-&C. + Kp^x hyp. log. {x—p) + Lq^ x hyp. log. 

(x — j) + &c. 

To determine when any of these coefllicients become 
equal to nothing. Vide Dr. Waring's Medit. Algeh. 
in the Addenda. 

(300.) If two roots, as;? and q^ are equal, one of the 
quantities must have a quadratic .divisor {x-p) . 

x'^ax^+bx^c (x-^p) a-r 
to a common denominator, and equate the numerators ; 
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then Lx^ - Lrx — Mr 
+ Na? + ifcTj? + 
— 2Npx 
hence, Zr+i\r=0;ilf-Zrr—2iVp=0; -Mr+Np^- 1=0; 

r r 



Hence the fluent of -7 r — r = /, ' r — |- 

/!. ; where L. M. and iVare found. And this fluent 

= L X hyp. log. (x - jp) ^_ -»- iV' X hyp. log. 

(j?-r). (Fluent 54.) 

(301.) If some of the roots p^ q^ r, &c. be impossible, 
the fractions, in which the impossible roots are contained, 
must be incorporated in pairs ; and then the impossible 
quantities will disappear. For if ± a + ^ — 6% and 

± a - ^/""^-^* be the roots of an equation of two 
dimensions, since they enter by pairs, the equation 

itself is (i? + a - v' — *0 • (j? + « + V - *0> <>' 
X* T 202? + a* + 6* sx ; where the imaginary quantities 
are not found. 

Fluent 97. 

(303.) Let the proposed fraction be -^ ^^-7 — 5- . 

and let two roots, p and y, of the cubic equation be 
impossible. 

. L ^ M ^ N 1 
Assume + — ; = -5 — , ^ 

x-p x^q ' x^r J(^+ax*+bx + c^ 
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and incorporate the two first ; then we have the given 

X* — {p + q) •x+pq a? - r 

where the impossible parts vanish, as will appear by 

substituting a + ^—6* and a - \/ - 6* for p and q. 
The fluent of the first part is found by the method of 
Fluent 94. ; and the fluent of the last^ is A^ X hyp. log* 
{x - r). 

Fluent 98. 

(303.) In general, to find the fluent of -5 r • 

If the roots be both possible, resolve -3 7 into 

; and the given fluxion = — — + 



x-'p x-^q " x^p x^q 

whose fluents have already been found. 

But if the roots be impossible, divide af^x. by 
jc^ _ ax + ft, until the remainder becomes ex A - dx, 
c and d being the ooeflicients, which arise firom die 
division ; let the quotient be af^^^x + aaf^^^x + (tf — ft) • 

jc^^^i + &c. + -T — — tt; and the fluent s= j- 

hyp. 1<^. («• ± e*) + ^. (Fluent 8 1 .) 

(304.) RuLB X. When the denominator of the 
fluxion is of the form {x + a)** . {x + 6)*, the given 

fraction- must be resolved into others of the form 



(x+a) 
M N „ P Q 

^n + ■ ' . ,»,« + &C. + ' --; + ^ -nsn + 



(x+a)— (x+a)"*- (x+i)" (x+i)' 



294 FLUENTS. 

R 

— Tg + &c., respectively continued to m and u 

(x + by 
quantities. 

(305.) Lemma. To resolve ; into 

{x + a) .(x + J) 

+ :;s3i + &c. 



{x+a) (x+a) 

Reduce the fractions to a common denominator^ and 
suppose the numerators on each side equal; then L. 
(x+by +M.{x + b)\{x+a) + N. {x+b^. {x+af 
+ &c. + P.ix + af + Q. {x + df.{x+b) + R. 

(x+a) .{x+b) + &c. = 1. Call this equation ^. Now 
assume x + a^=sOi then x ss -^ a, and ail those terms, 

into which x+a enters, = ; .'. L . (i — a)* = l, 
and L = j • Take the flwuon of the equation J, 

and divide by x ; then nL . (a?+ft)"" + nM. {x + 6)*"* x i 

(x + a) + M. (x + b) + &c. =s o. Let x = — a, and 
we have nL.(b — a)"^' + il/. (J — a)** = O ; .\ M :sz 
— nL — n 

the last equation^ making x + a=^0^ and the values of 
iV^ &c. will be determined. 



T = -: TTf • Continue to take the fluxion of 



Again^ assume x -f fr = 0, and P will be found = 

• • > 

; take the fluxion^ and again assume x + b s ; 



•^ Tit 

then Q = — — • ■ , , and so on for JR, Sy &c. 

(a— b) 



(306.) To find the fluent of 
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• Fluent. 99. 



{x + af .{x-^rh)' 



I-^sFx 
By the last Artick, the given fluxion = + 

(x-fa) 
—I + &c. + + -Tx +&C. Assume 



{x^aT {x+hf (x+iy 

ir+A«B2; then x =(«-a) , and x*x== i.(je-a) ; 

.*. — = Z/ X -^ jjp — = by actual expansion, 

(x + a) * 

r — 1 
L X hr^i - ra^K'*"**^; + r . x a^z^'^'^z - &c. 

to r+ 1 terms). The fluent of every term in this series 
can be found by the common method, except that where 
the index of ;s is — 1, which involves the logarithm of z. 
In the same manner the fluents of the other series can be 
determined, and their sum is the fluent required. 



SECTION V. 

(307.) The sixteen following Fluents are taken fix>m 
De Moivre's Miscellanea Analytical Lib. III. 

Fluent 100. {De Moivre I.) 

To find the fluent of-—-; — ^ (A), where a is less 

than 1, or the roots of the denominator impossible. 

Let t; =» 2 + a; then 1 + 2az + a'=r* — a*+l = 
*• + ti*, if 1 — a* =^* ; and i — vy .•. the given fluxion at 
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; mA the fluent =s --- x a circular 
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V _ 1 s'*v 

7+v^ ~?^ FTt? 

arc of radius s, and tangent v; orof mdm^ «= (l — a*)*, 
and tangent « + a. 

Hence this construction : 
With C as center, and C^= 1 as radins, describe the 
semicircle JSDF. TakeC^=«, 
and CB on the other side of 
C^a; draw the ordinate BD; 
with I) as center, and DB radius, 
describe a circular arc BGHi ^ ^ 

then BA =zz+ a = v; and DB = ^ « (l - a*)i; 

/. the fluent = -j^, x the arc Bi7. 

(308.) The fluent of- — ' , ia found by takic^ 
z -^ a^v\ and it = ^ X a circular arc of radius s, and 




tangent »-a. 

Here take CA^%, CB ^ a 
on the same side of C, and draw 
the ordinate BD; join DC, 



1 



DA ; then the fluent = -rrrr. x ^ 



/>B» 




the arc BH. 



(309.) The fluent of-- -, where a is less 

than 1, may be found in the same manner by assuming 
^^a = v; for in this case r* + 2ar% + «*=:^r*. («*+»*); 

TV 1 

and «=»T;i .-. the given fluxion = prj-^:^ ~ w« ^ 
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— r ; &iid the fluents — x a circular arc of radius s s 

i X 

(1 — a*) , and tangent - +a. 

(310.) And the fluent of -r — ;, where a is 

less than 1^ may be found by taking . — a= v» 

T 

Fluent 101. {De Maivre 2.) 

■ 

(311.) To find the fluent of i^^az + z" (*)' ^^^^ 
a is less than 1. 

Let V = z + a; then the denominator zns^+v*; also 
2* = v* — Slav + o* ; .•. ai = t;^; — ai; ; and the given 

fluxipn =— ^ ^; and the fluent = J hyp. log. (**+v') 

— ; X a circular arc of radius s, and tangent vshyp. log. 

^f'+vT--; X arc BH(Fig. to Fluent 100.) = hyp. 
log. otAD^jj^ X arc JJ/T. 



zz 



(3 1 2.) The fluent of — i is found by as-- 

suming s — aacr. 

zz 
(313.) The fluent of -t: — — ^, where a is less 

than 1^ may be found by assuming -^ + a^^vi 

w 

%Z Z 

And of - — :; ; — ; , by taking -- a=t;. 
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Fluent 103. {De Mawre 3.) 

(314.) To find the fluent of --— ^-i_— , (Q, where 
^ ^ l+2a« + »"^ ^^ 

a is less than 1 • 

Divide the numerator by the denominator in an in* 
verted order. , 

«*+ 2a« + l)z*z {i 

— 2azz--i 
.•. Cgg*- ■ , ^ ; t - -— :: s; and the fluent 



«r 



C=»— 2aB--^. 



Fluent 1 03 . (Dc Moivre 4.) 



2'x 



(315.) To find the fluent of , , " — - (Z>), a beinj 
^ ^ 1 + 2az + z^^ ' ^ 

less than 1 • 

Divide^ as before, in an inverted order ; then the giv9 

^ « 2az^z zz 
fluxion =2;«— -— — — - — — — —-5^ 

or b ^ zz - 2a C — B; 
.-. JD = ^ - 2aC- 5. 

2 

In the same manner the series might be continued to 
any power of 2. 

^ (3l6.) Coif.. 1. Hence, if a be less than 1^ and m 
any whole positive number, we can determine the fluent 

^n z z • » 



FLUEKTS. 299 

Divide the numerator by the denominator in an in* 
verted order, till the remainder becomes ± ~ 



1 + 2a« + z^^ 

c and e being the coefficients ; then the ^ven fluxions 

* ■ * 

C Z Z "r 6 Z 

s?"""'«-2a%'""*i; + 2 6«'*"'*i;— &c. + - . ^"^ i; and 

" l+2az+z^ 

the required fiuent= * + &c. + cB + eA. 



(3170 ^^^* 2* If a be less than 1, and m*be a 

z^ z 

positive fraction, the fluent of --— : — ? can be found. 

'^ l+2az+z* 

d 
Let m= 7 > ft fraction in its lowest terms ; then, if 

t)=zz^ y t/'=«'?; also « = t/; ••. z=tt^''^v, andx'sv**; 
hence the given fluxion = - . o ' ^^t l u • ^^* (^7 Prob. 

77«) the fraction . ^ is divisible into component 

lArts of this form r-^———, — a ; therefore this fluxion is 

reducible to the form -f—rr — : — ^ - t" "i;xr~; — • • of 

which the fluents are known bj the last Corollary ; for 
here b is less than 1, and d and t are whole numbers. 

Fluent 104. (De Moivre 6.) 



»""'« 



(318.) To find the fluent of ^^^ ^^ (J5), abeing 

less than unity. 
Divide the numerator by the denominator in the 
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natural order ; then E— 



z l+2az+z* l + 2az+z^ 

— — 2a-^-jB; and the fluent =s hyp. log. oiz-2aA^B. 

z 

FiiUENT 105. (De Moivre 6.) 

(3 1 9.) To find the fluent of , , .^^ . . {P), a beiog 

^ .1+ 2(IZ + Z 

less than unity. 

• z wt ■ 

Divide as before ; then Fs^ -r - 3a£ -^; and the 

z 

fluent = 2aE--A. 

z 

Fluent 106. {De Moivre 7-) 

(320.) To find the fluent of , . ^ *, . (G), tf 

being less than unity. 

By division, this fluxion = «~*i- 2 a-F—iE; .••the 

fluent G=—~— 2 aP-£; and the fluents may be 

continued to any power. 

(32 L) Cor. 1. If jn be any whole number^ the 

fluent of rr^ ^ can be found by the same method. 

1 + 2az + «* ^ 

Or if t; = - , it can be transformed into the fluxion 



z 



^Vr*V 



m* 



rrr-z T, of which the fluent is known by Art. 31 6. 

l+2av + v*' ^ 

(322.) Cor. 2. And if m be a fraction^ and a less 
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than 1, the fluent can be found by the method adopted 
in Art. 317. 

Fluent 107. {De Moivre 8.) 

(323.) The fluent of j . 2az+g* ' where a is greater 

than 1, is of the same form with the Fluent 94^ and 
found in. the same manner. 

Fluent 108. {De Moivre 9.) 

(324.) To find the fluent of-r-r — , n being a whole 

positive number. 
Divide the numerator by the denominator in an in- 

verted order; then the fluent = —r—? r\ + 

mn m* .(n— 1) 

X*""* 1 

— r-; r- — &c- (^) ± -^ — ; X ^yp- Jog* (1 + ^«)» 

nfi.{n-2) ^ '' m*+* /rev J 

This is similar to Fluent 4. 

Fluent 109. {De Moivre 10.) 
(325.) The fluent of t-t ^^ found by dividing 

in the natural Older ; and it 3s — ■ ,v ^ , + , ^ 

* (w- l)..^'*-* (n— 2)js""' 

&c. (n) ± m"""' X hyp. log. (1 +m«). 

Fluent llO. {De Moivre 11.) 






(326.) To find the fluent of - — -^ . 

1 -|-|»5» 

Takey ■(!»«)* j .•. m«=sy*; also «* =-^, and ;» * 
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^ — gj-^ ; but 1 + m%=:i + y ; ./. the given fluxion is 
m < 

equal to ^^^ ^ , n being substituted for rf+f—l. 

»»• x(i+y) 

Now by Prob, 80. and 8 1 . ■ , ; can he resolved into 

quadratic divisors of the form -r-^L ^—^ &c where 

^ is even, and a is less than 1 ; therefore the resulting 
fluxions in this case will be of the form — =r, x ^^Ql — iKLJL 

whose fluents can be found by the preceding Cases. 
If t is odd, the first divisor is of the form — ^ — , 

and the first tesulting fluxion is — ;rM ^ ■ y whose 

fluent can be found. 






(327.) In the same manner the fluent of can 

be found by the resolutions in Prob. 78* and 79. 

Fluent 111. {De Moivre 1 2.) 

(328.) To find the fluent of h ^ ^^, whoe / 

is less than unity. 

By Prob. 77. ^ ^^^„ y, can be resolved into quad- 
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ratic divisors of the form , \, ^ ■ m > where a is less 

than 1 ; /.by multiplying «•*« into these divisors^ the 

resulting: fluxions will be of the form ^7 — ~^^ — 7- , 

of which the fluents are known by the precedmg Cases, 
whatever be the value of m. 

(329.) If the given fluxion be ^ + 2lz'' + z"^- ' 
multiply both the numerator and the denominator by z^% 
and the fluxion will become -^rrz^r^ — 7 > whose fluent 
can be found. 

Fluent 112. (De Moivre 13.) 

d 

(330.) To find the fluent of — -^ 



n «n • 

l±2/xP + «' 
Take «^ =y ; .•. «' =y^, and k~ = y*^'^'; hence 

^ X «'"* = {d+t)pi^^'^'^, and «^'i = <p x y*+^^. 

1 It , , 

Again, «^ = y ; .•.«?= y*; hence the given fluxion 

becomes = — *^'' '^o,, , whose fluent is known by the 

l±2/y+y"' 

preceding Cases. 

* 

Fluevt 113. {De Mohre 14.) 
(331.) To find the fluent of T^T^. 

By Prob. 78, 79, 80, and 81, the quantity j^ 

L j^ Z 

can be resolved into divisors, either all trinomials of the 
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.^x«* -^^ — -: , where a is lesB than unity ; or into 
1 - 2az + «*• "^ 

divisora partly trinomial and partly binomial, of the f<»rm 
■ - ^ , , or ^ ' ; )S**i is to be multiplied into theise 
divisors^ and the fliients can be found as before. 

(332.) The fluent of — can be found in the same 

manner by the resolution of 



r^±s^ 



t'LUENT 114. (De Moivrt 15.) 



%^z 



(333.) To find the fluent of ^ 2fe'* + g'* * '^^^'^ 
/ is greater than 1 • 






Let 2»=ar; thena'"=a?*} also «=a?i .*. sr*"*=«", 

and a*"* = ^ - ' ^ ; .'. the given fluxion = ^.^i^^g* » 
^hef« r « ^LZl^* ; let -^-j-^J^-j-^ be resolved. 

as in Fluent 94, into and ; then the ori^nal 

fluxion is transformed into two others, whose fluents 
can be found. 

Fluekt 115. (De Moivre l6.) 



z^% 



(334.) To find the fluent of ^ ^ 2l^ + ff?^ ' ^**^ 



«^a; 



/ 1= 1 ; or given the fluent of - —n = Py to ^^^ ^ 



fluent of 



(1 ± «") 
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Divide the numerator and denominator by z^^ ; then 
the fluxion = ^ = ^ x 2^*'*+*. 






= or. 



To find the fluent of this quantity, let — 

and 5J**"""+'=y ; then, since the fluent of yi=ya?-y, a?y, 
the fluent = —J^ . x «--«+« - /. '^""''''"^ x 

«"* ± 1 ~ « . («"■» ± 1) ** « ^J^ I ±z''~' 

g****"^ m- w + 1 

n.(l±5J'') » ^^' 



SECTION VI. 



(335.) On tlie Fluxions of Quantities which have 
a variable Index ; and on the Fluents of Quantities 
which involve Quantities and their Logarithms, Arcs 
and their Sines, 8^c. 

Examples. 

(336.) Ex. 1. To find the fluxion of a^. 

Assume x^ss v; then y x hyp. log. x = hyp. log. v ; 

•'. y X hyp. log. x + ~ = - ; .*. *i5 = i;y x hyp. log. x 

X V 

vux 
+ -^ = x^y X hyp. log. x + yx^" 'i. 

CoR. If X be constant, i s= o ; and the fluxion =3 
^y X hyp. log. X. 

(337.) Ex. 2. The fluxion of (a* + «»)' = {a^+z^fx 

* X hyp. log. {a* + z^) + z . (a* + «')'"' .2zz. This 

u 
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appears by substituting for x and its fluxion^ in the last 
Case, the quantity a^ + z^ and its fluxion. 

(338.) Ex. 3. To find the fluxion of jf. 

» ill 

Let 0)^ = 1;; then a^ =zv^; assume v* = w^ ; .*. by 

Art. 336. * = t;*i X hyp. log. v + zv'^^v ; but t; = j^ ; 

.\ substitute for v and its fluxion, as found in Art. 336., 

and we have 'io =sx^ z x hyp. log.jc^+zsfi x (jj^^y x 

hypAog.x+2/af^''^i)=xl^ z X hyp. log. a^ + zx^ sfiif x 

hyp. log; X +yz3fl a^~^x. 

M 

The quantity x^ means the z power of af. If it 
denoted the y' power of x, we must have assumed the 
index y' = v. 

In the same manner the fluxion may be found for 
any number of quantities. 

Fluent 11 6. 

(339.) To find the fluent of zyp, where 2; is a circular 
arc of radius 1, and sine y. 

The ii«en. = f -/.f xi=f -/.|x 
S. — ; v= — — i X a circular arc of radius 1, and sine 

(1 -y*)* ^ 

^ y«(l-/) .(Fluent 15.) 



!f 



Fluent II7. 



(340.) To find the fluent of — ^ t , where « is the 

(I -f> 
arc of a circle, and y the sine. 
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Let — ~ — r = V ; then the given fluxion = %v. 

and the fluent = «t;-y!vi=s — «•(! - y*)4 + 
f* (1 - y')^-i- Now % = — r to radius 1 ; 

.♦. (1 — y*)' . a = y ; and the whole fluent = - a » 
(1 - /)* +y- 

1 

Fluent 118. 

(341.) To find the fluent of , where % is 

(1 + t)i 

a circular arc of radius 1, and tang^t t. 

Here z =s -j; hence, by the Rule, p. 246, 

f. ; = 7 (Fluent 40.) r X 7— -15 = 

J (1+f)* (1+0*^ ' (l+o* ^+' 

(l+/«)4 "■^'(i+<*)^~(i4./»)i "^(1 +;•)** 

jKJC 

(342.) The fluent of ^ , where s; is a circular 

(1 — x')t 

arc of radius 1, and sine x, by a similar process, = 

* 

Fluent 11 9. 



zx 



(343.) To find the fluent of ;, where « = 

a circular arc of radius 1 , and versed sine x. 

• • 

X X 

Here z = , . Let = ?/ ; then «y 

-77::^ — ^' *"** •^- «y = «y - /y« = 77^ — ;ri 

(2a: — x)^ • (2x— «.)3 

U 2 
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{Fluent 71.) - f. ^^^ , X ^—, = fi^Hi) 

+ hyp. log, (2x-jf)^. 

Fluent 120. 

(344.) To find the fluent of ^y^y, where z is the 
arc of a circle^ and y the sine. 

This fluent =^' - f.^ x *; but i= ^^. 

A ..JL 

=y • (^1 "" P7 = (V *^^ binomial theorem) y x A + 

2r* ^ Sr^^^^V* ••^- « + l n+1 "" V ^^ 
y^ + ^^S^+&c.) And the whole fluent =5^' - 

n+1 ^ \n+2^(n+4).2r*^(n+6).87^^ / 

Fluent 121. 

(345.) To find the fluent of z^p^ where z=the arc of 
a circle^ and y the corresponding sine. 

Let r = the ladius, and x the cosine ; then, by Art. 44, 
rif = «^ and yz = -^ rx. 

Assume t; ss js^ ; then, since the fluent oivy ^ vy '^ 

f. yVj we have the fluent of z^y = z^y — f.y >^ nz'^'^^i ; 

but yz ^ — rx; .•. the second part = + y*. nr«*""*x; 

and the fluent of this part = nz^^^rx^fi n.{n — l).rx^^^z ; 

and since xi = ry, the fluent of the last term » 
- n . (n— l) . z^'^r'^y + &c. Hence the required fluent 
= zy + nz""" Vx - n . («— 1) . z^'^^f^y — &c. 



FLUENTS. 309 

(346.) The same fluent may be found in the following 
manner : 

Assume y x (a«* + &«'•"" ^+c«*"* + &c.)ssy!;g*y; 
then y X (a«"+ &«*•-* + c«"-*+&c.)) ^, 

Multiply if into each term of the first series, transpose 
^ify and equate the corresponding coefficients; then 
(xy -- if ^0^ hp+ nayz = 0, cy + (» - 1) . hyz = 0, &c. 
hence a = 1, hy ^ ^ nayz = — nyz = wri ; /. by = wrr, 

and b = — , cy = — (n— l).2;^;e = — w,(n— l) . — x 

yz:=> — n . (n — l) . r*y ; .*. c = — «.(n — l).r% &c. ; and 

the fluent = y . («" + n«»"* n . (» — 1 ). a"" V— &c.) 

= «"y + n«*" Vj? — w . (»— 1) . «""V*y - &c. as before. 

Fluent 122. 

(347.) To find the fluent of z'^Wy where w is the 
versed sine^ corresponding to the arc z. 

If X be the cosine, sfw = — x"i. To find the fluent 

of - «"i, assume x x (a^" + hz*"^ + c«""* + &c.) = 

the fluent; take the fluxion^ and proceed as before; 

the required fluent will be = — x«* +«r2?'''"'y +n . (n^ l) 

X rV"'j? - &c. 

Fluent 123. 

(348.) To find the fluent of zf^tj where 2; is a circular 
arc of radius r^ and tangent t. 

The fluent^ by Sect. 11., = ^-— -y. x a. 

Now z = ;-3j — jy (Art. 44.) ; therefore the second term 
of the fluent = -/. —^x-^^^. 
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This admits of two cases : 

1. Suppose n to be an odd number; divide the 
numerator of this fraction by the denominator in an 
inverted order, as in Fluents 6*^ and 8, the result is 

' — X (r-^/ - rV-3/ + r^i'^-^i - &c. + the 

remainder ^ ^ j ; the number of terms in the quotient is 

n+i 

, and the remainder is positive or negative according 

n + 1 . 
as — - — is even or odd. Hence the whole fluent = 

—777 - znrr • "^ "* :r + »c. ± r**"* x a circular 

n+l n+ I n w-2 

arc of radius r, and tangent t. 

2. Let n be an even number; the number of terms 

ft y* t^tt 

in the quotient will be -, and the remainders /. ^ , 

mm 

the sign of the remainder being + or — , according as — 
is even or odd. The rest of the fluent is the same as 
before, and the/. ^ ^ = r» x hyp. log. (r* + f *)*. 

Fluent 124. 
(349.) To find the fluent of vxxy where v = hyp. log. 

In this case v = ■. ; and the fluent of wxf, 

the whole fluent of vxx = ^ x x .{x^ +(f) + 



i a» X hyp. log. (j; + (x* + a")^). 
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Fluent 125. 
(360.) To find the fluent of z"^ i^ where % = hyp. log. x. 

This =«"j?-y. XX w«"~^«; or since is:- , it=«"j:— 

f. na""*'jc = «"j:— w;s"""^a? + n. (n— l).2'*'"*j?— &c., where 
the law of continuation is manifest. 

Fluent 126. 

(351.) To find the fluent of ;^, where % is 

{^x^-s^y 

the hyp. log. of (l + x+(2a?+ar*) /. 

Here % = -^ x > ^^^P = » ^^^ V ^ 

jL ; •••/ w = 'y - f-y^ = - 



^ vTx » ' 'J' "a — "ly y '.v- — ,^ , ..JL 

(2a;+a;')3 "^ *^ (Sx+x')* 

^' " (2x+x*)i^ (2x+x')* ~ "" (2a; + x*)* *3« +«* 



= -XX 



a? + l , 1, U„ /'n«J_«'\i 



(2X+Jf)« 



j+hyp. log. (3X+X') 



Fluent 127- 

(352.) To find the fluent of — . , where % = 

(1 + xT 

hyp. log. (x + (1 + x») V. 
Here % = "^ , ; also if "^ = y, then y = 

(1+X')5 (1+x'')t 

5 (Fluent 40.) : .*. the fluent = . y - 

(l+x*)* ^ (l+x»)4 
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/x X ^ zx ^ xi ^ ^^ 



hyp. log. (1 + a:*)* . 



Fluent 128. 



Six 

(353.) To find the fluent of ; , where x = 

1+x 



2i , .- . « 



Here jb = -; — -;^; and ify = - -; , y=7; — ~^ 

V - %x X' 2tx gar 

(Fluent40.);.-./.«y=^^-^4-/ l^^^T^^J^^Z^' 

2 _ ZX—2 



Fluent 129. 



(364.) To find the fluent of- X hyp. log. x. 

By Sect. II. fluent = hyp. log. x hyp. log. x- 

^ - X hyp. log. . Now since the fluxion of . the 

1 T 

hyp. log. of = =i+a;i + «*i + &c. ; the hyp- 

log. -__ = a: +- + -g + &c.; .••/. -x hyp. log. ^-^ = 
/. Ci+^+— + &c.^ ; hence the whole fluent required 
= hyp. log. ^— ^x hyp. log. x-x- j-^-^' 



y 
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Fluent 130. 

Of» 

(355.) To find the fluent of •. . 

(hyp. log. 1) 

Let hyp. log. of - = t; ; then if e be the number^ whose 

X 

hyp. log. is unity, - = c''. 

., „ , i . , X a^v 

Also x:=ia€'\ and -=vj hence 

X 



(hyp. log. f)^ - 



Now by Cor. to Art. 147, ^ = 1 + v + 5-+r-r + &c. ; 



2.3 



.•. — r-s=at;•"5a;+a^;5T;^ — +':7^ + &c.; .•. the 

fluent required =: 2 a v + '■' ^ ■ + -r — r- + &c. 

Fluent 131. 
(356.) To find the fluent otvx^iy where t;=hyp. log. - . 

X 

m 

Here *i;= — . Also if x*i?=w, since the/l tw=:tw- 

/. un), we have the /. v x*i = -— /. — r-r x ^. Now 

^ ' ^ « + 1 •^ n+1 

'I'ss — ; .•. the last term= + J. , , ,. =/ . = 

X •^ («+l).a? *; n + 1 

•; i , . T-s ; hence the whole = — r-r^l — TTTi • 
(n+1)*' n + 1 (n+1)* 
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Fluent 132. 

(357.) To find the fluent of vx^^x, where i; = hyp. 
log. (l-a:.) 

This, by the method of Sect, II., = r"7/ • 7- - 

Now v = : ; .'.the second term =H — r-z^J-z ; 

1—0? n+ 1 *^ 1 — X 

or, by actual division .:;= x ( — af'i - or*-'i— &c. 

•^ n+ 1 ^ 



vx" 



to n+l tenns,+- ) ; .•. the whole fluent = - 

;j^X (^-p-j +^ + &c. to « + 1 terms, + hyp. log. 
(1 - x)). 

Fluent 133. 

(358.) By the same process the fluent of vaf'i, where 

, ,1 v«r*+' , 1 y x»+' , of 

t;=hyp. log. = h x I A h &c. 

^^ ^ l-x n+l « + l "" Vn+1 » ^ 

to n+l terms, — hyp. log. -^ . 

' Fluent 134. 

1 4-x 

(359.) And if v=i hyp. log. — ^, the fluent of 

t>a?^^=— — r+— 7— X (— + -+ h&c. +i 

n+l n + l \n 71-^2 n— 4 * 

hyp. log. (1~ x*)^, if n be an even number ; or if n be 
odd, the last term within the vinculum will be— j hyp- 

If n be an even number, n + 1 is odd, and the number 
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of terms in the quotient is ;- (Fluent 8.) If n ;be odd, 
n+ 1 is even, and the number of terms is ■ (Fluent 6). 

Fluent 136. 

(360.) To find the fluent of is"*jf»"'i, where 2= hyp. 
log. X. 

Assume the fluent = x" x (««•*+ J«**""^ +C2"*""*+&c.) ; 

thennj^-'iX (a«'~+i««''"' + c«'"-''+&c.)| _ ^ _^ . 
+ i?MU^iK---*i + (m-l).ia*««-'« + &c.f "^ ^ ^* 
Transpose z^af"^ i, and equate the corresponding, 
terms; then nai — i=:0; nhi^tnaxz^^O \ nci + (9ii- 1) 

ixi = 0,&c. ;.-.« = -; 6= — - ; fori= -; Ca -^^— ; , 

n fr X Tr 



m— I «M /«M 1 \ lifM^a 



&c.Hencethefl«ent=x-x (^.^^l^+^^^^^zlt^ 

&c.\ and the law of continuation is evident. 

Fluent 136. 

(361.) By the same process the fluent of 2*"a;""'*i, 
where z = hyp. log. — or, may be found ; the result is the 
same. ' v 

Fluent 137. 

(362.) If in Fluent 135. ?7i=2, and n^\, the fluxion 
becomes z*iy where js==:hyp. log. x. This is found \v^ 
mediately by Sect. II. = «*a: -f.2xzz = «'x — y.2»r, 

■ 

since «= - = «*x— 2«a?+/. 2ar«=:jB;*a?— 2 2r« + 2x. 

Fluent 138. 
(363.) To find the fluent of Q' jf» i. 
Assume the fluent = Q'.(ax* + 4a;*"' + cof*"* + &c.% 
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where a, b, c, &c. are constant ; then^ if mshyp. Ic^. Q, 
we have (by Art 336.) 

mQ'x X (aa* + 6a*-' + ca*-*+&c.)^ _q,^- 
Q-x X («aa*-' +(»-!). ft. :c»- + &c.)5 ^^^^^ 

.*. if both sides of the equation be divided by Q'x, and 
af* be transposed, ma a?"+ mbo^^ " + mca*"* + &c. > _ 

Equate the coefficients of the corresponding terms; 
then ma— 1=0, mft+fia=0, wc+(n— l).ft=0; hence 
1 • na^ n^ (n— l).ft _n.(n— l) 

/. the fluent = Q' x ^ r-'' — ' — rr- &c.j) 

\m m* »r V 

and the law of continuation is evident. 

The same result would be obtained by assuming 
Q^x^^i/y and af^^iz, and finding the fluent by the 
Rule in Sect. II. 
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Chap. XXIL 

ON FLUXIONAL EQUATIONS. 

(364.) J. HE object of this Chapter is, to shew the 
method of deducing from a fluxional equation the equa- 
tion of the fluents, which may be called the primitive 
equation. 

. 
The fluxional equation^ whicK expresses the value of ^ , 

deduced from a primitive, involving y and x, is an equa- 
tion of the first order ; from this may be derived another, 

involving -^j this is of the second order; and a similar 

mode of definition may be used in the successive 
fluxions. 

(365.) An equation is said to be homogeneous, when 
the sum of the exponents of the variable quantities x and 
tf is the same in each term ; as in the equation, 

ax i + iyi -f dipy+cyy=0, 
or {ax+by).±+(dx + cy) .y=zO. 

(366.) The simplest case of fluxional equations is that 
in which the equation contains only one of the variable 
quantities with its fluxion in each term ; here the fluent 
of each term must be taken separately. 

Examples. 
Ex. 1. Let ax*i'=:^y; then -— = — . 
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Ex. 2. Let 3^ y"^ x:=iay y or x"^ x-^.ay^'^y \ then — -- = 

1 — wi * 
Ex.3. i==^*l^ + ^^+y.(Zy+cy)^; thatis, x = 

Ex. 4. Given r== — - — v; to find the nature 

of the curve, a? and y being supposed to vanish together. 
Here - x , = - x — d. — . . ... by taking the 

fluents, •- X a circular arc of radius a, and versed sine x^ 
a 

T- X an arc of radius hy and sine y\ •*. an arc, 
whose radius is 1, and versed sine - • = an arc whose 

radius is 1, and sine ^ . But since these radii are equal, 

and their arcs equal, the sines must be equal. Now the 

sine of an arc, whose radius is 1, and versed sine - , = 

a 

(2aa?-x')* (2(M?-ar')* y . * , ^,4 

^ -\*^.' ^=i;and y5='-.(2ax— a:*)', an 

a a b ^ a ^ ' ^ 

equation to the ellipse. 

(367.) The preceding rules will sometimes apply 
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when two or more variable quantities are iavoli^ in the 
equation. 

Ex. 5. If v = y^z^x + 2xz^yy + 3xy*z*i, then 

• • 

X xy 
Ex. 6. If v = ^, then by reducing the two 

terms on the right to a common denominator^ v =s 
»A-;^^,andt;=?. 

y y 

(368.) In some cases the quantities and their fluxions 
are so involved, that these methods cannot be applied. 
The equations of this class are not reducible to any general 
form; but the variable quantities may frequently be 
separated by some of the following Rules. 

(369.) Rule 1 . Substitute for the sum of the two 
variable quantities, for the sum of their squares, for their 

products, &c. 

Ex. 7. Let a*x = (j? + y)* x y- 

Assume x+t/=z ; then x +y=i, and i = 2: — 1/ ; .'.by 

substitution, a*i — a*y = «*y, and y =-irT—,, whose flu- 

■ w "1 M 

ent is known by Art. 44. 

Ex. 8. Let (jy-Hyi) • (^-aV) = "^^ "*" ^t • 

Assume xy=z, and x* + y'=v; then a?y+yi=», 
and xx+yp- - ; .•. 5.(a*— sf*)'' = — 7 , the fluents of 

which are known. 

(370.) Rule 2. Multiply or divide the given equa- 
tion by some function of the unknown quantities, so as 
to bring it to a form which ia known. 
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Ex, 9. Let myx + nyx ss 0. 

Divide the terms by w; then h-^=0; .*. m x 

X y 

hyp. log. x+n x hyp. log. ^ = some given quantity =c* 

__ w X , V ax^x 

Ex. 10. Let ^+?=z±jL . 

Multiply the equation by n!i^%f^% then ny*af*"»i + 
fu?^y»"'y =/iajf"+"i; and by taking the fluent, J?*y" = 

' ; and if no correction be wanted, y" = . 

m+n+l '^ m+n+l 

Ex. 11. Let ^ 1 — =^ = — - . 

X y ay^ 

Multiply by afy*"; then paf'^x x y^+xP x rjf^^i/-^^ 
5— . The fluentof the first part is af.y^-y and since y®= 1, 

ay 

the fluent of the second part = -r-- ; therefore, 

^ (m+p+l).a' 

if there be no correction, y*" = ^ — ; -— r — . 

(m+p + 1; , a 

Ex. 12. Let — + — = 0. 

X y % 

Multiply by — ^; then the resulting fluxion is 
r-^ + - —c- i?XT- =0; and the fluent 



sf sf 



is ^ = ^. 



«' 



The same method may be applied to fluxional equa- 
tions of higher orders. 

■ • 

Ex. 13. Let if — xz^ = hi\ 
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Here z is not found ; therefore in deducing the flux- 
ional equation^ z must have been supposed constant. 
Multiply by i; then xx -^xiz^^ bxi^\ and as i is 

X^ X* X* 

constant, the fluent is ~ - -— - = J a: i* ; therefore i = 

2 2 

(371.) Rule 3. It is sometimes useful to substitute 
for one of the unknown quantities, the sum of the other, 
and a new variable quantity. 

Ex. 14. Let ai^^zx'-xx* 

Assume « = a + x+v ; then i^x+V;.\hy substituting 
for z and z, we have cut + av s=i ax + xx+vx— xx, or 

av^vx; .•. i= — , and a? = a x hyp. log. v. Hence 

«= a + v + ax hyp. log. v. Substitute for v its value, 
a— a— a?, and x^ax h)rp. log. (z-a-^-x). 

(372.) Rule 4. Substitute for one fluxion or for 
one unknown quantity, the product of the other and 
some new variable quantity. This mode of substitution 
may be adopted in homogeneous equations. 

V X 3u X 

Ex. 15. Let the equation be - — = — - . 

^ y X ay^ 

Assume y = zx; then y = zx + xz. Hence, by sub- 

... . zx + xz X a?x z ofix . . 

stitution, = — r-«^or-= — r-*; /.azz^xx; 

zx X az^a?' z az'^x^ 

and if no correction be wanted, x* = a«* =-~-, and 

x' 

a?*= ay*. 
Ex. 16. Let XX + ayx -^-yy = o. 

Assume 5f=:;ex; .\y=^zx+xz. Hence, by substitution, 

^+azxx -^ z*xx+a^ zz^O ; or xx.{l +«« + «*)= -a:*««; 
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• • 

.'. — -= : 1, whose fluent is known by 

Fluent 101. 

Ex. 17. To find the fluent of cud + 6yi + dx^ + 

Let y =z zx; then y^zi + xz; therefore by substi- 
tution, axxi- hzxx + dzxX'\-dx'^z-\'ez*xX'\rex^zz=^Q, 
Assume c=ft+rf; thena;ir.(a + c« + e;2^)4-(rf«H-ez2i) . jc* 

X dz-^ezz 

= 0, or - = ; — ^ . 

X a-tcz+ez 

The fluent of the first part = hyp. log. of x; and 
that of the second is found by Fluents 100. and 101. 

Ex. 18. Let a?y - y i = i . (a?' + y*)*. 

Assume y = «x; then, by substituting for tf andy, 

zxx +x^z-zxx=^x. {x'^ + z^ x^p, or x'^z^xx .{I +z')^; 

therefore • 1 = -; an hyp. log. (s;+ (1 +«^) / = 

hyp. log. X. 

Ex.19. Let - - -^ = ^1^. 

Assume y=zzx; then y^^zii-xz. Hence by substi- 

^ . i 2;i+a?i af^i z x^x . ^ . 

tution, - = — -— , or = — - — ; that is, 

X zx az"xf' z az^'x" 

«-, . otf^'^'^x z"" a^-»+i 

^z^ '%= ; .•. cor. = — 7 -r ; but z^ 

a n a. {ni-- n + 1) 



sf^ 



+ 1 



- ; .•. by substitution, cor. — 2_ -= — — _^ ^ 

x '^ n a.(m— n+1) 

(373.) Rule 5. If only one of the variable quantities 
be found in the equation, substitute for one fluxion the 
product of the other, and some new variable quantity. 

Ex. 20. Let aiy3 «. ^ ^ (^» ^ ^^y^ 
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Let w=zy ; thena«y*=y . (z'y'+yy=ryp*.(z* + l)' ; 
''•^^(?+T?* "^"^ey= (g>+i)3 ; therefore i or gy = 

— /<g» , i\a — J whose fluent or x, by Fluent 65, = 
3a fl 

Ex.21. Let-Tt^ = - . 

Here x is constant Assume y^zi. Then j? =5 aii ; 

• * « 

zx 1 

hence, by substitution, — — • = rr—,\ .-.-^ii.fzi 

, x^+ « V /. zx *^ 

=:i* + «*i\ or-/!«i = ^ f ^ ' . Take the fluxion; 

z 

then — «a? = 2«j: - ^ ., ; /• 7=^-7—.; and 

z z l+z^ 

3 
hyp. log. z + cor. = ;: x hyp. log. (1 + «'). 

Since i or ir must enter into every term, let z be cor- 
rected by taking it = ax^ a given quantity ; then hyp. 

•og- ^=2 X hyp. log. (1 +a') ; .-. ^ = (1 + z^Y , and 

oi = J ; /. «i, or y = j- ; hence (Fluent 

(1+2')"^ a.(l+«7*' 

40.) a? = . + cor., and y = ; + cor. 

a.(l+«')4 ^ a.(l+«»)4 

Ex. 23. Let yy'i = ai* + 2ai'y* + ai^. 

Take «y = i; then y^i^ = 02* y^ + 2fl2'y*+ ay*; 

.'. y = a2' + 2a% + - , and y=^azH + 2a2 - — . Now 

X2 
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. « Q . . az , 3 a«* . , 
x = z^ ; .\x=^3asrz + 2azz , and x=:— — r{-az*-a 

Z 4 

X hyp. log. z. 

X may be found in terms of y^ by obtaining the value of 

« from. the equation y = asf3 + 2a« +- , and substituting 

z 

it in the equation x^ -^ az'^^ax hyp. log. «. 



y », ^ ^ «.» ^* 



hy^x^ 



^x.23. Letx=3^ + ^ + ^ + &c. 

y y y^ 

Assume i = «y ; then, by substitution, x=:)2y + a%^^ 
+ 62^3/' + &c. 

In this equation, for zy write v ; then ar=v +at;* 4- h? 
+ &€.; /. ior ;Kya= ^ + 2at;v+3it?*'i; + &c.; that is, 

-^ = 'i; + 2ttin; + 36v'v + &c. ; .*. hyp log. y = hyp. log. 

3 hv" 
r + SavH — — - + &c. 

2 

(374.) Rule 6. Take the fluxion of the given equa- 
tion, one of the fluxions being supposed constant. 

Ex. 24. Let the equation be y 4. ^'7™ =^ — 2-- . 

Make x constant, and take the fluxion; then if -^^ 

ay-^ji^^yx ,. Jyi-y'x ^ . y^^ijlf =.J^ and 
i y^ ' "^ X y* ' 

V J7 1 1 

•^— = ; hence t/""*'' y = (a — ar)""*" x i ; therefore 

y a—x ^ ^ \ f 

2y*=-2.(a-a:)*. 

Ex. 25. The equation r^=ar+y ^, solved 

in the same manner, gives 2x = 2 . (a + y) . 
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Ex. 36. Let ypx — xy' = ai*. 

Take i constant ; then y"i+y_J'i-iy' — 2i^=0, or 

\^k = ^s0\ .'.yi=3yx, or -=— ; hence hyp. Ic^. 

X y 

r = 2 X hyp. log. y, and ar=y'. 

(377-) Rule 7- T^e equation may sometimes he 
brought to a better form by completing the square and 
extracting the root 

Ex. 37. Lety'=iy — a^'i*. 

Hence y»-xy+-=^-a:*i*; .".y- - = ±x.(i-^) ; 

.'.if = -+i.(^~x*) ,andy= + the area GPEA, 
where Gfi»=ar, and GJ? = J. (Fig. p. 365.) 
Ex, 38. Let the equation be 3^x^+xyxy=a*y\ 

Complete the square ; then x'i* + xxyy + "-—- = «'y' 
+ ^-^ ; therefore, by extracting the square root, xx + 

^ ^ (4o'+y')3. (4a*+y*)5 

the fluents of which are known by Art. 43. and 314. 

(376.) Frob. To transform a fluxional equation of 
the second order, containing two variable quantities x and 
y, of which x flows uniformTy into another in which y 
shall flow uniformly, or y be constant 

Let MA be a curve, whose abscissa AP flows with a 
uniform velocity ; let AP^x, Pp — x, 
PM=y, and 2mf=^. Next, suppose 
y to flow uniformly ; let Mh — p ; 
then he = X, and 3me = x. Now 
by similar triangles, Mke, fme, 
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eh (i) : hM {if) :: 2 em (Jc) : 2mf ( — j'); -•• y — — 
^^ , which, being substituted for j^* in the original equa- 
tion, will give another equation in which y is constant. 

(377-) '^^^ same proposition may be thus deoioa- 
strated : 

Lety=«a+ia?+ca?*+rfa;^+&c. ; then^ = 6 + 2cj:+ 

JC 

3rfa?* + &c. 

Assume x constant, and take the fluxion ; then -h = 2ci 

X 

Next make^ constant, and take the fluxion ; then — ^ 
= 2ca: + Gdxx + &c. ; .•.■^•, when x is constant, = 

X 

• il • •• 

— '^TT"; when y is constant, or V, = — ^-^-^ . 

(378.) Rule 8. Any fluxional equation of the second 
order, containing only x and y^ in which x is constant, 

may be transformed into another in which y is constant, 

• •• 

by substituting for jf the fraction — ^ . 

Ex. 29. Let xy - xy - ay ^ = 0. 

In this ca&e^ since x is not found, x is constant. Sob- 



• •• 



stitute according to the Rule for ^ ; then xy + xx —- + 

X 

a X —. r^ = 0, orx^-i-xx+ax ^ =0; the fluent 

X 

( • 

^xx+ax'- —^ , which must be equal to some constant 
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quantity. Now since i or y must be found in every term 
of the first fluxion of the equation^ the constant quantity 

must be of the form cy; .•. take xx+ai y = c^\ then 

^= Jn+x^ + 2M^- andy = Jxhyp.log. {2bc + x^) 

a . . . i 

+ - X a circular arC) whose radius is {2bc) , and tangent x. 

(3/9«) This equation may also be solved in the fol- 
lowing manner : 

» X L 1/ "" xxV 

Multiply it by the fraction -^; the result is '^ .^ — s^ 

axy XX 1 .1 ii . ^Jc o,x x* 

rr- — r = O ; and the fluent -r- -f- -r- — — r = some 

if* y y 2b 



X y 
constant quantity = c; .*. xx-\-ax -- -—^ =» cy, the same 

as in the last case. 

(380.) RuL£ 9. For the quantity, the value of which is to 
be found, assume a series involving the powers of the other 
with unknown coefficients ; substitute this series and its 
fluxions for their values in the given equation, and equate 
the coefficients of the corresponding terms. 

TIfiX 

(381.) Ex. 30. Let =y, or mi— y— ay=0. 

X "y" X 

Assume the scries, and follow the process adopted in 

Art. 147 ; a?=^ + ;^ + &c, 

m 2mr 

Ex. 31. Let yi^ + mi if - m^y = 0. 

In this case x is constant. Assume i=l, and let 
y=ax + 6x*4-<?Jc^ + rfj?* + &c. ; theny = a+26a:+3cx' + 
Adoc" + &c., and y^ 2b + 2 . 3 . ex + 3 . 4 . (ir' + &c. ; 
hence, by substitution in the original equation. 
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ax + bx* 4- &c« 
+fna+2mbx+3fncx^+ kc.f = 0. 
- 2m' ft - 2 . Sm'cx - 3 . A.m^dx" - &c. 

Hence wia— 2m*i = 0, a + 2m6— 2.3.m'c = 0, J + 3mc- 

^ 2m* 2m' 2.3.m** 

. ax^ 2a3^ . « / X* , 23? 

•^ 2m 2.3m^ V 2m 2.3m^ 

+ &c.) 

(382.) Ex. 32. Let ma^x + yx — w^ =0. 

Assume y = aa^ + bx^+ cx^ + &c. ; /. y =s Sas^ x + 4bs?i 

+ bcxf^x + &c. And by substitution in the given 

equation^ 

mx^x+ax^x + 6x*. 
— Snax^ct^ Anbx^X" bncx^ 



X + &c.? _ 



Hence m — 3na = 0, a — 4ni = 0, ft — 6«c = O, &C.5 

m , a m b m ^ 

3n 4w 3.4. n* 6n 3,4,5w^* ^ 

ms? , mar* yiij?^ ^ 

"3« 3.4. n^ 3.4.5. »3 + ^• 

If in this equation we had assumed y = Ax + Ba^ + CV 
+ &C., it would have appeared that A^^O, and 5 = 0; so 
that a regular series beginning with x is not always re- 
quired. The principal difficulty is to determine, what 
kind of series with respect to the indices ought to be 
taken, that no superfluous terms may be admitted. As 
the point is curious, rather than useful, the Reader is 
referred to SimpsorCs Fluxions. See also on the subject 
of this Chapter, AgnesTs Analytical Institutions y Vol. IL 
and Bossufs Traitis de Cakul. Diff^rentiel. 
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Chap. XXIII. 

ON THE MAXIMA AND MINIMA OF CURVES. 

Proposition. 

(383.) A o find the nature of curves in which some 
conditions being invariable^ others become the greatest 
or the least possible. 

The method of solving problems of this kind^ will 
appear by an Example. 

Examples. 

(384.) Ex. 1. Given the length of a curve^ required 
its nature^ when the area is a maximum. 

It is evident^ that by merely putting the fluent of yx 
a maximum^ no solution can be obtained ; for no 
limitation is expressed^ and the fluent will admit of 
increase without limit. But as the length is given, the 
/.«, so &r as concerns ihef.yxj is a given quantity; 
therefore the fluent of ^i ±f'^ must also be a maximum; 
or, to render the terms homogeneous^ that they may 
admit of comparison, f.yi±f. az must be a maximum. 

Now, if for every individual value of y, this flowing 
quantity be constantly a maximum, the whole fluent will 
be so ; but for every such individual value of y, the 
flowing quantity is yx ± az. Hence, the nature of the 
curve will be determined by ascertaining, what relations 
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of X and i will render yi±az a maximum, for any given 
value of y ; or the fluxion of yx ± az must=0, whilst y is 
constant; and this must be the case for every successive 
value of y throughout ; so that in each limiting portion 
of the area, for every value of y the ratio of x and z must 
be such, as to make yx±az a maximum. 

.\yx ± az=z 0; but z*=^y^ + i^* > . . iz^s xx, and 



• •! 



55= — :- ; .\yx =: -{ r- , and yi = +ax. But from the 

z z 

nature of the problem, yi must be positive ; and there- 
fore the true result is yz = aJt. 

Now in the circle, a : y :: z : a>; .•. ax •=zyz. Hence, 
the circle is the curve required ; in which the length 
being given, the area is a maximum. 

The same mode of reasoning may be adopted in the 
following cases. Hence the Rule. 

(385.) If A and B denote any functions of a? andy, 

and i = (c* ± y') > where c is constant, the expressfon 
Ax ± By is a maximum or minimum, when Aif = + 
Bxy or the functions of x and y are reciprocal. 

Ex. 3. To determine the nature of a curve line which 
generates the greatest solid under a given surface. 

Herey! ^fyz or f.ayz'is given, and f^y'^x is a max- 
imum ; hence/*. ayz ± f.y'^x is a maximum ; .*. ayx= 
y* i, or ax^^yZy a property of the circle, and the solid is 
a sphere. 

This is a particular case of the problem ; if more 
generally we take ayx ^y^z-^ cz ^ {y^ — c) . x; 

then ay i» = 5' . (y* - c)* 

and X = -: — -^ ' ^^ ~ ^ V I • In the preceding case 
c= 0. 
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Ex, 3. To determine the nature of the curve, so that 
the length of the arc being given, the solid may be a max- 
imum. 

Here f. i, or^. tfi, is given, and f. y^x is a maximum ; 
.\f.a^z ±f.y^i\% a maximum; and a^i =y*i, the 

equation, or x= - - ^ '^ — = . 

This also is a particular case of the problem. 

If we take a*i = (y* — c) • i, as in the preceding 



Example, x = —^ ^.i • 



Ex. 4. To find the nature of the curve which generates 
the solid of least resistance, when moving in a fluids in 
the direction of its axis ; its greatest ordinate j4B, 
and length DE, being given. 

If DH = Xy HF = y, and JFC= %y the resistance on 

CFoJ^ , oc3^ X iy the fluent of 
which is a minimum. Also» the 

f. axis B, minimum ; hence, —7- x x 

z^ 

=z ai, the equation to the curve. 

fl X ^ 

Cor. The curve cannot meet the axis, for y= — :^-r- =s 

y^x 



f.axis given; •••^•^^7- x z ± 




ax 



CF 



^ , -Y^ — , where the numerator is greater than 
Cift? X Fm ^ ^ 

the denominator ; and therefore y is greater than a. 
£x. 5. Given the area of the generating plane^ and 
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the greatest ordinate ; to find the curve which generates 
the solid of least resistance. 



Here/, ayx is given, whilst^ '^^X i is a minimam^ 



yy 

9%3 



•'•t/ • *^" ^ * ± /• ^y^ is • minimum ; hence, ayz:=> 
^•~ X X, and a ^'-^ , the equation to the curve. 

CoR. Since *^hr- is constant, the angle contained 

between the tangent FC and jPm is invariable ; hence, 
the solid is either a cone, or the frustum of a cone. 

• 

Ex. 6. To find the same, when the greatest ordinate 
and content are given. 

Herey . ^-^ x i is a minimum, and f^y^x i^ given; 
or making the terms of the same dimensions, J. • ■ x z 



± f'j/^x i s a minimum ; hence, .3 x i = y* x ; and 



a =*77-r, the equation to the curve. The fluent is 

y ^ 

found in Ex. 20., on Fluxional Equations. 

Ex. 7- To determine the nature of a curve ADK, 
down which a body will descend from -^ to K in the 
shortest time possible ; the points A and K being given, 
and the velocity varying as the m^ power of the ordinate. 

Z LEA 

Since / oc - where z is the flux- 

V 

ion of the curve, if y = DE^ i oc 
-;;; . Now thc poiuts A and K are 
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given ; therefore J^ ^ is given ; and f.^ ± / £ is a 

minimum. Hence, by the Rule, y"*i=a*i, the equa- 
tion to the curve. 

Cor. 1 . If the velocity oc as the square root ef the 
ordinate, m = - , and y* i =a a* i, which is a property of 

the cycloid, the curve commencing at A. 

YoxlH:IL..CE.EDv.CA.AE ^^ ^SM, 

:: CAi : AD^ 

or, z I X :: ai : y*. 

.'. y a = a *r. 

Cor. 2. If m = 1, ai' = y«, which is the property 
of the circle. 

Ex. 8. To determine the nature of the curve, down 
which a body will descend from an horizontal line AL to 
a vertical line LK, (See Fig. in the preceding page,) in 
the least time possible ; the area being given, and the 

velocity varying as the m* power of the ordinate. 

• • 
z z 
Here thefi of yi is given; and since / oc --oc_.^ 

/ . -- is a minimum ; or^. -rH- / . -^n ^ * minimum ; 

.•. -^srn^'Hf ^^ JT^^^ = ^^^iy the equation to the 
curve. 

Cor. 1. Let m = 0; then yz =s ax, which is an equa- 
tion to the circle. Here the velocity is uniform. 

CoR. 3. Letm= -, or the body fall by gravity; 
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then, i/^z = a^x; .-. y" x {x*+ y") = (fi? ; and by re- 
duction, i= ^ '^ — . , the equation to the curve. 

Ex. 9. A body moving uniformly from one given 
point A to another B, is impelled by a force tending to 

C, which c>c—-~ , where CD is any variable intermediate 

distance ; to determine the curve, so that its whole action 
upon the body, or F x /, may be a minimum. 

Let DCFbe a small angle, Dn=x, CD=y, FD^i. 
Then, since the body moves uniformly, ^ 

t, which oc -T? oc i ; .•. F X t oc — 9. 

y y 

. - is the measure 

y 

of the angle ACB^ and is therefore given ; 
.--+/. — is a minimum ; or 

y ^y 




% 



X 



=— , and yz^ai^ a property of the circle, whose 

diameter is a. 

For if CA be a diameter, CB 
and CF two chords indefinitely 
near, and Fd perpendicular to 
CB, the triangles FBd, BAC, 
are similar; and BF : Fd :: jj 
CA : CB, or 



z 



: X :: a : y; /. yz^ax. 




Ex. 10.^ To determine the curve, in which a body 
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tvill move from a given point A to another B in the least 
time possible ; the velocity being supposed to vary as CD^. 

Here/!/, ovj. - , ory . — is a minimum ; and the 



y 



Dn 



pressions to make them homogeneous^ J. j^i.J'';^,^ 



J*~rl^i oTj.'-y is given; that is, multiplying the 
CiJ y 

quantities h and o^ into the denominators of these ex- 

% 
"" ■ ary 

a minimum; hence, hy^% = a!^yx^ or h y"^"^ %= a!^ if 
the equation to the curve. 

Cor. 1. If v^fiCbe the curve, Cfiand ^ 
CF be assumed indefinitely near, and CY 
be drawn perpendicular on the tangent 

BY, smce - = -J^p- , we have -p^, or 



CY CY fty*-' 



y 



, and Cr= 



&v- 



a 



m 




Cor. 2. If r/is=0, or the velocity be constant, CY=b, 
and the body describes a right line. 

Cor.3. If m=l, CY= ^; or CS : CY :: a : b 

a 

a given ratio, and the curve is the logarithmic spiral. 



a' 



Cor. 4. If m=2, the curve is a circle ; for here t-xx 





=zyz; its diameter is ^ , and its circumference passes 
through C. 
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Ex. 11. Given CAy CB, and the 
length of the curve ADB^ to find its 
nature so that the area may be a max- 
imum. B 

The flux", of the area = = 

2 

~^; and/! z, or f.ai is given; r.f.yi 

± f.az \s n, maximum. Hence ifi^ aij and the curve 
is a circle, whose diameter is a. 

For further information on the subject of this Chapter, 
the Reader is referred to the valuable Treatise on Iso- 
perimetrical Problems^ by Mr. Woodhouse. 
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Chap. XXIV. 

ON THE VARIATION OF TRIANGLES. 

(386.) ^INCE a triangle consists of six parts^ viz. 
three sides and three angles, any two parts may be sup- 
posed constant, while the others admit of a change. 
If these increments or decrements be small, we may 
reason about them as the fluxions of the quantities 
to which they belong. The variations of the sides are 
represented by the small difierences of the sides, and the 
variations of the angles by the small arcs, which subtend 
them. 



IN RECTIUN6AR TRIANGLES* 

Prof. l. {Cotes* Theorem I.) 

(387.) Let ABChe a rectilinear triangle, and let AB and 
the angle B remain constant ; then a 

BC : AC :: rad. : cos. C 

For, produce BC, and let DAC 
be a small variation of the angle A, 
and draw CE perpendicular to AD; 
then CD and DE are the small 
increments or fluxions of BC, AC; and CD : DE ;: 
r : cos. ACB. 

y 
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Prop. 3. {(htes' T^eqr. 2.) 

In the same case, A, or C : AC :: T z C i AC. 

For with A as center, and AF a line equal to the 
tabular radius, describe the small arc JFYr, the measure of 
the variation of A. 

Then FG : CE :: rad. : AC 

CE : DE:: T, D or C : r 

.-. FG : DE:. T zC : AC. 

Prop. 3. (TAcor. 3.) 

In the same case, 

A,or C : Bd :t S z C! : AC. 

For FG : CE :: r : ^C 
C ^ ; CD :: iS, C : r 

.-. f^ : CD :: 5, C : AC. 

Prop. 4. {Theor. A.) 

Suppose BC and the opposite 
angle A to remain constant. 
Then C, or B : AB :: T, C : /4fB. 



For C : sine z C :: r : cos. C jj^ 
(Art. 44.) B^ 




K 



cr^£ 



and sine z C : AB :: 5, C : AB^ 
because 5', C : AB :: 5, ^ : BC i:mi n^ a given ratio; 

... C : ^JJ :: ^liiA£ . AB 

COS. C 

:: r, C : ^5. 

Prop. 6. {Theor. 5.) 
In the same case, AB : -4C :: cos. ACB : cos. ABC. 
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For suppose the A ABC to be changed into ADEy 
then BD is the variation of ABy and CE the variation of 
AC. 

And BD : DF :: r : cos. ABCy 
and QE : C£ :: cos. ACB : r; and GE = DJF, 

since jBC is constant ; 



•««■■»• 



B 




/. BD : C£ :: cos, ACB : cos. ^J8C. 

Prop. 6. (7%€or. 6.) 

Suppose two sides AB and 
ilC to remain constant^ 

A I B::rxBC:ACx cos. C. 
Let ^JBC be changed into 
ABD; draw C£ perpendi- 
cular to AD ; and with B as 
center^ and BH a line equal 
to the tabular radius^ describe the arc HI; then HI is the 
measure of the variation of the angle By and FG taken 
in the same manner is the measure of the variation of A. 

Now FG : CD 11 r I AC 
CD : CE :: r : cos. C 
CJg: g/ :: BC : r; 

.-. FG : £r/ :: r x BC : AC x cos. C. 

Prop. 7- (?%cor. 7.) 

In the same case, Jl : BC :: cosec. C : ^C 

For FG : CD v. r : AC 

CD : Z>F :: cosec. C : r 



/. FG : X)^ :: cosec. C : -rfC. 



Y2 
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Prop. 8. {Theor. 8.) 

In the same case, B : BC :: CoT^ C : BC. 

For HI : CE :: r : BC. 

CE : DE ;; CoT, C :: r 

/. HI : DE :: CoT, C : BC. 

Prop. 9. (Theor. 9.) 
In the same case, B : C i: T, B : T, C. 



For the fluxion of an arc or anele oc : (Art. 

^^ cosine ^ 

44.) ; and in this instance the sines of the angles are as the 

opposite sides^ or in a given ratio ; therefore the fluxion of 

sine B 
the sine oc the sine ; and B oc u , or as T, B, and 

C oc T,C. 

Prop. id. (Theor. 10.) 

If two angles be constant, the third is constant ; there- 
fore the species of triangle and ratio of the sides is given ; 
and the variations of the sides are proportional to the 
sides. 



IN RIGHT-ANGLED SPHERICAL TRIANGLES. 

Prop. 11. 

(388.) Let ^BCbe a right-angled 
spherical triangle, haviitg the angle 
C a right angle ; and suppose the 
angle B to remain constant ; then 

BC : AC :: T,A : cos. JC. 
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I>raw rt peq)endicular to J8C, and very near -4C, and 

rs perpendicular to jiC; Ar = AB^ As = AC^ and 

iC^BC; and Ars may be assumed as a small 
rectilinear triangle. 

Now tC : rs :: r : cos. AC 
rs : sA :: t, A : r; 

/. id sA :: /, A : cos. ^C 

Prop. 12. 

In the same case, BA : BC :: cos. AC : S, A. 
For rA : rs :: r : S, A 
rs : tC :: COS. j4C : r 

.'. rA : tC :: cos. AC : .S, ^. 
Cor. Since, by Napier's Rules, cos. AC — Tir^ ' 



. „ . ry S,BC 
""** '^-^= S,A£ ' •• 

r-^ : *c :: — ^-»7t : ^ ^i> •• S. AB x cos. AB : *§, 

COS. i>C o^AB 

BCxcoB. BC :: 5, 2AB : 5; 2 5C. 



Prop. 13. 
In the same case, AC : AB :: cos. A : r. 

■ 

For AC I AB :: As : ^r. 

Prop. 14. 

Let the hypothenuse ABhe supposed constant; then 
B : AC :t r i S, 
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Let the triangle ^jBC be changed 
into ABE; DEz=AC,2LndDCx 

BC. 

The measure of CBE is a small ^ 
circular arc described with B as the 
pole, and at the distance of 90"" 5 and this arc, or B : 
DE ::r : S, BC. 

Prop. 15. 

In the same case, BC : A :: 5, AC \ r\ obvious by 
the last Proposition. 

Prop. i6. 

In the same case, BC : AC :: T, AC : T, BC. 

For rx. S,DE ^ T, BC x CoT, D, 

and r X S,CD= T,ACx CoT,Di 

.♦. S, CD : 5, D^ :: r, AC : T, 5C; 

or, since CD and JDJ? are small, 

CD : D^ :: T, ^C : T, 5C 

Prop. 17. 

In the same case, B : BC :: Co T, AC, : cos. 

For A : DE v. r : S, BC 

DE : CD :: T, BC : T, ^C, by the last Plrop. 

T X T BC 
.-. B : CD :: ^ j^^ ; T, AC 



'* COS 



flfC =^'^<^ 



;: Co r, ^C : cos. BC. 
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Prop. 18. 

In the same case^ B : A :: cos« AC : cos. BC. 

This proportion may be found by compounding the 

ratios of A : BC, and BC : B, as already found; 

or thus, B : DE :: r : 5, BC 

DE : CD :: T, BC : T, AC 

CD ': A ;: S, AC ; r; 
•, , 5, AC S, BC 






cos. AC : cos. BC 



Prop. 19. 

Let 0C be supposed constant, 

then B : BA :: T, ^ : 5; ^B. 

Let the triangle ^JBC be changed 
into sBC\ and draw sr perpendi- 
cular to AB ; Ar:=*.AB ; As^AC; 
and if JB be the pole, the arc in- 
tercepted between BA and Bs ^t the distance of 90"* is 
the measure of the variation ABs. 

Hence B : rs :: r : S, AB 
rs : rA :: T^ A : r; 




.-. B :rA :: T,A iS, AB. 

Prop. 20. 

« • 

In the same case, B : AC :: S, A : S, AB. 

For B : rs :: r : S^ AB 

rs : As :: S, A : r 

.\ B : As :: S, A i S, AB. 
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Prop. 31. 

In the «ame case, AB : AC :: cos. A : r; for Ar 
A sin that ratio. 



i^HdJMMItei 




tS OBLIQUE SPHERICAL TRIANGLES. 

Lemma. 

(389.) If the angular points* A, 
B, C, of the spherical triangle 
ABC be the poles of three great 
circles, these great circles will in- 
tersect and form another triangle 
EFGy which is supplemental to 
the former. Hence, if one of these triangles being 
changed, the other have a corresponding variation, so 
that A, B and C shall still be the poles of FG, GE and 
EFy the variations of the sides in one triangle will be 
equal to the measures of the variations of the angles 
opposite to them in the other ; and the measures of the 
variations of the angles will be the corresponding varia- 
tions of the opposite sides. 

Prop. 22. {Cotes Theor. 11.) 

In any spherical triangle ABC, one angle as B and 
a side adjacent as ^iT being supposed constant, 

BC : AC :: r : cos. C. 
Let ABC be changed into 
ABD; take AE=AC, and join 
CE. Then CD, DE are the 
variations of jBC, AC; 

and CD : DE :: r : cos. ^ a 
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Prop. 33. {Theor. 12.) 

In the same case^ A : C i: r : cos. AC. 

By the preceding Proposition, in the supplemental 
triangle EFG, 

FG I EF :: r : cos. F, 

^T ji : C :: r : cos. AC 

Prop. 34. (7?k«>r. 13.) 
In the same case, 

A '. AC ,. T^C : S, AC. 

Take AF the arc of a quadrant, and let FG be the 
measure of the variation of A ; 

then FG X CE V. r i.S, AC 

CE : DE ;; {T, CPE) T, ACB ; r ; 

.'. FG : DE :: T l C : S, AC. 

Prop. 26. {Tkeor. 1 4.) 
In the same case, BC : C :: 1) AC : S, C. 

In the supplemental triangle, by the last Propo- 
•ition, 

E : EP:: T zF: S, EF, 
or BC : C :: T, AC : 5, C. 

Prop. 26. (7%eor. 15.) 

In the same case, A : BC :: S, C : S, AC. 

For FG : CE :: r : S, AC 
CE i CD ;; S, C, : r; 

.-. FG : CD :: S,C : S, AC 

Prop. 27. (TXcor. 16.) 

In the same case, C : AC :: T, C : T» AC} for by 
^e three ^neceding Propositions, 
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, C : BC :. S,C '. T, AC 
BC : A v.SyAC: S, C 
A : AC :: T, C : S, AC; 



.'. C : AC :: T, C : T, AC. 

Prop. 28. ' {Theor. 17.) 
In any spherical triangle ABC, one side as BC and 
the opposite angle A being supposed constant, 

C : AB :. Z C : T, AB 
For -S, C : «, ^ :: S, AB : S, BC; 
.: Sy CocS, ABi 

.'. S, C : S, AB :: 5, C : S, AB. 

■ the flux, of the sine 
But the fluxion of an arc or angle oc ^^-^^ ■ • 

(Art. 44). 

... d,Ai:: A^ : Jl^ :: T, C r T, AB. 

COS. C COS. A MS 

Prop. 29. {Theor. 18.) . 

In the safne case^ 

AB : AC :: cos. C : cos. B. 

Let -4jBC be. changed into 
idDG ; then since BC is constant, 

DF^GE; also BD = M and ^ 

Now BD : jDF :: r : cos. B ^ 
( Dl) GE : CE :; cos. C; r; 

.•, J5jD : CE :: cos. C : cos* B. 

Prop. 30. (7%6or. 19.) 
In the same case, B • C :: cos. AC : cos. AB. 
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In the supplemental triangle^ by the last case^ 
EG : EF :: cos. F : cos. G, 
that hy B '• C :: cos. AC: cos* AB. 

Prop. 31. (Theor. 20.) 
In the same case^ 

AB : B :: T,ABxcm. AB : T, Cxcos. ^C, 
and as T, AC x cos. C : T, B x cos. B. 

For AB : C :: T, AB : T, C (28.) 

C : B :: COS. -4B : cos. -4C (30.) ; 

.♦. JB : B :: T, JB x cos. ^JB : T, Cx cog. ^C 
Again, AB : AC :: cos. C : cos. B (29.) 
^C: B :: T, AC: T,B (28.); 

.\ AB : B :: T, ^Cx cos. C : T, JBxcos. 5. 

Prop. 32. (ITiear. 21.) 

In any spherical triangle 
ABC, the sides BJ and ^C 
being supposed constant, 

A.Bv.S, BCx R : S, ACx 
cos. C 

Let the triangle ABC be 
changed into ABD,- AD 
being equal to AC. Draw CJ? perpendicular to AD, and 
with A and jB as poles at the distance of the arc of a 
quadrant let FG and HI be drawn> the measures of the 
variations of A and B. 

FG : CD :: r : S, AC 
CD : CE :: r : COS. C 
CE . HI :: S,BC I r; 

.\FG : HI :: rx*S, -BC-.iS?, ^Cx cos. C 
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Prop. 33. {Tkeor. 23.) 

In the same case, A : JBC :: cosec. C : S, ^C, 

or ;: cosec. B : S^ AB. 

For 1*. FG : CD :: r : S, AC 
CD : DE :: cosec. C : ri 

.'. FG : DE :: cosec. C : S, AC. 

2", FG: CD :: r : S, AC 
CD : DE:: r : S, AC B; 

.-. FG : DE .: r* :S,ACx S, ACB 



«• 



r« 



: 5,^21 



• 6', B 

:: cosec. S : S, AB. 

ft 
\ ■ 

Prop. 34. (7%«»r. 23.) 

In the same case, B : B6 :: Co T, C : S, BC. 

For, HI : CE :: r: S, BC 
CE : ED :: CoT, C : r; 

.-. HI : ED :: CoT, C : 5, BC. 

Prop. 35. (TAcor. 24.) 

In the same case, B : C :: T, B : T, C. 

For since the sines of B and C are as the sines of AC 
and AB, the ratio is given ; 

.-. S,B : S,C :: S,B : S, C. 

S1I16 

But the fluxion of an arc or andeoc — 7— (Art. 44.) ; 

^ cosine ^ ^ 

COS. jB cob. C 
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Prof. 36. {Theor. 35.) 

In any spherical triangle, let two of the angles as B 
and C be suj^sed constant ; 

then BC '. Ab .: S,Ax r-.S, Cx cos. AC. 
For, in the supplemental triangle, EFG, by Prop. 33. 

E : G : S,FGx r : S,EFx cos. F, 
or BC : AB :: S, A x r : S, C x cos. AC. 

Prop. 37. {Theor. 26.) 

In the same case, Bc : A :: cosec. AB : S, B. 
For, in the supplemental triangle, 
E : F6 :: cosec. G : S, EG (Prop. 33.) ; .*. &c. 

Prop. 38. {Theor. 37.) 

In the same case, AB : A :: Co T, AC : #5, -^. 

For, in the supplemental triangle, 

G :FG:: CoT,F: S, FG (Prop. 34.); /. &c. 

Prop. 39. (7%cor. 28.) 

In the same case, AB i AC :: T, AB : T, AC. 
For, in the supplemental triangle, 

G : F :: T,G : T,F (Prop. 35.) ; .-. &c. 

(390.) These propositions are very useful in Astronomy. 
If in the triangle ABC, A represent the J^ 
pole of the equinoctial, B the zenith, and 

C any star, then A is the varisition of the 

hour-angle; B the variation of the 

azimuth, and BC of the altitude. And c 

the variation of one of these being given^ the variation of 

the other quantities dependent upon it can be found. 




ttO 
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Thus, if a small error in taldng the altitude of a 
kn<mn <^ be given, we en find^corre^ding em* 

in time. For here we have BC gtven^ to find A^ BA 
and AC being supposed constant ; and by Prop. 33., 

A : BC :: cosec. B : S,AB; 
(smce cosec : r :: r : sine) :: ^-^ : 5, AB% 

;,_ BC X 7^ 1 

• • ^~S,BxS\AB "^ S, B' 

and the error in time is therefore the least, whea the 
star is upon the prime vertical. 
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Chap. XXV. 



ON CAUSTICS, 



SECTION I. 

On Caustics by Rejection, 

(3g 1 .) Def. X F rays as BM be supposed^to issue from 
a luminous point B^ and to be reflected by the curve 
AMD, so that the angle of incidence 
equals the angle of reflection, the 
curve line HF, which touches the 
reflected rays, produced if necessary 
on the opposite side, is called The 
Caustic by Reflection* 




Prop. 1. 

To find the length of the 
caustic HF. 

Take BM, and Bm, two rays 
very near each other, and let 
them be reflected in the direc- 
tions MF, and mf touching the 
caustic in F and f, so that Ff is a small part of the 
curve. Draw Mo perpendicular to mf, and tnr per- 
pendicular to MB. Then as Mm is common to the 
triangles Mmo, mMr, which are right-angled at o 
and r, and have the angle Mmo^^mMr, the angles of 
incidence and reflection being equal, we have mo=:Mr. 
Hence since the angle at Fis evanescent, if at/* a 
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small line ft be conceived to be drawn parallel to Mog 
cutting FM in t, Bm + mf— BM+Mt; 

:. BM+ Mt - Bm - m/ = o. 

Add Fftx^ each, and for t write /, Ff and Fit being 
ultimately equal ; 

••. Ff^BM+MF^Bm^ mfi 

and this is true, in whatever part of the curve M is taken ; 
therefore the fluents or sums of these increments are 
equal ; hence if BA be some one ray, and AH the 
fleeted ray touching the curve in Hy 

HF= BM+MF-BA - AH. 



Prop, 2. 

Given the nature of the curve 
AMD, the luminous point jB, and 
the ray of incidence BM, to find 
the point F in the reflected ray 
where it touches the caustic. 




The arc Mm being supposed very small, it is evident 
that the point F in which the tangents MG, mg in- 
tersect each other, is the point in which MG touches 
the caustic. 

Find C the center of the circle of curvature at M; 
and from C draw CE, Ce, CG, Cg perpendicular to the 
rays of incidence and reflection, and Mr, m o perpendi- 
cular to Bm, GM. 

Now in the triangles Mm o, Mmr, mr ^ Mo ; and 
since the sines of incidence and reflection are equal, the 
triangles CEM, CGM, and Cem, Cgm are respectivelj 
equal; .•. CE=CG, and Ce^Cgi hence 
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CE^Ce^CO'-Cg, that is EQ = sQ. 
And by similar triangles, BEQj BMR^ and Fm o, FGsy 
BM+ BE : BM :: MR + EQ : Mr 

:: mo + Crj : mo 
:: i»fG : MF; 

that is, if 5M be assumed = y, and ME, or its equal 
ilf 6 be assumed = a, 

^y—o. X y w a : MFi .\ MF = —^ . 
(39i2.) If the reflecting curve be convex toward -B, 
y is negative ; alid MF = -»II — ^ = — ^^ — . 



Prop. 3 

To find the caustic, when rays are reflected by a plane 
sur&ce, or right line. 

Let B be the radiant point, and 
AD a right line in the plane. AD 
may be considered as a curve, 
whose radius is infinite; .*. a 

is infinite, and -SfF= ■ = 

fiy—a 

^^:=. -y^BM. 




Hence, draw BC perpendicular to AD ; produce BC 
to F, making CF=:CB ; the reflected rays NM, N'M' 
heing produced will meqt in F\ and the caustic is the 
point jR 
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Prop. 4. 

To find the caustic, when the reflecting cunre is the 
arc of a circle. 

Take Cthe center of the circle, and 
draw from the luminous point B the 

lineJBCD. Let BM^y, EM ^ a; 

then MF = rr"^— . Hence pro- ., 

duce MB to O; make MO == 

2 5^ — a ; and MF is a fourth proportional to MO, MB 

and ME. 

(393.) If y be infinite, MF=^-r\ and the rays, which 

fall on the arc parallel and near CD^ converge To a 
point K, bisecting CD. 

(394.) If BC^CD, and the arc be small, MF = 
3a "" 3 "" J "* 3 • 




Prop. 5. 

Let the reflecting curve ALD be a semi-circle, and the 
rays of incidence PM be perpendicular to the dia- 
meter AD ; required the caustic AFK. 

The radios of the circle 
CM is the radius of curva- 
ture, and it is constant. 
Also, since the rays are 
parallel, B is at an infinite 

distance; /. MF^ which ^ ^^ 

ay ay a MP 
equals -- — ^2— « --:i- = - st — 
^ 2y— a 2y 2 3 
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Hence, bisect CM in H\ draw HF perpendicular to 
MFy and J^ is a point in the caustic AFK\ for MH : 
MC :: MF : MP. 

(395.) The point K bisects LC» a radius perpendi* 
cularto AD. 

(396.) The part of the curve AF = PM+ MF = 
3 MF'\^MF^ZMF\ and the caustic AFK^SCK. 

(397.) When PMC is half a right angle, MF touches 
the caustic in the highest point. 

(398.) On MH as a diameter^ describe a circle ; it 
passes through J^ since MFH is a right ang^e ; and if 
this circle revolve on the quadrant GHK^ described with 
radius CH^ a point F in the circumference will trace 
out the caustic 

For MH^ i MC, and the angle HNF^ a HMF^ 
2 HCG^2HCK; .\ the arc ^Fsthearc HK, and the 
curve KFA is a semi^cycloid, which b^ns in K, and 
has the extremity of its axis at A. 

Phop. 6. 

To describe the caustic^ when the reflecting curve is a 
semi-circle, and the luminous point in the circumference. 

Let AMD be the 



semi-circle, AD the dia- 
meter, at the extremity 
of which is the luminous 
point A. Draw CF per- 
pendicular to the ray 
AM. Then AEj=: EM; 




and V. AM, or^ss2ff; and MF, which = £- ==5 y. 



Z2 
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CM 



Hence if CH be taken = — -, and HF drawn perpendU 
cular to MFf the point F is in the caustic ; for draw JETL 
perpendicular to M/i, then ML =2 MB^l AMi .\ MF 

(399.) The part of the curve AF==^ AM+MF—AHf 

1 4 4 

+ 5 AM=^^AM\ and the whole caustic AFKzi 5 -42). 

(400.) If AM=AQ ilfF js parallel to ^A and the 
point F is the highest point of the caustic. 

(401.) On MH as a diameter^ describe a circle ; it 
passes through jP; and if this circle revolve on the semi* 
circle GHK described with a radius CG, a point JP in 
the circumference will trace out the caustic. 

For in the isosceles A CM A, the angle KCH^ 2 CM A 
n^2CMF^HNF^ .-. the arc HF^HK, the circles being 
equal ; and the curve KFA is a semi-cycloid^ whose 
vertex is at A. 

Prop, 7* 

To desgibe the caustic^ when the reflecting curve is a 
logarithmic spiral^ and the rays of incidence issue from 
the center. 

Let AMD be the spi- --i> 

ral; A the center, and 
AM a ray. Draw MC 
perpendicular to a tangent 
at M^ and AC perpendi- 
cular to AM I CM is 
the radius of curvature; 

.-. AMf ory =a; and JfcfF '^^ s= y, ancf the triangle 

^y *• 
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JMFh isosceles. But the / AMT= FMD = MFA ; 

and AMT is a constant angle in the same spiral; .*. 
AFM is constant ; and the caustic AF is a logarithmic 
spiral/ differihg from the other only in position. 

Prop. 8. 
Let the reflecting curve be the common semi-cycloid^ 
and let the rays be parallel to the axis; to describe 
the caustic. 

Suppose DMA to 
be the semi-cycloid^ 
and PM 3X1 incident 
ray; draw MG per- 
pendicular to a tangent 
ztM; then MG =§ 
the radius of curvature 
(Art. 104. Ex.3.); and 

y being infinite^ MF, or ■ ^ 

since the angle G7lfP=the angle GMFj if GFhe drawa 
perpendicular to MF, the point jF will be in the caustic. 

(402.) Take JET the center of the generating circle ; 
draw HM, HG^ to the describing point M^ and the point 
of contact G; HG is perpendicular to DBy and the 
angle GMH =« MGH^ GMP ; hence the reflected ray 
MF passes through H^ the center of the generating circle. 
Now if a circle be described on GH^ it passes through Fi 
.*. the arcs GiVand § GF, which subtend the same angle 
GHN at their respective centers, are proportional to the 
diameters ifcfiV and GHy or in the ratio of 2 : 1 ; .-. GF^ 
GN= GB ; and the caustic DFB is a cycloid described 
by the revolution of GFH on the line BD. 

(403.) The area DABFD s= 3 times the area of the 
circle GJFH. For the area of the semi-circle MGN a 



^=zMP; therefore 

2 
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twice the area of the circle GFHi .\ the area AMDR-sz 
6 times the area of the circle GFH; and consequently the 
external area ADFBssS times the area of that circle. 
Hence the curve DFB divides AMDB into two equal 
parts* 

Prop. 9. 



Let the reflecting curve be the 
common parabola, and the rays come 
parallel to the axis. 




Here y is infinite ; .•. MF^=^ -JSL. 



Now in the parabola (Art. 104.) CM the radius of 

(Ax + T^ 
curvature = ^ — - ^ ■■-, where x is the abscissa, and r Ae 

hitut rectum = (since rx = BM* » »*) \ , "*" ^ f s 



(since QHP = PJI/* + Pa* = »» 
But Qilf : QP :i CM : 3fE (a) 



3r» 

4ajip 



or QM: ~ 

2 



aoup 






: a; .\ a = 



2QJIf' 



Also, QT iQMxiQM I (QP) I ; .-. Qr= ^^^ 

«a. Buti»/1'=^; .-.^1/^= ^=aF; ortheiays 
converge after reflection to the focus of the parabola. 

Lemma. 

(404.) If the luminous point fi be in the focus 
of the parabola, the reflected rays MF are parallel to the 
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taOB ; and MF is infinite ; •% 
— ^^ — is infinite, or 21/ - arszo ; 

/• a = 2y. 

Hence, if il/A be produced 
to E, so that ME=2MB, and ^ 

i?C be drawn perpendicular to MC, C is the center of 
the circle of curvature at M. And if a line be drawn 
from Bf perpendicular to MB, it bisects MC. 

Prop. 10. 

Suppose the reflecting curve to be a parabola^ and the 
rays to fall perpendicular to the axis* 

If PM be the direction of 
the incident, and 3iG of the 
reflected rays, and from C the 
center of the circle of curva- 
tore^ CO be drawn perpen- 
dicular to MG, MF^ 

The Figure may be constructed thus : 
Draw 3fAr parallel to APj the axis; and having joined 
the point My and the focus L, draw LH parallel to 
MGs then since LMC^CMN, and PMC=zFMC, 
LMF=PMNi .-. LMF\% a right angle ; and the per- 
pendicular LH (by the Lemma) bisects MC ; hence 

LH^ — = - =MF. Therefore fiom M draw MF 

2 2 

equal and parallel to the perpendicular LH^ and it will 
touch the caustic in F. 

(406.) When MF is parallel to AP^ the ordinate 
JF!R is the greatest. In this case the incident ray passes 




\ 
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through the focus^ and the angle PMQ:=^PQMy and 
PM = PQ. Hence MF^ which equals LH^ or in this 
instances PQ) is equal to half the Uxtus rectum \ and 
AF, the length of the caustic = PJf+ilfF=f the Udus 
Tectum* 



SECTION II. 



ON CAUSTICS BY REFRACTION. 

(406.) Def. If rays BM issuing from a luminous point 
B be refracted by the curve AMD, so that the sines of 
incidence are to the sines of refrac- 
tion in a given ratio^ the curve 
line HFNf which touches all the 
refracted rays, is called The Dia- 
caustic, or Caustic by Refraction. 




Prop. 1. 
To find the Length of the Caustic. 

Let BMy Bm 
be two rays inci- 
dent upon AMDy 
very near each 
other, and suppose 
•the refracted rays 
MO and wig to meet in F. Take C the center of cnrvatuie 
at Af ; draw CEy CO perpendicular to BM produced and 
MF\ and draw Mr, Mo perpendicular to Bm, mg. 
Then CE is the sine of incidence of BM^ and CO the 
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sine of refraction* Let CE be to CG as m : n. Now 
CMmj tME are right angles ; take away mME from 
each, and rMm=CME\ .\ the triangles rMm, CME 
are similar. In the same manner it may be shewn, that 
m Mo, CMO are similar ; hence, by compounding the 
ratios of CE : CM, and CM : CG, we have 

CE : CM :: rm : Mm 
and CM : CG :: Mm : mo : 

.•. CE : CG :: rm : mo; 

n 
or w : n :: rm I mo; /. wo = — x rm. 

m 

Now suppose wi/* to 
touch the curve FN in f, 
and MF in JP; since 
Mm is indefinitely small, 
F/* will be a small part 
of the arc. j^ — ^ 

Imagine a small line J^t to be drawn perpendicular to 
MF; then since FM = Fo, and F/= Jl?, Mt =/o =i 

mf+mo ; .-. Af f - m/ — mo = O, or Mt — m^ — -* . 

rm =3 O. Add J/* the fluxion of the curve to each side of 

the equation ; then Ff^MF-- mf — ~.rm^ and the 

fluents are equal ; /. NF^^^MF-- KN-^iBK-- BM) 

the curve being supposed to commence at Fm 

Prop. 2. 

The nature of the curve AMD being given, the turn in-* 
ous point B, and the ray of incidence BM^ to find the 
point F in the refracted ray where it touches the catistic, 
(See second Fig. in preceding page.) 

The point of intersection of two rays MG, fng, which 
are indefinitely near each other, is the point of contact re^ 
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quired. Draw Ce, Cg perpendicular to B m produced 
and m F ; the Proposition requires to find MF. 

By similar triangles, MF : MG :: Mo : Mo - ff ^, 

and MF = xi tt- • 

iwo - G* 

But by similar triangles, 

ME : MC :: ilfr : Mm, 
and i»fC : ilfG :: Mm : Mo; 

»^Fi MMr^ MM %M MO "it. Mr 
/. ME : il/G :: Mr : ilfo = — Tgpg — . 

_,- ^_ __ ^ BQy.Mr 
Also, Bilf : BQ, :: Mr : Qe = — ™ 

And since 

Ce : Cg :: CE : CG :: m : n; 
.-. jii : n .•: Ce^CE : Cg- CG 

_ n.Qe n.BQ.Mr 

' , „ MG X Mr nxBQxMr 
and il/o - ^* = — ^jgjj mxBAf 

»n y MG x BMx Mr— n x BQx ME x Mr 
mxBMx ME ' 

.♦. MFf which by the first proportion= ^^ _ ^^ = 

MGxMGxMr m x MGyBMx Mr - nx BQ x ME x Mr 

THE "*" mxBMx ME 

m X MG* X BM 

^mxMGx BM-nxBUx MM' 

Assume BM = y, ME «» a ; MG = 6; then 
j||y_. mb'^^ mh»y 



mby -^na .{a + y) m^— na* — nay* 
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Hence this construc- 
tion. 

Towards AfC, make 
the angle ECH = 
GCM, and take MK in 
the direction MB = *^ A 

— ; then if MF be a fourth proportional to HK^ HE, 

MOy the point F will be in the diacaustic. 
For, by similar triangles^ CGM, CEH, 

CG : CE, ovn : m :: MG (b) : EH=^i 

n 

.-. HE - MB, or^Ms= '^ -a=^Az^. and 

n n 

^M-MJC. or HK^ mhy-nay-na^ 



ny 
since HK : ITE :: M6 : MF, we have 

by substitution — ^ -^ : — :: 6 : MF =? 

— T s2 r-» or J^ IS a point m the curve 

iwfty — nay ^ a n '^ 

(407 •) If' the luminous point be on the concave side 

of the curve, y is negative ; and MF= ^^^ — ^ ri 

^ ° '-mby+nay'-nif 

a: — T —, — 4 ; the construction as before. 

may- nay+na* 

(408«) If the luminous point be on the convex side of 
the curve, and the value of MF be positive, the points F 
and G must be taken on the same side of M. But if the 
value of MF be negative, the refracted ray FM must be 
produced backward, and the point JF must be taken on 
the same side of the curve with jB. 
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Hence, in the first case the rays converge ajFter re- 
fiactioh, and in the second case diverge. 

(409.) In the same manner if the curve be concave 
toward B, the refracted rays converge when MFis nega- 
tive ; and diverge when it is positive. 

(410.) If the refracting curve be convex toward JB, and 

m less than n, the expression — r ; is nesa- 

' ^ may — nay — na ^ 

tive, and the refracted rays diverge. If the curve be con- 
cave toward B, and m greater than n, that expression is 
positive ; and in this case also the refracted rays diveige. 

Prop. 3. 

Let the refracting surface be a plane; to determine 
MF. 

Here, since C is at an infinite 
distance, a and b are infinite ; .*• 
the expression for MF becomes 

and because tiiis quantity 



+ na* ' 




is negative, when F and B are on opposite sides of the 
curve, and positive, when on the same side, JP must be 
taken on the same side with B, and the rays diverge. 

The point jFmay be determined by the following 
construction ; 

Draw BO perpendicular to the ray of incidence BMj 
meeting MC, which is perpendicular to the refracting 
plane j4D in O. Let OL be at right angles to the p&- 
'fiacted ray LM; and make BOH^ LOM. Take MF% 
fourth proportional to jBM, BHy ML; the point jF will be 
in the diacaustic. 
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For the triangles MEC, MBO, and MGC, MLO are 
similar, whatever be the position of C; .•. when CM is 
infinite^ 

ME (fl) : MO {b) :: BM (y) : ML^^; 
and since OLM^ OBH are similar triangles, 

OL : OB :: OT n : m :: ML (^ : BH=^; 

, mhy by mb*y 
/. because y : ^ :: -^ : — 5^ , 

BM : jBIT :: ML : AfF. 

Cor. Near the point where the rays fall from B per- 

pendicular upon AD^ MF=:^ — ^ • 

Prop. 4. 

Let parallel rays fall on the convex side of the quadrant 
of a circle. 

In this case y 3 
IS infinite; and 

MF=L^^ . ; 

Tno-^fia 
and near the ex- 
tremity of the 
diameter, which is parallel to the course of the rays, 
i = a ; and MFy the distance from the vertex M, and the 

_ . , , , . mb m 
point F, where the ray cuts the axis = = -• >c 

radius of the circle. 

Hence, if AMD be the quadrant, C the center, BM 
an incident ray, and MF the refracted ray; draw CD 
perpendicular to BM produced. Join CM; describe 
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upon it a semi-circle MEC, and take CE : CG :: m : n ; 
prodace MG to F. making MF = ~j ; F is die 

point required. 

If m : n :: 3 : 2, ^jET, or the distance between M 
and F at the vertex A = 3^C. 

If a semi-circle be described on CD^ and the chord 
CN=:^ 5 CD, DN is the course of the extreme ray BD 

after refraction, and F is in the diacaustic. For in tbb 
case a=0; .'. MF=zb = MG. 

If ^P be drawn parallel to CD, the part of the dia- 
caustic FH belonging to the rays refracted between A and 

M^AH-MF-- l.{BK^BM) PM, since B is at an 

infinite distance ; and the whole caustic HFN = 3 AC -* 
DN^IaC^IaC ^ DN. 

Cor. If a sphere be generated by the revolution of 
AMD, all the rays parallel to AC, and near it, convei^ 
to ^point H, such that AH^ZAC. And MF for the 

spheres: — r . 

^ mb—na 



Prop. 5. 

Let parallel rays fall on the concave side of the quad- 
rant of a circle. 

Here y is infi- 
nite; and MF:=:i p^ 

mb* 

— = 1 and near 

mo- na 

the extremity of 
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the diameter a a ft; .*• MF at the vertex = - 

m—n 

radias. 

Hence, by a eonrtructioD simUar to the last, if m : n :: 

3 CE 
3 : 3, and CO s — — -, GAf produced will be the re- 

2 i' 

fracted ray, and MF = ^r — — , a negative quantity. 

At the vertex AH^ — 2 i ; or £r falls on the convex 
side of AMD, and AH is equal to the diameter. 

If CO, or I CE^CM, the refracted ray, or the dja- 

caustic touches AMD in M\ but CG : CE :: 3 : 2 ; 
.-. in this case CD : CE ;: 3 : 2, or CE^ 5 CD. 

Th^ length of a part of the diacaustic FH^ AH -« 
ilfF+ tlM.^ and if iVXT be drawn paraUel to DC, iV 
being the point where the refracted ray touches AND, 
the diacaustic fflW= 2^C + | -^JT = 2-i|^ . ^C. 

Cor. If a sphere be generated by the revolution of 
AMD J all the rays parallel to AC and near it converge to 
a point Hj the distance of which from A = 2AC\ and 

MF for the spheres —r , 

Prop. 6. 

Suppose the rays proceeding firom a given pcmit B, to 
&li on the convex side of the quadrant AMD* 

Join B and th^ center of the circle C; and produce 
Be indefinitely j on CM describe tl^ semi-circle MBC; 



am 

produce- BM to E, 
and join CE; take CG 

= ^xCE; then MG 
m 

is the refracted ray, j^ 
mdMF "^^^ 
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mby - «a* — nay * 
Also, ^^ taken as before = 



mhy 



If r be the radius of a sphere, MF = 



my-^nb-- ny ' 
mry 



my ^nr ^ ny 



Prop. 7. 

Suppose the rays from a given point B, to fall on the 
concave side of the quadrant AMD. 

^ In this case y is negative, 
and the expression for MF is 



mh^y 



mhy^ nay +nd 

mhy 
my -^ «y + w 6 



5 ; and AH=: 




lim be to w as 3 to 3, AH^—^~i > and the point 

JFis on the same side of the curve with B ; and may be. 
found by this proportion, AB + 2AC : AC :: 3 AB : 
distance of F from A. 

If rays fell on the concave sur&ce of a sphere, 

y +2r 
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Prop. 8. 
To find in the . two last cases^ where the refracted 
ray MF meets the axis of the curve. 

Case 1. 

Produce MF till it 
meets BA produced in 
O. Take BA^d; 
AO =/; BM=yi B 
MO = s; AR =: X, 
and RMzsz. 

Then y = i/(««+(rf+^)0 

and s = ^(jK*+(/-i)*); buty :-i::rm:om 
(Pig. to Prop. 1, page 36o.) :: m : n; .•. vy.^-- ms; 
- 1 . . nzz -f ndi +'nxi _ mfx — mxi -" mg g 

from which equation if we expunge x or z, by the 
nature of the curve /can be found. 

In Prop. 6. since g* =■ 2 r « — :c*, where r is the 
radius, ziss rx ^ xx; .\hy substituting for g* and gg 
in the preceding equation^ 

, nr + nd mf^ mr 

'^ ^^""^ J{2rx+2dx + d') = ,J{2rx-2fx^f*)' 
from which f can be found. 

At the vertex XsO, and , ■ = ■ ^ ■ ./ — ; hence 

d f 

fit dir 

f = — T — -^-- — , which coincides with the expression^ 
Prop. 6. 

Case 3. 

Here £ and F are on the same side of th^ curve* 
And^ assuming as before, 

A A 
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Hence proceeding as in the former case^ and substituting 
rx ^ xi for z %j and 2rx — s^ for ^% we have 

J2rx^2dx + <P * 73rx'-3>+/" ^^-^ ^*»>«>»/ 
may be found. 

.^- _. jnr — wd mr-mf 
At the vertex a: =: 0, and ^ — = ■ ■ v — ^ ; .*• 

/• s ■ , , which coincides with the expression, 

•^ fir— Ho + wo 

Prop. 7. 



i 

] 
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Chap. XXVI. 



SECTION I. 

PROBLEMS. 

PROB. 1. 

Xwo weights are connected by a cord going ov^er a 
single fixed pulley ; to determine their ratio, so that one 
shall generate the greatest quantity of motion possible in 
the other in a given time. 

Let P be the greater weight, and y the less ; then the 

P -- y 

accelerating force= p - ^ '-; •*. the momentum of y oc 

Cn^ ) X y, which is a maximum by the Problem ; 
hence the fluxion of -^t"^ = 0, or (Py -- 2yy) x (P+y) 

-y X (Py-y')=o, or (P - ay) x (P+y)=Py -/; 

.•. y* + aPy = P*; and by solving the quadratic, 

y- P X ^2-1. 

P I y :: 1 : a/2 - 1. 

Prob. 2. 

Materials are to be raised to a given height by means 
of a given weight hanging over a single fixed pulley. 
What weight must be raised each time, so that the 

aa3 
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greatest possible quantity may be raised in a given 

time ? 

Let t represent the whole time, n the time of one 
ascent, 5 the given space; then S « m»* X F; .-. n = 

(— ^j ; but - = the number of ascents; /. this humber 

= ^ X (^)*- Also, if P be the given power, and x 

P—x 

the weight raised each time, F=p— — ; .'. the number = 

t X (I)* . (p~)* ; and the whole raised = t x 

Problem is a maximum. Hence its square p — is 

a maximum, and its fluxion=0; that is, (2Pxi - 3s?x) 
X {P+^) — i X (Px^ - a:*) = 0, from which equation 

jr = P X -^^—T — • 

2 

Pros. 3. 

A body fells from -^ to jB by the force of gravity, and 
then rolls uniformly on a given horizontal line BC with 
the velocity acquired ; to ^nd AB, so that the time of 
felling down AB added to the time of describing BC 
may he a minimum. 

Let AB^x, BCs=:b, m = 16x5 feet The time down 

— ^ ,and the velodty acquired s= 

(4ww?) «• Also, since the velocity in BC is /^ 

BC 4 

uniform, the time of describing BCss -—- ss ^; :* 
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by the Problem, {-^) + , is a minimum, or x*+ 

^•^ (4 ma?)* 

fta:"' . . • , i has _ i 6 

-— 18 a mimmum : hence -— r "• — t=0, and «= - , or 
3 2^ 4a?+ 2' 



2 



PROB. 4. 



.C 



From what height above C must a perfectly elastic ball 
be suffered to descend by gravity, so that it may impinge 
upon At and return to the given point C, in the least 
time possible ? 

Let B be the point required ; take J3C= x^ AC = a ; 

—— ^ ; time through 

—J ; /. the time down CAy or the time of 

nsing through -4C after impact, = ^ ^j . 

m* 

Hence the whole time of £dling through BA and 

. ^ 2(a+a:)i-a?i . . „ 

returning to C=s—^ / , a minimum. Hence 

ms 
T =0, and a? is found = - • 



Pros. 5. 

Given two perfectly elastic bodies A and B ; to find an 
intermediate elastic body x of such magnitude, that the 
motion communicated from ^ to £ through x may be a 
maximum. 

Let a = the velocity communicated to ^ u^ the velocity 
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communicated to s, and ft that communicated to JB; then^ 
by mechanics, 

A+x : 2A :: a I w 

x+B : 2x :: to : b; 



••. {A-^x) . (x+B) : 4 Ax :: a : ft, or 

4A :: a : ft. 



A+X+ ^+ B 

X 



Mow the two mean terms are constant; therefore the 
first varies inversely as the fourth ; but the fourth is a 
maximum ; therefore the first is a minimulD. Hence, 

ABx 

by taking the fluxion £ j-=0; .'. x^=:AB, and A : 

X 

X :: X I B, 6t X is 3, mean proportional between A and 
B. 

CoR. If A impinge upon x at rest, x upon y, y upon 
Zj &c. and z upon J3, the motion coiiimunicated to ^ is 
a maximum, when the several bodies interposed are 
geometric means between the first and the last* 

Prob. 6. 

Given two sides of a triangle ; required the third, so 
that a body may Ml down it by the force of gravity in 
the least time possible. 

, Let AB, BC be the two given sides, of which the 
greater AB is drawn parallel to 
the horizon ; with J? as a center, 
and the less side BC as a radius, 
describe the circular arc CM. 
From A draw AF perpendicular 
to AB, and make AF=z BC; 
join FB. Make the angle FBC 
equal to the angle BFA ; pro- 
duce BC and FA till they meet 
in D, and join AC; CA is the 
line required. 
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For ifBC be produced to D, since DF— DB, and 
jAF=: CB ; therefore DA = DC ; and a circle described, 
vnth the center D. and raditis DA, will touch Cil/ in C 
Hence, by Mechanicsi the time down CA is less than 
the time down any other line PA, drawn from A to th^ 
circumference CM. 

Or fluxionally thus; 
hstxAB^a, BC=sb, and the perpendicular from C 

upon AB=Xi then u4C^=o*+6*— 3a (6*— a?*)* ; and /. 

^ =g a mmimum. This put mto flux- 

a* — J* 
ions and reduced^ gives x = 5 x -; — rj ; whence AC ^ 

This result agrees with that which may be deduced from 
the construction. For since BAF is a right angle, BF= 

(BA* + AF^)i = (BA" + BC^)i. Also, conceiving a per- 
pendicular to be drawn from A upon BFy the distanoe 
of the intersection fix)m F=^ (BF^AC) will be a third 
proportional to £Fand FA, or to BF and BC 

Hence i (BF.^Q = ^=» ^-^5^^; ... i^F- 



^ ^ (Bvi'+BC)* (B^+BC»)i* 

PROB. 7. 

Given the base of an inclined plane; required its 
height, so that the time down the plane may be a 
minimum. 
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r 

Let the base = b, the heightsa; ; then the length = 
(a* + jf) ; but the timeoc — - ^ j— ; /. ^ j-^ 

Qr — ^ — ig a minimum. Hence Sop^i— a*i — x'i = O, 

X 

and xsa, or the height = the base. 

Prob. 8. 

Given the length of an indined plane; to find its h^ht, 
when the horizontal velocity of a body, after descending 
down its length, is a maximum. 

Let AB be the plane ; produce j4B to E, and draw ED 

perpendicular to the base CB produced. 
Take JB=a, AC^x\ then BC = 

(a* - x^)^. Now the velocity through 

.^JJ =(4 mi?) , if m= 16 jj; and this 

velocity : the horizontal velocity :: !s 
BE I BD :: BA : BC 

:: a : (a* — a:*)' ; 

.•. the horizontal velocity oc j^ . (A*— j?*)i, a maximum. 
Hence (fx - or^ is a maximum, and a*x^3x'^x=:0, and 

a ._ 

X = -7% , or AB : AC :: s/3 : I. 

Prob. 9. 

Given the height of an inclined plane; required its 
length, so that a given power acting upon a given weight, 
in a direction parallel to the plane, may draw it up in 
the least time possible. 
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Let a=the height, oi^s the lengtli, Pthe power, and W 
the weight. The tendency of ^down the plane is equal to 

p W^a 
— , and the accelerating force = * 



X - p+rr 

xX(P+ff^)xx , x" . 

Vk Vir\ ; hence yz f^r is ^ minimum ; .•. 

m X {Px — fra) Px — fra 

2xx X (Px-^fFa) - Pjp*i = 0; and Pa?= 2aliF^ or 
P : ff^:: 2a : X :: twice the height : length. 

Prob. 10. 

A body is projected from a given pointy with a given 
velocity ; to find the angle of elevation^ when the hori- 
zontal range is a maximum. 

Let «=the versed sine of twice the angle of elevation ; 
3r=the parameter. The amplitude ex sine of twice the 
angle of elevation oc (2rx - x^)^ ; .*. by the Prob. (2rx - a?*)«, 
or 2rx-'a^f is a maximum ; hence 2rx=i2xx, and x=ir, 
or the angle of projection is 45^ 

Prob. 11. 

The same supposition being made^ it is required to 
determine the angle of elevation^ that the area of the 
parabola described may be a maximum. 

The area of the parabola = r x base x altitudeoc base 

X altitude oc sine x versed sine of twice the angle of 

elevation oc (2rx — x*)^ xx; .\ (3rx — «*)4 x ar, or its square 
3r^- j^^ is a maximum ^ hence 6rx^i— 4a;3i=0, and 
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X = ^ — = versed sine of twice the ande of eievation = 
versed sine of 1 20^ ; therefore the angle of elevation is 6o^. 

Prob. 13. 

The same things being given, it is required to deter 
inine the angle of elevation, when the sum of th 

amplitude and altitude is a maximum. 
Inthiscase, since the altitudes 7, we have 7+(2r«f— ^* 

4 4 

ir . rx - XX (ari:— a?*)* 

a maximum ; .-. - + , €x ' X =Q » hence -^ '— = 

4 (2ra?-jr)a 4 

X - r, and x is found in a quadratic equation = r x — 7=#~ 

= the versed sine of twice the angle of elevation. 

Prob. 13. 

A body is projected with a given velocity from the top 
of a given tower ; required the direction of projection 
above an horizontal line AE, that it may fell at the greatest 
distance possible from the bottom. 

Let AB the tower *= a ; suppose the body to be pro- 
jected in the direction AF, and to fall at 
D. Let DC parallel to AF meet AB 
produced in Q and let AE parallel 
to BD meet the perpendicular DF 
in E. Take FE or BCssx^ and/» the 
parameter of the parabola. Then p x 
AC=CD\ or px{a+x)^Cjy; and 
DB* =/iC» - CB*^px(a+x)^x*;^^ 
therefore p x (a + ^) - «* is a max- 
imum ; and px = 2xi, or x^ \ Hence, 

•4nthe right-angled triangle AFE, which 
is similar and equal to DBC, AF and FE are known, 
from which the angle of elevation FAE may be found. 
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Or geometrically thus ; 

Let P be the top of the tower ; 
AH the horizontal plane passing 
through the bottom A of the tower ; 
DP the space due to the velocity 
with which the ball is projected 
from P ; then is Dft, drawn parallel to AHy the 
common directrix of all the parabolas, that will pass 
through P. If P be the focus of the parabolic trajectories, 
then it is known that the distances of the focus from any 
points in the curve, are equal to the respective vertical 
distances from those points to the directrix, that is^ 

FP=zPD,BndFH=HR. Htoce it is evident, that the 
two points P and H, the latter on AH, will be most re- 
mote when F falls in the right line between them ; that is, 
PH is then a maximum ; whence, since PA one side of 
the right-angled triangle PAH is given, the other side 
AH is a maximum. 

Hence this construction. From P as a center, with 
the distance PH=^DP + (DP ^PA), describe an arc to 
cut AH in H. Draw Pff, and then PT to bisect the 
angle DPH, so will PTbe the direction of projection. 
The horizontal distance AH= J{PH^ ^ PA^) = 

^({2DP+PAY-PA')=J{aDP^+aDP.PA + 

PH 
PA^^PA') = 2\/DP:DA. Also, y-j= sect. HPAi 



and 



180^ - HPA 



:^DPT. 



PaOB. 14. 

To deduce a general expression for the time of emp^«* 
ing a vessel through an orifice in the bottom. 
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Let JEB represent the vessel, C the orifice, CD the 
perpendicular altitude, and EHFj^ 
the descending surface of the 
fluid. Take z to represent this 

surface, n the orifice, m s 32g 

feet, and x = CG, the height of 

the fluid at any point of its descent. Then the velocity 

of efflux is equal to that which a heavy body would 

acquire in falling through r ; .'. the velocity of efflux = 

{m x)^. But by hydrostatical principles, as the area of the 
surface : area of the orifice :: the velocitv at the orifice : 
the velocity of the descending surface i that is, 

« : n :: (ma?)' : velocity at the surftces: — ^ ; 






- %x 



; the fluent of which, when corrected^ 



n (m J?)' 
gives the time required. 

Peob. 15. 

1 . To find the time in which a given cylinder will 
empty itself by an orifice in the base. 

Here % the descending surface is 
constant ; and if CD = i, and p = 
3.14159, z=pb'; let BJz=a; then 

^_ -pb^x^ -ph^x^^x ^ rp_ pb 




r= 



fUjnx)^. 



n m 



nnfi 



apb^ 



— + corr. = i (a« — a?*) i and 
the whole time = ^ ^ . 
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In the same manner the time of emptying any 
prismatic vessel may be determined. 

Prob. i6. 

2. To find the time of emptying a hemisphere by 
a hole in the vertex. 

Let ACB represent a hemisphere (See first Fig. in 
preceding page). Let DA ^ a^ CQ:=^Xi then the 
descending surface = jp X GF^ — p . (Soa? — a^) ; and 

a?4 






nmi 



1 A 

-^^ X \ ''- - -r~) + corr. Let x = a, 7=0; 

WOT* ^3 * 



4dJ 3aH 






• 9 

Let x=0 ; then the whole time = — ^ — j- . 

I5nmt 

Prob. 17. 

3. To find the same^ the orifice being made in the base 
of the hemisphere. 

Let CFs^s then l?!B*=a*-a?*; .\px FE\ or «= 



. . -r _ JILE 



p.(a» - J^); .-. T = 



lUTt 



A • 







a 

4^i); and T= -^ . (sa'a?*-?!!) + C; ihat is, 
T= ^x rfla^-'-lir-eaa'**.?^), ... the 

whole time = — ^ — % . 



time in the last :: 
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Cor. If equal hemispheres are emptied by orifices in 
the vertex and the base, the time in the first case : the 

14 8 
— : - 

15 5 

:: 7 : 12. 

Prob. 18. 

4. A sphere JBF being filled with a fluid, it is re- 
quired to compare the times of emptying the upper and 
lower hemispheres by an orifice at the bottom D. 

Let DI=x; then, if KA=a, JK^ being the center, % = 
p . {tiax — JT*) ; therefore Tsz |* • 



(2^j?*i - i?^i)» ftnd T=^ ^. 

nnfi 



( 



4ax^ 



2x^ 



^+corr. Nowifr=sO, 




Xzs:2a\ 



ft w, 



rp r / 4a X (2a)T 3 X {2ay\ . 
^ ^= ^ • V 3 J—> 

. /-£2I — iTl ; or the whole time of emptying 



va^ l6 X 2* . . , 

^ — J- . — 7^— , since X vanishes. 



15 



Again, if x=aj we get the time of emptying the lower 

s 
V OL^ 14 

hemispheres -*- — j- . -p- . Hence the time of emptjriog 

4k « -4. 16x2^—14 pa^ 4U x: r 

the upper part« x -^ — ,- ; .*. the time of 

emptying the upper part : time of emptying the lower 



l6x2* - 14 14 



• • 



15 



15 
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:: 8x2* - 7 : 7. 



d8» 



Prob. 19. 

5. Let the vessel be a paraboloid, and the orifice in 
the vertex. 

Let c = the latus rectum ; then, if DB = x^ FE^ =s ex, 

and z=pcx\ /. 3 = — ^ ^•^'^ 

nnfi x^ 

- — t-r X x^x; /. r= > - I X •— - 

+ corr. Let x=DC^a\ then r=0 ; /. the whole time 




-. P^ 



2ar 



nm 



4^3 



Prob. 20. 

6. Let the vessel be a paraboloid, and the orifice in 
the base. 

Let CE = Xy DE ^ a-x\.\pc. (a- a?) =«;.-. 2^ = 



—vc 



L 



nrn^ 



•( 



ax — XX 



£?4 



= — ^ . (ax 9 X -^ X9 x\ and 



—pc 



3 



Now if x=a; r=sO; hence the 



whole time of emptying = ^ * X j 

n m* 




4a^ 



384 



PROBLEMS. 



Cor. If the paraboloids in the last Examples are equal, 
the time of emptying Hie former : time of emptying tbe 

latter "3:3 

:: 1 : 2. 

Prob. 31. 
7. Let ADB be a cone, and the orifice in tbe yertex. 
Let DC=a, CB=:b, DG=x, GF a^ 

zzy; then^ss — , and z, orpy* = 

Cv 

^--3 — ; /. T=z — ^— 1 X x'^i; and me 



a*« fff' 



^JL^ 




whole time of emptying = ' * . x 

^ 5nm5 

Cor. Tbe time of emptying a cone at the yerfan : 
time of emptying a cylinder of the same base and altitude 

:: - : 3 :: 1 : 5. (See Prob. 15.) 

o 

Prob. 23. 
8. To find the time^ when the orifice is in the base. 
Here let CG=x; .-. JDG=a— x; ^ 

then «, or|>xy*=^.(a'— 2a«+a?^); 



.-. r= - 



ph" 



or nm 



. (a*a?""i X — 



2axii+«^i); and the whole time ^' 
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latter 



Coil If the cones be ^ual in the two last cases, the 
time of emptying the former : time of emptying the 
2 16 
5 • 15 • 
:: 3 : 8. 

PROB. 23. 

Let Cj4D represent a plane figure or a soKd^ generated 
by the revdution of C^2>' about its axis AK. It is re- 
quired to compare the resistance of the curve line CADy 
and of the sur^ce of the solid^ with the resistance on the 

base CD; the plane figui^ or solid being supposed' to 
move in a fluid in the direction of its axis. 

Take FE a smalt arc ; draw FH, 

EG, perpendicularto CD, &Qd FQ, 
EP, perpendicular to AK. Let 
AQ—x,QF^y, AF=z; theft 
ultimately jFB = i, pR=i, and 
ER=y. Let LF represent the 
force of one particle of water ; draw 
LUi perpendicular to a tangent 
FM, and MN to LF; then, if this 
particle struck the base perpendicularly at H, it would be 
wholly effective ; but its force on the curve at F is dimi- 
nished in the ratio of LFto LN, or of LF* : LM^; 
that is, of FE* : ER", or of »* : y*. 

Now, let CAD be considered first as a plane sui&ce. 
The number of particles which strike upon FE and HO 
is the same, and it varies as GH or y. But the whole 
eflfect is as the number of particles x the force of each ; 
/. the efiect or the resistance on FE : resistance on 

Gff '• 4-^ • w •• 2r • A •• ^ * 4i or •• y • «%. 
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.'. the whole resistance on the curve CAD :. that on the 
base CD ..f.-L^^ ,f.y. 

1+ T^ 

y 

In the next place, suppose the figure to be a solid, gene- 
rated by the revolution of CAD about its axis. la this 
case, the number of particles striking on the annulus, 
formed by the revolution of the part GH, is proportional 
to that annulus, or to the.product of GH and the circum- 
ference described by H\ that is, it varies as ipyify or as 
yy. Hence, since the resistance is proportional to the 
number of particles x the force of each, the resistance on 

the surface : that on the base ::j^ -^ - fyy* 

PROB. 24. 

1 . To compare the resistance upon the sides of an isosceles 
.triangle or prismatic solid CAD^ moving in the direction 
of a perpendicular AK^ with that on the base. 

Here if ^C=*, CK-h, FQ=zy, FE=i,ER=zy, i* : 
y* :: ** : ft'; /. since the resistance ^ 
on the sides : that on the base :: 

/•^' : /y (Prob.23), it is :: 




CoR. If CAD be a right angle, and therefore 
ACK = 45% the resistance on the sides : that on the 
base :: 1 : 2. 
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PrOB. 25. 

3. Let CAD be a semi-circle moving in the direction 
KA. 

Here i= "^ , (Art. 44.) : .♦. «* = f -^ , . Now the 
resistance on Cv^D : the resistance on CD '-'.J.^ '- f-V* 
/. in this case, they are w j. x »T •/•^ •• 



a' 
a :: 2 : 3. 



3 a' 



Prob. 26. 
3. Let C^Z> represent a cone. 

Here if CK^hy and AC^s, ^ = 
—5 ; /. since resistance on surface : 

resistance on base ::J^ ^-~- :y^^, 
we have, res. on surface : res. on 







base :: f.yif x -5 ;/.yy ::&»:*■ 

Cor. 1 . If CAD be a right angle the former resist- 
ance : the latter :: 1 : 3. 

Cor. 2. If a right-angled cone and cylinder, whose 
bases are the same, move in the same fluid in the direc- 
tion of ttieir axes, and the resistance upon the cone = the 

BBS 
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resistance on the cylinder ; then the velocity of the cone : 

velocity of the cylinder :: 2* : 1. For let f^ represent 
the velocity of the cone,, and t; of the cyliader ; then, 
since by the last Cor. when the velocities are the same^ 
the resistances are as b^ : s*, and that, coeteris paribus^ 
the resistance varies aa the square of the vdoci^; .*• in 
this case, resistance on the cone : resistance on the 
cylindjer :: f^" 6* : v*^; whence f^*6* = t;*5*, and 

f^ : V :: s : b :: 2^ : 1. 

Prob. 27. 

4. To compare the resistances upon a globe and 
cylinder of equal diameters, moving with equal velocities 
in the direction of the axis of the cylinder. 

In general, the fluxion of the resistance on the solid : 

the fluxion of that on the base :: ^^~- : yy, since z^ = 

-ii^,, (Art «.) :: ^2^=^ : y#, 

•• yy "• ' «^ • yy > •'• *he whole re- 
sistance on the globe : that on the cylinder - ^ — -J^ : 
f ; if y = «, :: J— : - :: 1 : 2. 

Prob. 28. 

5. Let the solid be the common paraboloid moving in 
the direction of its axis. 

Here y'^=ax; .-.is— ^, and Ti=-^ ; hence, since 
resistance on wlid : resistance on the base :: /. ^ ^ : 

ST 



f.yif, they are v.f. 



PKOBSiJEIfJaS* 



«• 



1 + 



^y 



t s f'Vy "' r X hyp. log. 



8 



o 



(Art. 42. Ex. 5.) :: jX hyp* log. ^ +y') : y*. 

Prob. 29. 

6« A solid, generated by the revolution of the common 
cycloid about its base^ moves in a fluid in the direction 
of its base ; to compare the resistance against this solid 
with that against its circumscribing cylinder. 

Let VA^2ay jBC=j?, CD=y ; then * : y :: Dn imp 

:: MN : NV :t AN^. : NF^ or ^ 

*• :y» ::y:2a-y;.-.T5 = ^^ 
hence resistance on solid : resistance on 

the cylinder i\j. ^^ ' f*yy •• 

2fl-.y 

resistance on the solid : resistance on the cylinder : 2c^ - 




4a* 



: 2 a* :; 1 ; 3. 



Prob. 30. 

7* Let C^D be a spheroid^ whose center is K, 
moving in the direction of the major axis KA ; to comr 
pare the resistances as before. 
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Let AQ-Xy KQ^Uy QF=y ; then, if ^ 
JK—a, and the lattis rectum=ir, by a 
property of conic sections, a*— «' : y* :: 

a : r ; .'.a' - t^ = -^ , and t« = 



A. ^* andi -''yy . 

(a-~;,and.--^— 1^ 



;but 




since «+a?=a, is= -i; /. ir=:~ 



«yy 



, and t;= 



.*«.< 



i* 



«-y =-,i^iL_, and 1+5 = 1+-?^ = 

a*r*~ary* ar* ^ ry"* y* ar'—ry' 

£!l^(ez4j^ , the..fore -M^= -^^^ 

and the fluent (by Fluent 10.) = ^7*^ . + .*°^. x hyp. 
y« + - — V= ^; .-. resistance against the 
spheroid : resistance on tibe cylinder \\ A \ -^ 

Prob. 31. 
8. If the figure be an hjrperboloid, by conic sections, 

vv 

,^» _ a» : y* :: a : r; and in this case, ■ '^^ >, = 
ir^^lISllli, whose fluent=i5^+l^ x hyp. 
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log. ^y" +—— -)=JB (Fluent 10.) ; .\ resistance against 
the solid : resistance on the cylinder :: 2 J3 : y*. 

PaOB. 33. 

9. To determine the frustum CDEF of a triangular 
prism^ of a given base CF, and altitude BA, which, 
moving in a medium in the direction of its length BA, 
shall be resisted the least possible. 

Let CH drawn parallel to AB meet ED produced in 

H Q c 

H; on HC describe a semi-circle, 

meeting DC in P ; join HP, and 

draw PQ perpendicular to HC, and 

PR to DH Then the resistance to 

DC, which varies as the number of 

particles x the force of each, varies as 

DHxDH* DnxDR" ., 
]g|^T; , oras — jjps » hut 

DH : DP :: DP : DR, since the angle DPH\% a 
right angle; /• DH : DR :: DH^ : DP", or :: 

DP* : DR^ ; .•. DR = — jjm — 9 ^^ *^^ resistance to 

DC varies as DR ; and the resistance to AD and DC 
varies as AD + DR. Now this is a minimum, when 
DR is a minimum, or when RH is a maximum ; but 
RH=- PQ, and PQ is a maximum (Art. 23. Ex. 2.) 
when CQ^QH', that is, when DCH, or 2>CB=46^ 

CoR. In this case BC is supposed to be greater than 
BA ; if not, the whole prism will be less resisted than any 
frustum CDEF of ?L greater prism. 

Pkob. 33. 
10. To determine that frustum of a cone of a given 
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base and altitude, i^^hich, moving in the dir^otion of its 
axis, shall be less resisted than any other. 

Let HBEI he the required frustum, and HA I Ae 
complete cone. Then, by Prob. 36, 
the resistance on the surface AH : 
that on the base HI :: HG" : AH^i 
/• if the resistance on the base= 1, "'^ 

HG^ 



that on the surface = 



IIP' 




Also, since the resistance varies as the number of 
particles into the force of each, the resistance on the base 
HI : that on the base BE :: HG^ : BC\ the force of 
each being the same when the velocity is tiie same; 

.• . the resistance on the base BE = ttt^ = -twwz ; and 

jttCr AH* . 

the resistance on the base BE : that on the sur&oe 

BAE :: AB* : BC*; thevefore the resistance on the 

r u^r. J*^' ^6?* BC „ . 

surface BAE = -777% x -jjp — -rjn • Hence the re- 

pistaHce on thesurface of the frustum BHIE = :sTn — '» 

AJti 

and the whole resistance = ■ — tfts ■ = 

AC* + HG* 
Alt ' 

Let AG^x, CG~a, HG=h; then ^ff=6'+*'; 

J .1. • . (x — a)» + 6' flf*- 2aa? + a'+ *' 
and uie resistance = ^ . ,- — = • . . . , — 

«* 1 H ; — rr^ 9 which is a mininura ; 
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x* + 6* = 2a?* - ax; r. at' — ai?= 6% and a? = - ± 



(f +'0* • 



' Cor. The Thirty-second Problem might be solv^ed by 
the same process ; the only difference is^ that the resistance 
on the base CF in that Problem : that on DE ;: CB : 
DA\ and the expression, which is a minimum^ 2: 

LA . BC^ jr LA\ J.. J />n w 

T5 "*" TC' ^ \} ^TB) ' ^°^ P"^ 

duced to meet in L, or y-jj + 7^T»» ^ T^ » which ac- 

d/ — tt 
cording to the same substitution, varies as ' + 

-3 ' ; and the fluxion of this quantity being putsO, 
ar ^ b X 

gives J? = 6, or the angle DCB=:45^y as before* 

Prob. 34. 

To find at what angle the wind must act upon the sails 
of a mill, so that its elBfect to produce motion may be a 
maximum. 

Let X *= the cosine of the angle ; then if r =» radius, 
the sine = (r* — x^)i ; but the effect by hydrostatics oc 
X. (r* - a?*) ; or r^x — jj^ is a maximum ; hence r^x — 3 x*i 

= 0, and x=:r X -r , the cosine of 54^44'. 

3* 

Prob. 35. 

Let the triangle ABC be immersed in a fluids so that 
its base may be level with the surface ; to find where a 
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line DE must be drawn parallel to the base, so that the 
pressure upon it may be a maximum. 

Draw CF perpendicular to AB; let AB=:a, CF^h, 
FG^x; then CF : CG :: JB : DE, f 

or ft : 6-0? :: a : DE^=aX' — r — - - 

Now the pressure varies as the surface 
pressed into the depth of the center 
of gravity ; /. the pressure in this case 
varies as (6 -a?) x xochx-^x^y a max- 
imum; hence bx^2xxszO, and x=;- . 

Prob. 36. 

If a semi-circle ACB be immersed vertically in a fluid, 
with its diameter contiguous to the sur&ce ; to find on 
which of the chords parallel to AB there is the greatsst 
pressure, the density of the fluid being supposed to vary 
as the depth. 

Let CD:=sx, CE=zr ; then the pressure on FE varies 

as J?!Exdepthxdensityoc2(r*-a;*)4 ^ ^ ^ 

xaf^y d. maximum ; hence the flux- 
ion of r*a?* — j^5=0, or Ar^x^i = 

63i^i\ .•.o'' = -;5- •^-— , and j? = r • 

o 3 

©*• 

If AGB be a parabola, on the same supposition^ x = 
-—,6 being assumed = CG. 




Prob. 37. 
Let AGB represent a hemisphere ; to find the section 
FE parallel to the surface, on which the pressure is a 
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maximum, the density of the fluid being as the n^ power 
of the depth. 

The area of the section FE varies as y^, or as (r* - a:*) ; 
hence the pressure varies as (r* *- a?*) . a? x a?" ; that is, 
r»i*+»— jf+3 is a maximum; hence (n+l).r'j;*i = 

(»+3) . «*+* i, and x ^ ( -jTq) • ^• 

Prob. 38. 

A cubic inch of metal, whose specific gravity is to that 
of water :: m : 1, is formed into a hollow cone, and im- 
mersed with its vertex downward ; it is required to find the 
ratio of the exterior diameter of its base to the altitude, 
when the surfoce immersed is a minimum. 

Let r= the radius BC of the base, DC the altitude =:ar, 

DO the altitude to which it is im- 

mersed=«,/>=3.14169, &c. Then, .i^^^^^^^^ 
by similar triangles, x -. r ii z : 

— = 0F\ and the content of the 

X 

conical part EDF ^p X GF* x 

«=£ — -- =the bulk of water dis- 

3 307* 

placed ; and the weight of the water displaced, or ^ ^ - 

X 1, =5 m X I, the weight of the cubic inch of metal ; 

= ^ — ;) X x^ . Also, since the surface of a 

cone ss I the circumference of the base multiplied into 

the slant side, the surface of ADC^spr . (r* + jp*)* ; but 
similar surfaces are as the squares of corresponding sides ; 

.'.x^ ; z^::p^r.(r'+ j^)^ '. P^""' '(^'^^)^ , the surface 




.•. z 

\pr 



X* 
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immersed; which, by substitution^ = ^- — '- ; ^ x. 

■ ^ -^ - X a?% s^ muumum by the Problem ; or -^ — ^ 

is a minimum ; and the fluxion being put =0, xsr 3^. 

Prob. 39. 

A cylinder of oak is depressed in water till its top is just 
level with the surface, and then is sufiered to ascend ; it 
is required to determine the greatest altitude to which it 
will rise, and the time of its ascent 

Let h = the height, and a the base of the cylinder, and 
sujqpose the specific gravity of oak : that of water :: n : 1 • 
Let X be any variable altitude through which the cylinder 

has ascended, and /slfii-feet Then the moving force 

by which the cylinder endeavours to descend = A x ax n, 
and the force of the water upwards to prevent its (A — £) 
X a X 1 ; /. the whole moving force upon this cylinder ^ 
{h-x) X a— Ax ax n= a A— ax— A yc a y^ n^ (I— n). 
ha-^ax =s mha^ax, by substituting m for 1— «, 5?:^Vi» 

(m A— jr). Hence the accelerating force = -~ ■ = 

ffi A "^^x 

* ■ , — . Now if V represent the velocity of the cylinder 

after it has risen through a space=x, vv^ dbS/Fi = , in 

^i_- «? mhi — xx , ^, 2tnhx - a? , 

this case, 21 x — r ; ••. t?'=r2/x r , and 

nh nh 

V = ("^ • {2mhx—x*) . And when the cylinder 

has acquired its greatest ascent, t; seO, or (2hmx -» j7*)i=0 ; 
/. J? s= 2 mAs the part of the cylinder extant 



PROBLEMS. S67 

'To find the greatest velocity. Assume 2mhx --a? z 
maximum; then 2mhi^2xiy and Ar=rmA= half the part 
of the cylinder extant, when it has acquired its greatest 
ascent. The velocity of the cylinder both in its ascent 
and descent increases to the middle point, and then de- 
creases till it becomes = O ; so that the several vibrations 
are completed in equal times, and would be performed 
through the same space, were it not for the resistance of 
the air, the tenacity, friction, &c. of the water. When 
the cylinder becomes quiescent, the length of the part 
extant = mh. The motion is analogous to that of » 
pendulum. 

To find the time, we have T = — = VTl) ^ 

" . : and T — ( — > ) x A^ 9, circular arc of 
{2mhx - x*)h V 3 // 

iBdius I, and versed sine -^ . Now when the cylinder 
has made half a vibration, x=mA ; or the versed sines 1 ; 

(ft h\ a 
-y J . Q, the arc of a 

qviadrant ; and the whole time of a vibration = (—r-) • 

g X 

Qs?'— • A • Suppose the time to be one second, 1 sa 

8 i 16* 

-rr^ X h , and h = -rr nearly = about 43 inches ; that is,. 

a cylinder of oak, whose length is about 42 inches, would 
make each vibration in l'". See Dr. Hutton*s Course. 
Vol. III. 
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PROfi« 40. 

Let Q be an object placed beyond the principal focus 
J^ of a convex lens ; to find its position when its distance 
Q(j from its image 9 is a minimum. 

Let QE=^x,FE^ a; 
then OF: QE :: QE : Qq, q 
or X — a : J? :: x : Qj^= 

, which is a minimum ; 

T— a 

.-. 2xi. (a?-a)— ir'i = 0; that is, 2jt*i— 2aaw— a*i^O; 
.•• X =: 2a, or QE^2EFy and QF=FE. 

Prob. 41. 

If a person view himself in a concave reflector, his 
image decreases from the reflector to the principal fecus, 
and then increases in going from it. 

Let E be the center, 
and Tthe principle focus ^J^ 

of the concave .reflector „ 
AC. Let pq be the 
image of PQ ; the ap- 
parent magnitude of PQ to an eye situated at Q is 

^. Take ET^TC=za, 9C=x, PQ=:M; then 2^ : 

TEuTE:Tg=ifi^=^; .. Cq ^ Tq •. TC ^ 

a* ax J ^ .ax 2ajc— a?* .. 

• a =-- , and Qq^x^ = . Also 

U'-x a-^x ^^ a^x a — j? 

{M) PQ : pq :: QC: qC :: x : :: a - x : a; 

cc ■■■ X 

.\ pq = — — ; /. the apparent magnitude ory Qg- ^ x 
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a-'X 1 in- Hxx — 2ai 

oc. ^ whose fluxion = 



^ax — x* 2ax'-x'' {Qax - a/") 

■ ■ (, which is negative^ while x is less than a, 

{2ax — a^) 

or QC less than TC ; hence the apparent magnitude is 

at that time decreasing. But when x is greater than a, 

or QC greater than TC, the expression for the fluxion 

of the apparent magnitude becomes positive^ and the 

magnitude of the image increases. 

Prob. 43. 

If the eye and an object be both fixed, and a concave 
lens be moved from the object toward the eye, the 
apparent magnitude of the object will decrease to the 
middle point, and then begin to increase. Required 
a proof. 

Let ABDC be the lens, O the place of the eye, F the 
principal focus of rays ^ j^ ^ 

coming in a contrary 
direction, PQtheobject, 
and 'pq the image. The 
angle, under which pq 

appears to the eye at O, varies as -^ . Assume Q0= 2a, 

FE^p, QE^x, and PQ:=M. 

QEx FE 
Then, since QF : FE :: QE : Eq, Eq = ^=^-^— 

= -^^ . Also QF : QE :: QE . Qq; .-. Qq = 

^«^; hence Oy=OQ-Q^ = 2a-.^ = 

?a±2f£z£. And PQ {M) :pq:iQE : qE :: x : 
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px 



^.pq 



r= ^ . Hence the apparent magnitadey 

or the angle qop, which varies as -^ 
' p+x 1 



quantity is 



2ap+2ax-x** 

2i . (x—d) 



Mp 

, yanes as — ^— x 
' p+« 

The fluxion of this 



, which is negative, while 



{2ap + 2aX'^3^) 
X is less than a, but positive, when x becomes greater ; 
that is, the apparent magnitude decreases to the middle 
point, and afterwards increases. 

Prob. 43. 
To find the position of Venus, when brightest 

Let JB be the Earth, S the Sun, and F Venus ; join 
SV^ SE, EV, and produce EV 
to -i making r-^=FS; with V 
as a center, and VS radius, describe 
the circular arc SA^ and draw SB 
perpendicular to EA. Then SEF 
is the angle^ of elongation, SVA 
the exterior angle, VB its cosine, 
and BA its versed sine to the 
radius 5^. Take *S£ = a, 1;^=^, 
FB=y, SF^h. Then the visible 
illumined part oc BAoc h^y\ and 



i-y 



y 




.» ' 



.1^ 



the briehtness c 

^ X" ' X' X' 

which by the Problem is a maximum. Now 5£^= 
EF^ + SF'+2EFx FB, or a»= if + &»+ lU? >c y; 

••y= sr =(if»i*=a*-6*)-~-.; /.bysub- 



2x 



stituting for y, we have -g — 



2ar 



m*. — Jf 



ar^ 



2*3 



a mazimiifi^^ 
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that 18, — 18 a maximum ; hence (2bi+2xx) x 

Jsf - 6jfx X (36r-^m*+^) = O ; or if we divide by 2x»i, 
it may be reduced to this form ; -a?* - 4frj?+ 3m^ = ; 
.'. a?* + 4&r =s 3m*, from which equation x = -sft 4* 
(44* + 3m*)IV= - 2ft + (3a* + J*)} . Hence the three 
aides of the triangle SEV are known, to find the angle 
of elongation SEF^ which is equal to 39^. 44'. 

Prob. 44. 

To find the position of Mars, when least bright. 

Let E represent the Earth, S the Sun, M Mars at the 
time required. Join SEy 
SMj EM; and suppose 
EM to be produced to 
I>, making ilfD=j|f& 
With ilf as a center and 
MS radius describe the 
circle ASJF^; draw SB 
perpendicular to DE. 

Then <$£il/ is the angle 

of elongation, and SMD ""^ 

the exterior angle of elongation, whose versed sine is DB. 

Take ES= a.MS^h, EM^x, MB^yx then the 

brightness oc ^ . But jB5*=£ilf*+il/5*- sJSMx 

ATD » ^ . iLa ^ 4^— a*+x* m' + af 
ilfB,ora*=;r* + i*-~2iy; .-.y = ^^ =^""5^"* 

ifm««6*^tf; .-. the brightness oc 4 + ^^^^ c^ 

^ x^ 2^ 

2ft4p+.m*+jp* 
r^5 , which is a minimum. And the fluxion 

(2fti + 2xx) X 2afi -^ Gx'x x {2bx + m* + x*) = o, from 

which equation x may be found = — 26 -h (44* - 3w')i = 

-24+ (4"+ 3a*)*. 

c c 




"N 
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PROB. 45. 




The Snn being supposed to move uniformly in the 
ecKptic ; to find when that pait of the equation of ixtae, 
which arises from the obliquity of the ecliptic,, is a 
maximunni* ' 

Let QQ represent the equinoctial^ EL the ediptic, 
A the first point of Aries, 
PLQ the solstitial colure. 
Then at A the Sun's longi- 
. tude and right ascension are 
equal; and they are again 
equal when the Sun is at L; ^\ 
but at any tntennediate point, 
as By PBG being a declina- 
tion circle, the longitude AB 
. is greater than the right ascen- 
sion AG \ it appears, therefore, that from A to a certain 
point the longitude increases faster than, the right ascen- 
sion^ and from that point to L the right ascension increases 
faster Jthan the longitude ; hence the equation is a 
maximum, when the daily increment of right ascension 
is equal to the daily increment of longitude. At that time 
let the Sun be at B^ and let BD be the increment of 
longitude, and GH of right ascension, in one day. Draw 
the circle of declination PDH, and the small arc BF 
parallel to GH. 

Now GH : BF::r: cos. BG, 
and BF : BD :: S, jBi)F : r (since the triangle BUF 

'• is extremely small) ; 

.-. GH : BD :: S, BDF : cos. BG :: 5, ABG . cos. 
BG, and GH^BD by hypoth. ; .-. S.ABG^qm. BG. 
But by Napier's Rules^ r x cos, z BAG =-S, ABG x cos. 

BG; that is, r x cos, BAG^ (cos.)* BG; hence r : 



cot. BG :: cos. BQ i co^. BAG\ or tiie equation is n 
maximuQii when the oosiiie of decliqatioa is a mean pro- 
portional between radius aad the cosine of tb^ obliquity 
of the ecliptic. The lougitcid6 at that 6mes46^. 14". 

Or thus. Let AB^lx AO:=:a; BD^l; GH:=zai 

Then l : a :: S, iAB : S, 2 AG, (Chap. xxiv. Prop. 12. 
Cor.) .\ in the case proposed, -S, iAB = *S|, 2 AG ; 
••^ 3-rfB is the supplemept of 3-4 G, and AB+AG^QO^. 

Prob. 46. 

To find when that part of the equation of time is 
a maximum, which arises from the unequal angular 
piotion of the Sun in the ecliptic. 

Let MDA represent the ecliptic, MSA its major axis, 

and S the Earth in one of its foci. 

With 5 as a center, and SD a mean 

proportional between the semi-axes 

of ADM as radius, describe the 

circle DBF. The area of this 

circle is equal to that of the ellipse ; 

.*. if a body be conceived to revolve 

in this circle with the Sun s mean 

angular velocity, its periodic time 

will equal that of the Sun in the 

ecliptic ; for the areas described in 

the two cases dato tempore are the 

same. Let this imaginary body be 

conceived to set off from B at the same time that the 

Sun begins its motion at the higher apse at M. The Sun s 

velocity at M is less than the mean ; therefore the angle 

BSO described by the body in some given time is greater 

dian BSH described by the Sun in the same time ; and 

their difiference, or the equation, will continue to increase 

cc 2 
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till the angular velocity <^ the Son is equal to that of the 
body ; hence the equation at that point is a maxiaiiicn. 
Now the angular velocity varies as the area described in 
a given time directly, and the square of the distance 
inversely ; /• since the area described in a given time is 
the same in both cases^ when the angular velocities are 
equal, the distances are equal; or the equation is a 
maximum when the Sun is at D. 

The absolute equation from both these causes is a 
maximum about the first of November. 

Prob. 47« 

To a pendulum SA of a given length, suspended at 5, 
a given weight n is affixed at ^ ; to find where another 
weight must be fixed, so that it may vibrate in the least 
time possible. 

Let F be the point required, and O the center of 
oscillation ; then the pendulum itself being con- s 
sidered as of no weight, if SArz a, and SF^^x^ S0^=^ 

— -^- — - (Art. 71.) Now the time of oscillation . 
na+mx ^ ' 

oc iSOy^\ .'. smce the time is a minimum, -— 

is a minimum ; and its fluxion, that is, 3mxi • 
(iia+»Mr)— mix (fia*+»Mr*)=:0, or2naa? + 3»uc^= J ^ 

«a*+iiM?* ; .'. i?*+ = — ; and fi-om this quadratic 

Prob. 48. 

Let AB represent a straight lever moveable round an 
horizontal axis of motion, which passes through 5; 
suppose a weight ^ to be affixed to the extremity of tbe 
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shorter arm SA, and the power p at the extremity of the 
longer SB \ Required the ratio of the arms, when the 
cfiect off to turn the system at the first instant of motion 
18 % maximum^ the inertia of the lever not being con- 
sidered. 

Let SAxx, SBzsza* The moving force of pap; but 

the weight q would balance a power j f j 

. B qxAS_qx ., 
at B s= ^ n^ ~^^ ; .••the movmg 

force acting on B ssp - i— =£— HX- . 

Also the inertia or mass is obtained by supposing the 
bodies p and g to be removed, and a weight =s p + 

1—, , or ^^ J^^ placed at B (Art. 65.) ; hence the force, 
which accelerates B at the first instant of motion, = 

^ « ,' V > which is in this case a maximum ; 
Pir+qx * 

.• - J i . (pa*+qx*) — 2qxx • (p a—qx) aO, 
or pa* + q3i^ + 2pax — 2qx*=^0; 

and by «Jving the quadratic, *= />«+(P'^+Pg^)* . 

Prob. 49. 

Let the arms of the lever ASB be given, and a given 
power p be afiixed at B ; required the weight y suspended 
at A, so that its momentum in a small given time may 
be a maximum, the inertia of the lever not being con- 
sidered. (See preceding Fig.) 

Let SB=a^ SAssb ; then the moving force at JS, as be- 
fore, =sp ^^- — ss£lZiL . and the inertia=p+vx -:= 
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= ^— ; .\ the accelerabng force 



«• 



Sat firsts 



^ > 7 r> X «• Now the fonc^ which accelerates B t that 
which accelerates A :: jSJB : Sa :: a : 6 ; /. the force 
which accelerates A= ^ ^ 7 .a x * ; a^d this varies as 
the velocity ; hence^ at the comtneDoement of the motion, 
the momentmnoc ^ a ^i/ » a maximum ; .'. (pw — ^byy) 

; {pa* + b^tf) - J^y . (i>«y — iy') = ; hence, dividing 
by ^9 and multiplying the quantities^ V^y^+2pa^hyMzp^(f^ 

and y =^. {ah+a^) -^. 

« 
Pros. 50. 

Given the radii SA, SB of a wheel and axle^ and let 
a given weight p, applied at the circutiiferaice of the 
wheel, raise a weight y applied at the circumference of 
the axle ; to find y, when the momentum communicated 
to it in a given time is ,a maxhnum, the inertia of the 
wheel and axle not being considered. 

Let SA^a, SB^b; then the moving force upon 

A=ip — — ; and the piass sup- 
po^ to be collected at A=»p + 
—Ty therefore the accelerating 

force at -4=^-1-7-^^ X a ; hence 

pa^+yb^ 

the accelerating force at B =r 

* r V r/ x b; .•. the momentum communicated to y< 
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# 

% r ^Km ■ 3 A maxitnum ; and the fluxion = 0^ or 

(pay- 2hfy) . {pa* -Hjrft7- iV-(l*»-y'6) =0; whence, 
dividing by y, and multiplying the quantities i'y' + 
2pa*lnf^p*aPf the sama. eqseilion as in the last case; 

and y =^ . {ah + a«) -^ . 

Prob. St. 

Given two weights p and y, acting, as in the former 
ease, at j4 and B, and the radius SB of the axle; to find 
the nidin» of tlie wheel, so that p may draw up q through 
a given space in the least time possible, the inertia of the 
wh<sel and axle not being considered. 

het SB=zb/SA=x; then the accelerating force upon 

y, by the preceding Problem»= ^^ jj^ A* * Now<Soc 

F X T^l therefore T*oc ^, when S is given; hence, 

since the time is a minimum, the reciprocal of the force, 

or n — ; , is a minimum ; /. its fluxion =0 ; 

(px-qb) .b 

Hen<3b 2pxx. {px-qh)'^px . (px^ + qh^) = O; 
••. 2px'^^2qhX'-pa^'^qi^ ssOy 
or pa? -- 2 qhx ^ qVy 
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SECTION IL 



To inscribe the greatest cylinder in a given sphere- 
Let ABED be the cylinder; 

CB=r, CF^x, BF=y. Then 

y*= (r* - «*) ; and the content = 2p. 

{i^x — JF*), a maximnm ; /. Hi =s 

3 3^ if and j? s -j • 

3* 




Prob. 53. 
To inscribe the greatest cone in a given sphere. 

Let HAB be the cone required. Then^ since the 

content of a cone = ^ of a cylinder of the same base and 

altitude^ (Art 51. Ex. 6.) the content of HAB szp x 

ffjP 
FIP X ~ . Let CH=zr, HF=x ; then BF*^2nf-^i 

3 

thereforepx^^^^^^^Llf isamaximum; hence flr*'-^ 



is a maximum, and Arxi=z3x^i ; .*• x s ^^ . 



Prob. 54. 

To inscribe the greatest cylinder in a given spheroid^ 
the axis of the cylinder being supposed to coincide with 
the axis of the spheroid. 
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Let a s the semi-major axis, h ihe semi-minor, y the 
ordinate, and x that part of the axis intercepted between 

the ordinate and the center. Then ^* =b -^ • (a* *- ^) ; 



•• py* X 2 a:, the content, »- ■ ^^ - . (a*« - «^), 



a maximum; 



«% a*i s 3 x* ij and xs 



^- 



Pros. 55. 

To inscribe the greatest cone in a given spheroid, its 
vertex coinciding with the extremity of the major axis. 

Let the part of the axis intercepted between the vertex 

ft* 
of the cone and its base=x; then y* = -^ . (2 a jp - x*) ; 

Cv 

and the content of the cone =^-5 .(flax' — «*), a max- 



imum ; therefore 4 axi = 3x^£, and x ^ 



4a 



Prob. 56, 

To inscribe the greatest cylinder in a given paraboloid 
CAF. 

Let BIOD be thecylinder ; AH^ 
s, AE^b, Hl^jfy and the 2a/t» 
rectum = c. Then y*=ca?; /.the 
content, oryy* x HEy ^pcx.{b - x), 
a maximum; hence bxss2x±, and 
ft 

*=5- 
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Prob. 67. 

To iiucribe tlie greatest cylinder in a given cone. 
Let AF^w^ FE = yi JG = a, 

therefore the 

♦ 

content of the cylinder, or jDjy* x FG= 



GBstb; then j^ss — • 



pb* 



a 



^ X J^ • (a — a?), a maximnm ; hence 



aa^^x^ is a maximum, and 2axx^=^ 




Sa^x, or X = 



aa 



^ Prob. 68. 

Find that point in the side of the triangle ABC, irom 
\ehich, if ^rpendiculars be drawn to the other two sides^ 
their product may be a maximum. 

Let JD be the point required ; draw 
DE perpendicular to CJS, and DF 
to AB\ also from A and Cdraw AL 
and CG perpendicular to CB and 
AB. Then by similar triangles^ 
ADF, ACG, and CDE, CAL, 

AD ; DF :: AC : CG 
CD : DE :: CA : AL 




.'. ADxDC : DFxDE :: AO 2 COxAL. 

Now as the last two terms are constant in the same tri* 
angle, DFx DEocADx DC, and is therefore a max* 
imum when AD x DC is a maximum ; that is, when 
AD^DC (Art. 23. Ex. 2.) ; hence AC must be bisected 
in X>, and D is the point required. 

This Figure answers for an acute-angled triangle s the 
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process is nearly the same for a right and obtuse^angled 
triangle. 

m 

Pros. 59. 

From a given cone jIBC, to cut the greatest parabola 
DBF. 

Let BC be that diameter of the base which is perpen- 
dicular to ^F. TakeCG=a:,CB=6, i 
Jl^=a; then, by the proper^ of 

the circle, EG = {BG x GC)h = 

((6 - x).x)i={bx-af)i; .'. EF= 

2.{hx- a;*)*. Also CB -. BA .: 
CG : GD, or b : a :: x : GD = ^* 

«T-; .*. the area of the parabola 

EDF= 5 X ^ X 2 . (ix - «»)* (Art. 48, Ex. 3.), which 

varies as x ^{Jbx — x^y^y a maximum;, hence its square 
ft 0)3 «^ d^ is a maximum^ and its fluxion = ; .*. S^hx^x = 4a^i« 

and X =s — . 

A 

Prob. 6o. 

The distance of the center of gravity JHrom the tertex 
of a solid, formed by the revolution of a superficies of the 

parabolic kind, is ^ of its axis ; required the nature of the 

generating curve. 

The fluent otf^. =* I*- <Art. 6l.) 

J. y X 

Assume an equation a^^^x:=:^y^\ then y^=a "" st , and 
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(n + 3) ••*• 



?+i . -^^^-^ '- X X " 






n + fi 
or 



/•a * jfx XX* 

•^ n 

7 1 

^=^;.*. 8n+l6=14« + 14,and6ii=3,andii=s-; 

.•. the equation is x^ct^y^ ^ or a? ^ a*y. 

In the common parabola, :;: — rri^xy .'. 3» + € = 
4n + 4, and n = 3 ; .\ax ^t^y the equation. 

Prob. 6i. 

Required to find the nature of the curve^ in which 
the 8ub-tangent : the sub-normal :: m^oi^ \ y^. 

By the Ph>blem, ^ : ^ :: w?j^ : y* ; 

^ y X ^ 

/. S? \ y^ v. !»•«• : y*, and i : y :: m« : y; 

• • 

.*. ~=^» »°* ^'yP- ^og- ««»» X hyp, log. y ; .*. Jcocjf, 
and ii^*^«=:y* the equation. 

Prob. 63. 

Required the equation to a curve, whose sub-tangent 

can times its abscissa. 

• • • 

Here«-:^ ^nx\ .•• - =siix ^, and hyp. log. xsiix 
y X y^ ^^ ^ 

hyp. 1<^. y ; .'. x oc y», or rf*""* a? =y*- 

If n SB 3, ax ay^, the equation to the parabola. 

Prob. 63. 

To find the nature of the curve^ whose tangent is a 
given quantity. 
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Let jTsthe abscissa^ and y the ordinate; let the tan- 
gent s h ; then^ since the sab-tangent = -^ « we have 

■if 

h i/ 
« = -^, and Zocbxhyp. log.^; or a«=:ix hyp. log.^^ 

the equation. 

Prob. 64. 

To determine the law of the weights, which press upon 
each particle of a perfiscdy flexible line, so that it shall 
form a curve whose equation is o^ x = y*. 

Let DAG represent the curve, AM its axis, and A the 
lowest point. Draw EHy BC, fL 
two ordinates to the axis, in- 
definitely near each other; let 
CF be drawn perpendicular to 
EHy and AL be a tangent at 
A. Then AC being considered 
as inflexible, after it has assumed the proper situation, it 
is kept at rest by three forces ; at ^ by the action oEAD 
in the direction AL ; at C by the part of the line CG in 
a tangential direction, and by the pressure in the direction 
FCi hence, if the effect of AD^b, AB^x, BC^y^ 

, Prxy 

y : X :: : pressure ; ••. x ss- . v .. 

but by the nature of the curve, since a^x^sy^^ ^^ ^ 

Prxy A%fiii , . ^ ' 

.*. — T-^ = -^5^, and the pressure ocy*. 
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Prob. 6s* 



Let j4P be the abscissa of any curve, PMNQ an 
ordinate revolving about the fixed point P, and cutting 
the carve in as many points as il has dimensions ; My^ 
Nx, and Qtc, being drawn tangents to the curve in ZEf, 
N, and Q ; it is required to find the sum of the reciprocal 

»ub-tengent8^ + ^+^. 

Let the equation to the curve bey"— (c^x + V) -y*"* + 
((/a;*+£f«+(/).y'-«-&c.+jpar*'-yi?*'"'+r«»-*-&c. 
s:? ; let a, ^^3 c be the values of y corresponding to j4P 
or X, the abscissa ; 
then^ since the 
last term is the 
product of all the 
roots with their ^* 
signs changed, a x 

ixcx&c. ^ psf" -^ qx^" ' + &c. ; hence abc^ &c. + baCy 

&c. + cab, &c. = npjf'^i ^ (n — l) . qx^^^i + &c. ; 

/. dividing the former part of the equation by a x i 

X c K &c. and the latter hy px^^q^t^-^+iuc. we have, 
• • • 
a:b ^. - wpx^^^ir— .(n— l).yj?»^^X'h&c, 

a b c " px^^qaf'^-hkc. * 

hence, --; + -- + — +&c. =^£- —1——L^— 

ax bx ex par—qxf' *+&c. 

that IS, -]^ +_-+-_ + &C. = -^— r-^ — ^ \\ o — 

'Py Px Pw px^^-qaT-^+hc. 

- ^ ^ P 




I 



4P» - A_ + &C. 

P 
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^ Coa. Since the roots ofthe equation a;*— *i;*'"*+&c.=o. 
if ^ p ^ 

t are AB, AC, AD, kc, the coefBcienis of thi» equation are 

* constant; also x is constant, becanse'P i^ afixed pokit by 

na?"-"^-(«-"l).2«^-« + &c. 
the hypothesis; .•. — E , is con- 

P 

•tant ; that is, the sum of the reciprocal sub-tangents is 
a constant quantity. 

PROB. 66. 

In the same curve, to find the sum of the sub^ 
normals. 

If p and q be the coefficients of the second and third 
terms of an equation, the sum of the squares of the roots 
s=^— 2 jr; hence, on the supposition in the last Problem, 
a*+J«+c«i&c.=(a'jp+67-(2cV+2€fx+2e'). Take 

the fluxion ; then aa + bb + cc — a! dr. {a'x + V) - 

• • • 

^ ' X X X 

that is, since the sub-norm)tl= '~, where x is the abscissa 

X 

andy the ordinate, in this case the sum of the sub-normals 
-d^x+(;(b''{2ifX'\^d). 

pROB. 67. 

To draw a tangent to an ellipse, so that the triangle 
contained under this tangent, and the major and minor 
semi*axes produced, may be a minimum. 
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Let ABM be the ellipse, C the center. Let P be 
the point through which ^ 

the tangent must be 
drawn ; join CP; draw 
PIV perpendicular to 
j4Cj and let the tangent '^j 
at P meet the two axes 
produced in O and T. 

Take JC^a, CB=b, CiV=x; then PN=^. (a»- jc*)*, 

Cv 

and CTs= ~ by conic sections ; .•• NT= x = — ^^^ ; 

and by similar triangles, 7WP, TCO, TN : NP :: 
TC:CO,ov :-.(a«-ji?) :: - : C0= ^-; 

therefore CO x CT, or j , is a minimum ; 

X. {a^—ji^p 

hence j:.(fl?— x*)i, or a* a?*- a?*, is a maximum; /. 
2a^xx — 4jc^i=0, and a? =3-2 . 

Cor. Since x = -r»CO^ = 21=^x2 ; and 

iVP (=^.(fl« -«•)*) = ^; •• iVP : CO :: ^ : 6x 2* :: 

1:3; .-. TP : TO :: 1 : 2, or the tangent TO is 
bisected in P. The same is true for any oval figure. 

Prob. 68* 

The greatest parallelogram that can be inscribed in 
a curve ABC concave to its axis, and the least triangle 
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that can be described about it will be when the sub- 
tangent £7 is equal to the base BE of the parallelc^rain^ 
or half the base of the triangle. 

By Art. 23^ the greatest 
parallelogram which can be in^ 
scribed in the triangle BTG^ 

has its base BE^i BT. Now 
a greater parallelogram cannot 
be inscribed in the curve than 
in the circumscribing triangle ; 
therefore BEDK is the great- 
est parallelc^ram which can be 
inscribed in the curve. 

Also, if TG be bisected in 2>, where it touches the 
curve, BTG is the least triangle ; if not, let BtH be less, 
and suppose tH to cut TG in M, and to touch the 
curve in F. Then, since DG^DT^ MG is greater than 
MT ; and Mt being less that MT, and consequently less 
than MGy must be much less than MH. Hence, since 
the vertical angles at ilf are equal, the triangle HMG^ 
which we have added to the original triangle, is greater 
than TMty which we have taken away ; tha( is, the 
triangle BHt is greatep than BGT. 

The same kind of proof may be extended to any 
rectilinear figure, which circumscribes an oval ; for the 
other sides being supposed constant, the figure is always 
the least, when the remaining side is bisected in the point 
of contact. 

Prob. 69. 

To find that point P in an ellipse, to which if a 
tangent be drawn, the part Py, intercepted between the 

D p 
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point P and the perpendicular Cy drawn from the center 
upon the tangent, may be a maximum. 

Draw the conjugate diameter CHy and draw PF per- 
pendicular to it. Let Cy ssp^ 
PC=x, AC=a, BC, the — — ^ 

semi-minor, = b. Then CD' 
+ (CP') x' = a* + b*; .'. CD* ^' 
-a« + i»_x*. Now CDx ^ 
PF, or CD X Cy, = axbi 

a'b* . a»A» 

; hence 



.-. CD*=: 




II* 



= ^ a ; la ;. > whose fluxion = ; /. 2x± — 

a* + 6* — a?' 

5 = 0; /. {a* + i* - X*) = a* J% and 



(c£' + i» - a:*) 

a' + 6' — i?* = flfJ ; that is, CD^+x" - c^ z:^AC x CB\ 
.•• AC : CD :: CD : CiB; hence x is known^ and 
therefore the point P. 

Prob. 70. * 
To find the area of the parabola^ considered as a spiral. 

Let PQ represent the fluxion of the curve, Sy a per- 
pendicular on the tangent at P; join 
SPj SQ^ and draw QT perpendicular to y ^ 

SP. Then if SA = a, and SP=:x, 

Sy ^ {ax)i, PT = i, and SUP is the _^_, 
fluxion of the area SAQ. Now SPQ 

= — - ; and QT : TP, or i :: St/, or (ax)« : Py, 




or (:c"-ai^)i; .-. QT = — 






x^x 



a^x 



(a?*— fla?)' (^7-^) 



- ; and the 
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fluxion of the area = r , and f.=z-^x : 

1- — L^ ^ i i. (Fluent 19.) = the area A-^jP; 

the corr. = 0. 




ON MERCATOR^s PROJECTION OF THE SPHERE. 

Lemma. 

The length of a degree of latitude at any place is to 
the length of a degree of longitude there as radius to the 
cosine of latitude. 

Let P represent the pole, and C the center of the 
earth ; AB the equator, AB the length 
of a degree of longitude at the equator ; 
PDAy FEB, two meridians; from F 
draw in the planes FACy FBC^ the 
lines FD, FE parallel to AC, BC. 
The included arc DE is part of a small 
circle parallel to AB^ and measures a 
degree in longitude at D. Now by similar sectors 
ACB, DFE; AB : DE :: AC : DF; or, since AB 
ss the length of a degree of latitude at any place D, the 
length of a degree of latitude : the length of a degree 
of longitude :: radius : cosine of latitude. 

In Mercator's Projection, the sphere is projected upon 
a plane, P is at an infinite distance, and the meridians 
PA and PB are parallel. Hence^ in all latitudes DE 
is the same ; therefore to preserve the just ratio between 
a degree of latitude and longitude in the projection, the 
degrees of latitude must increase in receding from the 
equator, according to the proportion in the Lemma. 

DD2 
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Prob. 71. 

In this projection, to find the length of an arc of the 
meridian corresponding to any given latitude. 

Let PCp he the axis of the earthy AC the equator, 
D some point in the meridian 
PA ; draw DF perpendicular to 
Pp, and join JDjp, DC. Then, if 
AC^r, ADz=zx, CF^y, and the 
length of ^the projection of AD 
on the plane s x, we have, by the 

Lemma, S : f :: r : (r*— y*)i; 
.•. % = -.. But (by Art. 44.) 




X s= 



rp 



1:^' 



% = =^ 



e^-y*) 



r--y^ 



r 

= - X 



2ry 



r» -y 



% > 



and 



«= - X h3rp. log. ^ (Art. 43.) +corr. csr x hyp. log. 

^J +corr. But 1>F : Fp :: r : tan. of the angle 

FDp, that is, (r*-y*)i : r+y :: r : TyFDp\ .-. the 
tangent of JF!D/>, or co-tan. of FpD^ or of ^ DCP, 

the co-lat. = r x (— ~-^) ; hence ( ^ ^ ) = 

co-tan. of i co-lat. , , , co-tan of | co-lat. 
= , and X =r X hyp. log, = 

+ C. Now when x = 0, the co-tan. of | the co-lat 
is the po-tan. of 45^, and equals r; hence C= — r 

T 

X hyp. log. - = ; therefore « = r x hyp. log. 
co-tan. of I co-lat. 
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Prob. 73. 

Given the arc of a circle^ to find its Bine and cosine. 

Let BD the given arc=s;^ DE its sinewy, C£ its 
cosi ne = x. Tben^ by the nature 
of the circle, i : — x :: r : y ; 

""* TX 

therefore y = — : — . Now to 

the cosine CE we have two 
values of Zy BD and BF, which 
are equal to each other, but 
they must have difierent signs ; 
if z^sdy «-a = 0; ifjss-o, z + a=sO, and the 
quadratic resulting from these two is x*»a^=o. The 
same reasoning holds for any other corresponding values 
of a^ ; hence the equation, whose roots are the several 
values of z, will contain only its even powers ; also,, if 
CE = CB = r, 2 = 0; therefore if CE be assumed 
in a series in terms of z, the first term will be r, and the 
succeeding terms will contain the even powers of z. 

Let xs:^r+az^+bz^ + cx^+icc. 
then X = 2azz -)- 4bz^z + 6cz^i + &c. 

(7*X\. 
= - -r J = — 2flr« — 4brz^ - 6crz^^ &c, 

and y = - 3flri— 3 . Abrz^z - 5 • ScrT^z - &c. 

But, in a circle, a : y :: r ; x j /. xi— fy=.0 j 
hence ri + az^z + bzl^i + ^-t 
+ 2ar^z '{•3A.br'z + 5.6.cf's^z+ &c.)"^* 
Therefore, by equating the coefficients of the corre- 
sponding terms, 

1 
r+2ar*=0; /.as——. 
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whence, by substituting for a, b, &c., their values in the 
assumed equation, ^=r-^+5^-5j£^^ + &c; 

Prob. 73. 
To sum the series ^ + — + ^+ &c. ad inf. 

In the last Problem, if r=:l,yga;^»~+ ^ ^ 4.5 ^ 
let y =0; then »-;:-?+ T-TTT ~ *^- ®^ "^ ^^^'^ 
one root « = ; hence, dividing by », ^ "" T5 "*" 



5S* 



WiVBiM- 



- - &c. = O. Since v = 0, if C = the semi^r- 
2.3.4.6 ^ 

cumference, the other values of « are iC, sC, 3C, &c. 
— iC, — 2C, — 3C, &c., each series ad inf. Lett; = 

tiplying by v", 

t;» 1 — &C. = 0, 

2.3 2.3.4.6 

in which n values of ^^ = O ; and the other values are 

1^' ic' ic^ ^' ''** '"^■' *"* "Tc» "2C*"**3fc' 

&c ad inf. Now the sum of the squares of the roots 
of this equation =p*- 2q; here, as the second tenn is 

wanting, j> = 0, and q = — ^ i .'. p' " Hq = ^i 
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that is, since the squares of -y, , -^ , &c. are the same 
«s the squares of — j^, - ^„ &c., p^, + — j + 
^q^ + &c. ad inf. = - ; .'. p + 5; + 5: + &«• ad inf. 



!■• • 



Cor. 1. In the same manner the sums of any of 
the even powers of the reciprocals of the natural numbers 
may be found. Instead of finding the value of p* — 2 j, 
take the algebraic expression required in that par- 
ticular case. The sum of the reciprocals of the odd 
powers cannot be determined by this method, as the 
odd powers of the' negative roots destroy the odd powers 
of the positive. 

1111 C^ 

Cor. 3. Since - + - + - + - + &c. = -^, 

1 1 1,8,1 1 o C* 
thatis,i,+i+l + &c.+lx(i,+i, + ^) + &c.=f, 



1 
3' 



or 75 + r: + — + &c. + rj x -g- =: 



1 

2* 



6 



3* • 6* ■*■ **^' ~ T ~" 24 ~T' 

In the same manner the sum of the reciprocals of all the 
even powers of 1,3, 5, 7, &c. may be found. 



- , 1 1 , C* C* 

••• n + oi + n + &c. = -^ -— = 



Pros. 74. 

To compare the momenta of a sphere and its circum- 
scribed cylinder, whilst they revolve round a common 
axis. 
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Let AEBC be the quadrant of a circle^ whose semi- 
diameter 18 CA^ or CB. Complete the ^ ^ 
square ACBD\ draw any line GEF 
parallel to ACy cutting AD^ BCy in G 
and F, and the quadrantile arc in E» 
Join EC. Now let the segments AEFC 
of the quadrant, and AGFC of the 
square, revolve about the axis CFj and generate segroenta 
of the sphere and circumscribed cylinder. Take CF=^x, 
FE = jfy CA ss r. Then, the momenta being as the 
quantities of matter and the velocity jointly, the momea* 
tum of the spherical segment AEFC : the momentum 
of the cylindrical segment AGFC :: y. t^i : f. r^i. 

Now the /. r*i • (r^ - ar')4 = r» x area ACFE; and 
r^- A» -;i\» r" X area ACFE ■> a? . ( r^ - Jg'r 

4 

(Fluent 24) ; .*• the third term in this proportion s 
-r* X area CFEA + '^^ ,"" — ^ . Let ar=r; and we 

4 4 

have, the itiomentum of the sphere : the momentum 

of the cylinder - ~ X quadrant AEBC z r^i or, 

3r* 
(if Q a the arc of the quadrant) :: -~ x Q : r* 

:: 3Q : 8r. 
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SECTION III. 



Prob. 75. 

To resolve i;**-3xt>* + l=*0 into its quadratic divisors^ 
X being equal to or less than unity. 

Let AB and AK be two circular arcs, which are to each 
other as 1 : n ; let AB =s z, AK=^n%j j^^ 
OBs^lj OE the cosine of AB=tf, 
BXkd OLthe cosine of AK^x. Then 

% = 2_. (Art. 44.), and ni = 



— x 



X 



ny 




(1— a»)* * * * (1 - ar»)* * (1 -y«)4 * 

i X 
and multiplying each denominator by ( - l) . 



(a*-l)* 



ny 



i 



-^^ ; .-. hyp. log. X + (ar' - 1) = n x hyp. log. y + 
(y"— 1)' 

(y»-l)* (Art. 43.); hence j:+ (x'- l)*=(y-Ky»-l)*)" , 
by the nature of logarithms. 

Now let v=y + (y* — l)' ; .*. v-y =s (y'— 1)^, and 
v* - 2yt;+y=3y*— 1; .•. V* — ayv+l =0. Al80t;"=: 

(y+(j^-0*)'=x+(4;*-l)*; .Mr»-j:=(i?-l)*, and 

t7^—3it;"+ 1^0, the given equation ; and since v is the 
same in both equations, one quadratic divisor is ff *- 2yv + 
1 = O. 

Now X is not only the cosine of AK^ but of 36o-f ^AT, 
of 3 K 360 + AK^ &c. ; /• y is not only the cosine of 



4^ 
AK 
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but of 



360+ AK ^2 X 360 + AK 

. 01 " 



&c. Can 



n fi fi 

these cosines a, i, c, &c.; then t;** — 2xv^ -f 1 =: 

(i;« - 2at;+l). {v^^2lv+\). (v'-2ct;4-l) . &c. 

There can only be n difierent values of y ; for after 

^, . AK 3Q0+ AK . ^, 

taking n arcs, , , &c*, the same cosines 

will recur. 

Cor. 1. If AK be taken equal to the whole, or to half 
of the circumference, the equation is v^" + 2v*+ 1=0, and 
its square root is «?**+ 1 =0. But every equation, which 
is a square, has another root equal to each of its roofs; 
therefore the roots of t;* + 1=0, are found in the same 
manner. 

CoR. 2. The quadratic divisors of r*** - 2xr^v^ + 
r^"=i0, are found in the same way ; for this equation is 
merely the equation v** -2x1;"+ 1=0, having its roots 
multiplied by r. Hence, multiply the roots of the above 
quadratic divisors by r, and we have r* — 2arv + r* = O, 
v*- 2fcrt;+r^ = 0, &c. for the required divisors. 

Prob. 76. 
To demonstrate Cotes* Properties of the Circle. 
1. If any point P be taken in the radius of a circle ^O, 
or the radius produced, and the circumference be divided 

c 





into n equal parts in jB, C, D, &c ; then AO^^PO^j or 
PO^^AO^=PB, PCxPDx&cc. 
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By Prob. 75, the quadratic divisors of v*» - 2 xt;** + 1 = 

(v^ - 2(W + 1), {v^ - 2bv+ 1), &c. Assume a point P in 

Uie radius, and draw PB to the circumference ; let v = PO, 

y = 0^, andtheradius=l. Then jBO»=OP* + P5»+ 

iOPxPE, or l« = t;* + 5P' + 2t;x(y-v); /• BP* = 

1» - i;» ^ 3 V . (y — v) == V* — 2y r + 1. Also y is the 

^JK AK±36o AK+2 X 360 , 

cosine of , > , &c., whose 

« n n 

cosines are a, J, c, &c., and (t;*-2av + l). (v*— Sftv+l). 
&c. sss v'" — ait/* + 1 . Let u4JC= the whole circumference C; 

C aC 3C . l*** 3*^ 3**^ 

then these arcs are -- , ~- , -~ , &c., or ~, ~, ~ , 

n n n n n . n 

&c. parts of the circumference; that is, if the circum- 
ference be divided into n equal parts in -B, C, 1>, &c., 
the cosines of JB, AC, AD,kc. are a, b, c, &c. and 
s = l. Hence P5*=t;'-3at; + l, PC* = v*-3Ji; + l, 
&c.; .-. PR X PC» X Pl>'x&c.=V* - 3t;"+l, and 
PJBxPCxPDx&c.=t;«-r, of r-«^aPO»-^0*, 
or ^O" - PO", according as P is without or within the 
circle. 

Second Property. 

If the whole circumference be divided into 2n equal parts 
in 6, c, d, &c„ then AO'+PO^^Pbx Pcx Pdx &c. 

By the preceding case, if P be taken, for example^ 
within the circle, AO^- PO^=PbxPBx PcxPCx 
PdxPDx&cc.;hutAa'''P(y'=PBxPCxPDx&x:.i 

AO"^-- P O*" _ PbxPBx PcxPCxPdxPDx&c. 
• • AO^-PO^ PBxPCxPDx&c. ' 

or ^0»-)-P0* = P6xPcxPdx&c. 

Cor. 1. If » be an even number, each semi-circle is 
equally divided ; hence, in the equation, p - t^* = 
(v*— 3ai;+l)^.(v*-3iv+l)4.&c. one value ofy is +1, 
and another - 1 ; therefore !•- tf^{l - v).(v^ - 2w+ 1 )i 
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(o* - 2bv+ l)i . &c. (1 +t>). But each PB has a PH 
in the other semi-circle corresponding to it; therefore 

1"— o"=(i -««) . (1— 2at>+i>«).(l - 26t;+»») . &c. to - 

terms. This is the method of finding the n roots of 1 ; 
two roots are in this case, + 1 and — 1 , obtained by solFing 
the quadratic 1 — v', and all the others obtained from the 
remaining quadratics are impossible. 

Cor. 3. If n be an odd number, none of the points 
of section will fall on the extremity of the semi -circle, 
and therefore no cosine can equal - 1 ; but the cosine of 

!L!L£^ or of 360^, « 1; .-. here 1" - v* = (1 - v) . 

(l-2ai; + »*) .(1—26V4- v^) .&c. -^ terms. In 

this case, one value of v in the equation 1*— t;*=sO, is 1 ; 
the other roots are impossible. 

CoR. 3. By the second property, l*+t;^ = (l - 2ai;-f t^)4. 

(1 — 2bv+^)^ • &c. to n terms. Let n be even ; here, as 
in the former case, to every Pb iti one semi-circle tbeie 
is a correspondent P a in the other ; but no point of 
section falls on the extremity of the semi-circle ; there- 
fore 1« + t;* = (1 - 2av + t>«) . (1 — 3fc+ty«), &c. to ^ 

terms. By solving these quadratic divisors of l*+t;"=o, 
we obtain the n roots of •- 1, abd they are all impossiUe 
when n is even. 

CoR. 4. Let ft be odd. Since the arcs on each side 
of A are equal, and no point of section fell upon the ex« 
tremity of the semi^circle in the last Corollary, one arc 
will now be a semi-circle, and one value of v = — 1 ; 
hence l^'+v'* = (14 v).(l - 2av+v^).{l - 2bv:^v^) . &a 
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terms. In this case, therefore, one root of the equa- 
tion l"+i;" = is -1, and the rest are impossible^ 

Prob. 77. 

To resolve -sr — r — =-rT » ^ being less than 1, into its 
quadratic divisors. 

Let -3 — =^ 1 h- h&c; then 

A.{p -- v). (y — v) . &c. + jB . (m — t>) . (gr - 1^) . &c* + C . 
(m — r) . (p- v) . &c.=: 1. Substitute m fori;; then -^ = 

. Substitute p for v; then £s 



(p— m) . (y— m).&c. 
1 



, V , ^--o — • Now as i;'** — 2a?t/*+l =(m-- r) . 

(jw-p) .(y-pj.&c. "^ 

(p- v) . &c., take the fluxion on each side, and divide by 
V ; then — 2m;*""' + 2iMw"'"* = (m— r) -{p-v)\ &c, + 
(p— v).(y - v). &c. Hence, if m be written for v, - Sum*"** 
+ 2na?m*~' = (p — m) . (y - m) . &c. ; but A = 

(p — m).(y-w).&c. * "" ^nxnC^"^ - flnm*"""* ^ 
r ; and JJss-r r^-:: — ::i, , or -4 = — X 

and B = — x — f- — 5;- . But by supposition. 



m**— 2x191"+ 1 =0; ••. xm/'—m^" = l — xn/^. Hence 

^ = lx— '?— ,andfi=lx— ^. Now 
2ii 1— ar99i'»* 2» 1— xp" 



Xp" 911 — V 



£ 



sa'-- — , — ' \^- / A- 9 aj^d 1 — 2av + tr, a 



|i-t; 99ip— (99l+p).V+l^ 
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quadratic divisor of 1 — 2a:f;"+t;*", is equal to (m — t>) . 
(p— v) . therefore mp=s 1, and i»+p = 2a ; and we hai?e 

^£,+^^P^+^B-id±^?l^, The object thea 
is to calculate pA+mB and A^B. Now/i-^=~. 



y^ 3 or = -Lx_i ;andmB=r J^x , ^ ^ ; 

„ 1 1^1 1 

therefore »-4 + mB = — x : -; m;'^l — z:S'^ ;ni ^ 

2-J?>(m''+^) Butm'^-2^m»+ 1 =0; 

••. m*-2a? +—.=0; alsop'*=r — •; .\ tnT + P* = 2x; 

, . . n 1 2-20^ 1 1 — x^ 1 

hence p^ + mn = — x 5-- — - =- x :^=- • 

^ 2» 1 - 2x^ + x* n 1 - «* « 

Again, A = -->^': =j and ^ ~~ ^ , ^ »''-^+ 

^ * 2n 1 — aTm** ' 2w 1 - xp* 

B = — X :- ;iH ^ — ;= (since m» = 1 ) — x : 

2n 1 — xw* 1 - xp"" ^ ^ ^2n 

' . n . \i\ . — /-^n « • Now m"4-p* = 2x, where x 

is the cosine of an arc^ which is to the arc whose cosine 
is a :: n : 1 ; for the same reason m*~* +/>""' = 2e, 
where e is the cosine of an arc, which is to the arc 
whose cosine is a :: w— 1 : 1 ; therefore, since m+p:=^2a, 

. , r% 1 ^ 5«- 2xe 1 2a — 2xe •• 
a + it = — X «- — — — — 1=— - X -- — -5 — . Hence 

2» 1 - 247* + X* 211 1 - X* 

1 a — xe 
-^ L- -" w w — wx* ^ 






m-^v p—v I — 2at;+v* ' '* ti«"-2xt;* + l 
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1 a-xe 1 h-^xf 
-.XV ^ X v 

+ r- ^ + &c. ; where / is 



l-2at; + i;* 1 - flAr + v' 

found from b, in the same manner that e is obtained 
from a* 

Cor. If j7 be negative, the quantity to be resolved is 

1 a+xe 1 b + xf 



r^'* + 2x1;'* -H 1 ' l-2at; + t;' l-26i;+v 

&c. 

In the same way ; may be resolved ; or it may be 

done by the following method ; 

Prob. 78. 
To resolve into its quadratic divisors, where n is 

1 — 1;» 

even. 

By Cor. 1. Trob.76, l-i;~=:(l -v') . (l-2(ii;+v*)- 

(1 — 2At;+v*) . &c. to - terms; therefore their hyperbolic 

logarithms are equal, or hyp. log. 1 — v'^sshyp. log. (1 - v"*) 
+ hyp.log. (l-2at; +!;*)+ hyp. log. (1— 2ii;+t;*) + &c.; 
therefore the fluxions on each side are equal ; or, 

— nv^-^v^ - 2tyv -2av+ 2vv — 2frr; + 2in; n 

l-v" 1— V* "ir-'2at;+t;* l-abv+v"" ' ^ 2 

terms. 

•■ 

Divide by - , and 

^mf ^ -2v* ^2at;+2y' ■;-2&t ;+2t;^ rfi\ 
1 «. 1;* \^^ Y^ 2aiH- «• 'l^2bv + v^ V2/ ' 
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Subtract each side from n, viz. the first from n, and each 
term on the other side from 2, so that the whole may be 

2 X 9?> 
subtracted from , or » ; hence, 

n _ 2 ^ 2 — 2at; ^ 2 — 2it; „ •wx 
1— r"""!-!;^ l~2at; + t;* 1 -26t;+t/*"*' ^■V2y * 

2 2^2av 2^2bv 

I n , n n inn ,a^ 

.'• i= :H i r+ ^, i +&C. to 

1-t/* l-v* 1-261; + v' 1 — 261; + »* 

2 terms. 

Cor. In the same manner ^ may be resolved, 

where it is an even number. 

Prob. 79. 

To resolve into its quadratic divisors, where n 

1 - v" 

is odd. 

By Cor. 2. Prob. 76, in this case 1— t;* = (1 -t;). 

ft 4*1 

(1 - 2av+v^) . (1 - 26t;+t;') . &c. to — — terms; .*. hyp. 

log. l-t>*=hyp. log. (1— v) + hyp. log. (l— 2ai;-f-t;*)+ 

hyp. log. (1 — 261; +t;*) + &c. (—r- ) ' therefore their 

fluxions are equal, or 

^ntf^'^^v -1} , ^2av + 2vv . - 26^; + 2vv , « 

: =■ ■ — h ■ *■ -f- i -,- + etc. 

1-ty* 1-1; 1 — 2iw;+t; l-2bv + ir 

71+ 1 



(^y 



noBumn. 4SS 



Divide each side by - ; then. 



nx^_ — v , — 3at;4'2t)' 



Iv^^ ^ 2bv+2v^ /n+i >y 

Subtract each side from n ; viz. the first from n, the first 

'It — 1 
term of the other side fix>m 1, and the remaining 

2 

terms, each from 2; so that the whole may be sub- 

tracted from 1 4 — r— x 2, or n ; and the result is 

n _ 1 , 2-2at; , 2— 2fty ^ >^ n-H x 
1 -t;» I - V 1 - 2at>+ t;» 1 - 26v+t>*"^ \ 2 /' 

1 2_2av 2_ 2hv 

, 1 -. ^ I. ^ w ' , n n + 4c. 
"l — t^"T^ 1— 2af; + t;* 1 — 2fti; + t;' 

In the same manner ■ ^ ^ may be resolved, where 
n is an odd number. 

PrOB. 80. 

To resolve -• into its quadratic divisors, where n 

is even. 

By Cor. 3. Prob. 76» in this case^ 
l"-ht;"=(l — 2at;+t;*).(l ^2bo+v^).{\ - 2 cv + 1;') . &c. 

— terms ; then, by the same process as in Prob. 78^ we 

S 2<»p 2_2io 

— ^= *» ** I ** " +A^- to ; terms. 

SB . 
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To resolve 



i+ty" 



Prob. 81. 
into its quadratic divisors^ where n 



is odd. 

By Prob. 76. Cor. 4, in this case, 

l» + t;»= (1 +1;) . (1 - 2av^+v^) . (1 -2Jt; +v^) . &c. 



n+l 



terms ; then, by the same process as in Prob. 79^ we get, 

1 2 2av 2 2bv 

1 n ^ n'^ n ^ n n , ^ 

' ' =s i- + I. 4. , 4- Sue 

l+t?» l+vl-aov + i;* I —2bv + vl^ 
n+l 
2 



n 
' 1 + v 

terms. 



In the same manner 



r*+ t;* 



may be .resolved. 



Prob. 82. 

Given the sine of an arc, to find the sine of n times 
that arc. 

If ABssz, AK^nZy OEs^y^ and OL the cosine ci 
AK^x\ then, by 'Prob. 75, the 
radius being 1, we have nc + 

(x»-l)*=(,y+ (y'- 1)*/, or 

^«-5 . (y*— 1)^ • (^- 1) + &c- This equation consists 
of quantities, part of which is possible, and part im- 
possible; hence the possible and impossible parts on 
each side are respectively equal. Therefore, taking tlie 
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impossible parts^ we have (x*- 1)4 = ny*""^ • (y*— 1)* 

^^ («-l) (»-2) .^,-a (y _ 1)4. (y. _ ,) + &C, 

Multiply both sides by ( - l)i ; then (1 - «*)* = ny""* . 

(1 -y-)* + « . ^—^ . ^-^ . y-' . (1 -y)* . (y- 1) 

+ &c. = (if « =s (1 -y")*, or — «•= (y»- 1)) »ty»->« - 

« . ^ — — -^ . ^ — - — J y"-*4^ + &c., which is the sine of 
^jRT, n times the arc AB. 

Prob. 83. 

Given the sine of an arc, to find the sine of an n^^ part 
of that arc. 

By the same notation^ since x + (x* -^ l)i ss 

(y.+(y-i)*)% •••y+(y'-i)* = (^+(^-1)*/.= 

jp^ + ^ ^ + - .- ^.a? • .(a:*- 1) + - . 

n n 2n ^ n 

Illl^ . iizi2.) . :c^(aj* - i)i . (-c^-. 1) + &c. Make 
the impossible parts equal ; multiply by (— 1)^^ and let 

5= (1 -xy, the sine of JK; then (1 -y»)* = ^' ^ - 

1 • (l-«). (1- 2n) *^^, . , . ^ ._ 

— ^ -^-\ ^ . ar * /S^ + &c., the sme of JB. 



Prob. 84. 

Given the sine or cosine of an arc, to find the cosine 
of n times that arc ; or, given the cosine of AB^ to find 
that of JK. 

ES 2 
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Assume the possible parts of the equatioa in Prob. 82. 
equal ; then jp =a y» + n . ^— — -^ . y^* • (y* — + *w^- = 

y* - « . ■ jy**** *^ + &c., the cosine of AK. 

Prob. 85. 

Given the sine or cosine of an arc. to find the cosine 
of an rr part of lliat arc ; or, given the cosine of AK, 
to find that of AB. 

Make the possible parts of the equation^ in Prob. 83. 
equal; theny = af* + - , ' - ^ .x • (x*-l) + &c^ or 

i/ = af* - ^ ^ . X " iS* + &c., the cosine of :rfA 

^ n.2n 

Prob. 86. 

Given the sine or cosine^ and therefore the tangent of 
an arc, to find the tangent of n times that arc* * 

Let t = the tangent of AB ; then, by Trigonometiy, 

s 
t :=i "to radius 1 ; therefore the tangent of AK = 

-^ — — . = (by Probs. 82. and 84.) 
cos. AK ^ ^ ' 

y^'-^n. ^— — i . y*^*^ + &c. 
(dividing both the numerator and denominator by y") 

y 3 3 y" 

(n - 1) «» - -~ 

1 — n . ^ •' . -r — &c. 

3 y* 
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d 3 

n ..--.. 

3 



Prob. 87. 

I 

Given the same, to find tlie tangent of an fif^ part 
of the arc. 

In the same manner as before^ hy Probs. 83. wad 

«e xL ^ J. fi ^n sine of AB 
85, the tangent of AB = "JIT ~ 

^_Ml-n).(l-an)^i^^3^&e. 

91 91 .Sit .39} /•• •_]• 

; — 77 — rr-Tis = (<*»viding 

n.3n 
£ l.(l"n).(l-an) ^»^jj^ 
by li) 2£ n.3n.3» ' j!» ' ^^j,^ ^ 

i_(Lz^.£. + &c.. 

tangent of AK) = ^ . 

nx2n 

CoR. And since the secant of an arc =s — -— . if the 

eosme 

fine or cosine, and therefore the secant, of an arc be 

given, we can find the secant of n times that arc, or of 

an 91*'' part of it 
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SECTION IV. 

< 

Prob. 88. 

Required the quantity of matter in a sphere, whose 
density varies as the n^^ power of the distance from the 
center. 

Let d = the density of the sphere at the surface, 

r = the radius, x ss any variable distance from the center, 

p = the area of a circle, whose radius is 1 . Then the 

surface of a sphere, whose radius is jr, = 4px* ; and since 

T^ : af^ :: d : density at the distance or, this density 

djf^ 
= — ; therefore the fluxion of that quantity of matter 

= 4px^x X —r 9 and the content = / Vov ^ ; or the 

4pA^ 
quantity of matter in the whole sphere = ■ . 

Cor. 1. The quantities of matter in two spheres, 
whose densities are equal at the surface, and vary accord- 
ing to the same law of the distance from the center, are 
as the cubes of the radii. 

Cor. 2. If n. s o, or the density is constant, the 

4pdr^ 
content r- — £- — . 

3 

Cor. 3. If two equal spheres have the same density 

at the surface, and the density of one be constant, whilst 

that of the other varies as the distance from the center, 

Apdt^ 4pdf^ 
The content of the former : that of the latter :; ^ - : -^-j- 

:: 4 : 3. 
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Cor. 4. If the density of a globe vary as the n^^ power 
of the distance from the center, and the density of its 
circumscribing cylinder be uniformly the same with that 
of the surface of the globe^ The content of the globe : 

content of the cylinder ;: - ^ : 2pdf^ 

3 : n + 3. 






CoR. 5. If the quantity of matter in a sphere be equal 
to that of its circumscribing cylinder, the density of the 
cylinder being uniformly the same with that of the 
surface of the sphere, the law of the density may be 
determined. 

For \ ^ = 2pdr^% .\ 3 = n + 3, and nss — i, or the 
n+3 ^ » * 

densi^ varies inversely as the distance from the center. 

Prob. 89. 

If a body descend by gravity down the quadrant of 
a circle AC^ the radius AB being parallel to the horizon ; 
to find where the veloci^ in the direction BC is a 
maximum. 

Let ML^jfy BL^r, AL=z; then the Velocity at 

L oc JUL i oc yJ ; and the velocity in the jmn^ b 
curve : velocity in the direction BC :: LT : 
vTy {TN being drawn parallel and near to 
ML^ and Lv perpendicular,) or :: LB : 

BM:i r : (r*-y)i; .•. the velocity in the 

direction JJCocLJtlSLL, a maximum; hence r*y—y* 

r 

r 1 

is a maximum ; its fluxion = O, and y = -js^r x -7 . 
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Peob. 90. 

To find the same, if a body descend down the arc 
of a cycloid. 

The Bame assumption being made^ velocity in the 
direction hT : velocity in the direc- j mn b 

tion BC :: LT : vT; by similar 
triangles, :: RC : CS :: BC : CR :: 

HC* : C^*; that is, :: o* : 

(a — y) ■ ; hence the velocity in the 

{at/ - y»)* 




direction BC varies as 



ai 



, a maximum ; therefore 



the fluxion of ^-y*s=o, or 2yy=zay, and ys= - . 

Peob. 91. 

To find where a body, moving on the convex side of 
a cycloid VPA^ will fly off, its motion being supposed 
to b^n irom the point C 

After leaving the cycloid, the body will describe 
a parabola, and its 
horizontal velocity will I 

therefore be constant ; 
hence the fluxion of 
the velocity in a hori- 
zontal direction, at the 
point where the body 
leaves the curve, must=0. Suppose that point to be P; 

let r/>=a, rO=rf, VN^Xi then ^G =t (ox)*, and 
GiV= {ax — sf)^. Now the velocity at P = that acquired 

in falling through ON, or a? — ^, = (4m . {x — d)) 9 




PROBLSMS. 441 

where m = l6— feet. And this velocity /4fn . fx - d))^ : 
horizontal velocity :: Pr : sr :: f7? : GN 

:: (aa?)» : (ax — x*)' ; 

(4m . (x - rf))* . (ax-x*)4 



.•. the horizontal velocity = 



(ax)i 



or oc (x - rf)i . (a - x)i, whose fluxion = ; /. the 
fluxion of (x - (f ) . (a - x) = 0, or X . (fl — x) — X. (x - rf) = ; 

•*• a^-xax — a^ and xs 



2 



Cor. If the body be just put in motion from f^,, 

d=^Oy and x = - ; or the body will leave the cycloid at 

a point determined by drawing the ordinate NP from 
the center of the generating circle. 

Prob. 93. 

A body begins to roll from A on the quadrant of 
a circle with the velocity acquired by falling through 
LA ; to determine the point where it will fly ofi* from 
the curve. 

Let LA — d, AE = x^ AC = a ; then the velo- 
city in the curve at Py as before, = 

(4m.(i + x)) ; and (4m.(rf + x))* : 

horizontal velocity :: Ps : rs :: PC: CE, 

:: a : a— X; 

/• the horizontal velocity oc (li 4. x)i . 
(a — x)^ whose fluxion^ when the body 




leaves the curve^ = O ; and x will be found = — 



a — 3 J 
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Cor. 1. If AL = •— - ^ AE = O, and the body moves 

in the direction of a tangent at A. If AL be greater 
than ^ ACj x is negative or the Problem impossible. 

AC 

CoR. 3, If AL = O, AE = — ; but in this case 

the body must be supposed to be just set in motion 
at Ay or it would have no tendency to roll on the arc> 
a tangent at A being parallel to the horizon. 

Pros. 93. 

Required that point in a parabola, where the linear 
velocity increases or decreases the fastest. 

Let AP be the parabola, S the focus, PY a tangent 
at P; join SP, and draw SY per- ^ 

pendicular to the tangent. Now the ^ 
increment of the velocity varies as the 
force X the increment of the time; 
therefore, dato tempore, the increment ^ ^ 
of velocity varies as the force, and is a maximum, when 
the tangential force is the greatest. 

But the force in the direction PS : force in the direction 
PY :: SP : PY; therefore, since the force in the 

direction PSoc-j—^ the tangential force in the directioii 

PY 
PY oc-^p^y which in this case is a maximum. Let 

SA^a, SP=^x; then PJr = (j?-ax)4 ; .-.^f^^^, 
or — -^ — , or . , IS a maximum ; hence a?*i- 5x*x+ 
5ajrx = ; J. a? = — • 

4 
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Prob. 94. 

p 

Required that point in a parabola, where the angular 
velocity increases or decreases the fastest. 

Draw SQ indefinitely near SP^ and QT perpendicular 
to it; the angular velocity varies as «l^^ 

"opJ therefore the angular velocity v 




QT 

itself is a maximum, when -^^ is a 

maximum. But the increment of the angular velocity 

.r increment of QT 1 .t . ^ n 

vanes as the ^p , and the mcrement of 

Q7 varies as the force in the direction QT; therefore the 

increment of angular velocity is a maximum^ when 

force in direction QT* . 

^p IS a maximum. 

Now force in direction SP : f. in direct. PV:: SP : PV, 
andf.in direc. PF: f. indirect. QT.iPQ: QT or :: SP : SV; 

.-. f. in direc. SP : f. indirect. QTi.SP' : SFx PK; 

.•. force m the direction Ci/oc — ^7=5^ — ; and — 77^5 — oc 

SVx PF , . . . 

— ^^j — , which IS a maximum. 

Let SA^a, 5P=x; then Sr= (ax)i, and PF = 

is a maximum; hence a^x — 8x®i+8ax^x=0, and x = — . 

The same principle might be adopted in the two fol* 
lowing Propositions ; but it is more convenient to use a 
different method. 
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Prob. 96. 

Required that point in an ellipse, where the linear 
velocity increases or decreases the fastest 

Take P some point in the ellipse, whose foci are S, Hi 
join SP, HP, and draw SF 
perpendicular to a tangent at 
P. Let SP=Xy HP=v, the i 

semi-major axis = a, and semi- \^ 
minor = 6. Now the linear 

velocity oc ^oc (^) , 

from the nature of the ellipse ; .*. the fliixion of the linear 

*y JJ ■— xv • 

velocity oc — ; j- ; but x + t;=2a, or v= — i; 

.-. the fluxion of the linear velocity oc — li — j- oc — — - . 

X {vx)^ x{vxy* 

But the area SPCL described, data tempore^ round S is 
constant in the same curve (Newton, Prop. 1 .) ; there- 
fore SP X QT is. equal to a constant quantity ; and 
PT : QT :: P¥ : SY, or 

i.QTv. (^^^^^^)^ix 

the ellipse; /. 07= —^^ ; /. SPx QToc ^^ 

(vx — 6*)4 
which is constant, or oc 1 ; and ioc ^-. i. ; hence the 

X 
X (vx— J*)^ 

expression joci ^, which is a maximum; 

x(vx)^ x^ X v^x^ 

that IS, -r- IS a maximum, or --—t; therefore, 

' var X* vxr 
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taking the fluxion^ ^ ■ + ^ ^rjo ^ = ^t 

therefore 3-^5 =0 ; omit the deno- 
minator, and for v write — x; then bVs^v — ft*x* — 
4v*ar^s0; that is, iVv-^Vx—At^x—O. For j? write 

then 66*t;+ft*t;-2a6» + 4r^-8ot^=0, 
or 4t?^+6AH?-8ao*— 3a6*=0, 
or 3t?^-|-4ar*+3J'«- oft* aO, 

a cubic equation, in which there will be only one possible 
value of V. 

Prob. 96. 

Required that point in an ellipse, where the angular 
velocity increases or decreases the festest. (See preceding 

Pig.) 

Draw ^^Indefinitely near, and QTperpendicular to«9P. 

rrn t i -^ theareadcscribed, rfflfofcmiwre. 
The angular velocity oc .,. >g — 

oc '^^ , since the area, daio tempore^ is constant, oc r; ; 

hence the fluxion of the angular velocity oc— oc — . But 

ivx^V)^ X (px^b^)^ • . , 
aroc i ^; .-. -roc^ — — — ^ , which is a max- 

imum, and its fluxion =0 4 that is, ^-^— 4ar''i. 

(©x-ft*) sO. Buti+v=0,andj:= -Vi.\^ 7-= 

^ ^ 2{vx^b')^ 

4jb^x. (t?«-i*)'; hence — x*=7^*-8i** Now fort? 



it ^J^ 
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write 2a — X, and x will be fouiid= ^^ r. — . 

The other value of x is of no we ; for it is a quantity 
greater than x ever can be in the ellipse. 

Pros. 97. 

To find the point, where the paracentric velocity of a 
body revolving in any curve is a maximum. . 

Let PR be the curve, iSlthe center of force, PVz, tan- 
gent at P, and SV perpendicular to it 
Take PQ a small arc in the curve, and 
(XT perpendicular to SP. Then the ve- 
locity in the curve : paracentric velocity 

:: QP : PT 
:: SP : PV; 

.t ,. 1 vel. in curve x PV 
.•. the paracentric vel. = ^= 

PY 1 

oc oj/ ^p (jor the velocity in the curve oc -^p) oc 

{^SP^^SYJ^ „ . . . . .. 

Aj^ ■ — ^w/ . Hence, m the case required, this ex- 

pression, or its square -i^rm — ^pj j w ^ maximum. 

Examples. 
Ex. 1 • Let the curve be a parabola. 

Here \iSP^x, SY'^ax, and ^^IlBl or ^, is ^ 

ax XX* jp* ' 

maximum ; .•. a?*i— 2xi . (ar-«iz)ssO ; .•. xi=:3x*— 3a, and 
^=2 a = ^ the lotus rectum. 

Ex. 2. Let the curve be an ellipse. (Fig. Prob. 95.) 

IfSP^Xj HP—Vj ^C=a, and thesemi-minoraxissft; 
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'*»:-- 



then 5r« = ^ , and SP'^SF'^s!'- *15=H£JZ*!5 
and -S/>^ X -yr*=— ; therefore ;5p.-^jp.a ^^^r^ 

Q^X ^^ ^ ^^ ^ ^ ^ I 

a:' ar» or' x* ' 

which is a maximum ; and 2ac*i — 2i:i.(2ajp— i'*)=0, or 

b^ 
ax=aax—b* ; .-. x=— =§ the lotus rechm. 

a 



Prob. 98. 

To compare the angular velocity of the radius vector^ 
with the angular velocity of the perpendicular let fall 
upon the tangent in any curve. 

Let PA be any curve described 
by a body revolving round a center 
of force S^ PY a tangent at P, and 
SY perpendicular to it from S. 
Let SQ be taken indefinitely near to 

SPj and let PiJ, PO be respectively 

the diameter and radius of the circle 

of curvature at P, and PV the 

chord passing through S. Then 

since SY and OP are always parallel, their angular ve* 

locities are equal ; and 

or pct 

the angular vel. of SP : angular vel. oiSY :: -^ : 2573; 

but by similar triangles, 

QT : QP :: SY : SP 

:: PF : PR; .\ the angular 
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PV 2PO 

vel. of SP : angular vel. of SV :: -^ : -p^y 

:: P^: 2-yP 

:: ^ : fix (Art 118.) 
£ p 

• « • " • 

;: (vel.)* in the curve : (vel.)' in the circle at 
the same distance. (Art. 162.) 

Cor. So long as the angular velocity of the perpen- 
dicular is greater than that of the distance^ the angle at 
the center ^S* perpetually increases, and therefore the 
angle between the tangent and the radius vector dimi- 
nishes ; the angle at P is therefore the least, when the 
angular velocity of the perpendicular and the distance 
are equal, or when the velocity in the curve equals that 
in a circle at the same distance. In the ellipse, for ex- 
ample, the angle contained between the tangent and a 
line drawn from the focus is a minimum at the extremity 
of the minor axis. 

Prob. 99. 

To determine the nature of the curve, down which a 
body musX descend after its fall through a given space by 
the action of a constant force, so that it may, in die 
direction of its first descent, describe equal spaces in 
equal times. 

Let the space DA through which the body fells s a, 
and suppose AFC to be the curve re- 
quired ; take FG a small arc, and on 
DA produced draw FN, GL, CB per- 
pendiculars, and let FH be parallel to 
AB. Take AN=x, AF=z, FN=y ; 
then FG = i, FH^i, HG^y. Now 
the velocity in the curve at -F = that 
through DNy and therefore varies as 




or '^^-^^ssa;^^ and the curve is the semi-cubical parabola. 
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(a + x)i ; and the velocity in the direction FH is constant 
by supposition^ and equal to that acquired down DA ; 

••. i : i :: {a+x)i : a«, or i^ : i^ :: a+xi a; 
that is^ i^+3^ : x* :: a+x : a, and y^ : a^ :ix : a; 

.*. y I X :: xi : ai , and a^y » ar^i ; .•. a^y as -— ; 

9gyV 

4 

CoR. The fafu^ rectum of this semi-cubical parabola 
_9« 

Prob. 100. 

A body describes a curve, whose equation is cf^^^yssaf^, 
by a force acting in parallel lines, and in the direction of 
the ordinates ; required the variation of the velocity. 

By Art, l6l. v^ocFx PFoc—j^x ~r (Art. 103.)oc i\ 
Nowy« ^,^ ; .\ y'=: -^^—x ai^''*i^,mdz':=:x'+f^ 



^Z=^ — ; .'. »oc(nV 



*•-* + a«"-*)* • 



Prob. 101. 

To determine the curve, in which a body revolving by 
a force, which acts in lines perpendicular to the axis, 
shall approach to or leave the axis with a velocity always 
proportional to the ordinates. 

Let NV be the curve, Ax the axis, LN and xy ordi- 
nates ; let AL=^ Xy LN=7/. Then y^ 
X is constant, and by the Problem 

V oc 1/ ; /. ^ is constant, or - oc i, a 

property of the logarithmic curve. (Art* 132.) 

FF 
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PrOB. 102* 

A body is projected with a given velocity irom Ay in a 
direction AP parallel to the plane VQ ; to find the curve 
described by the body, the attractive force of each particle 
being supposed constant. 

Let AQ be the curve described ; assume AV perpendi- 
cular to the planes a, VD a variable distance sx, DE an 
ordinate =y, EF= - i, FO=yy and let the uniform velocity 
in the direction AP==b. Then, if v represent the velocity 
E in the direction Af^j Woc - Ei; .w^oc 

— X +corr., and v^oca - x; .-. voc{a — x)* a= rf* 

. (a — x)i. But the velocities are as the 
spaces described uniformly, daio tempore ; 

.-. — i :y :: d*. (a— x)* : b; therefore^ s — 

J, and y = — . (a — a?)** ; that is, the curve 




AQ is a parabola, whose vertex is A^ and principal lotus 
rectum = -^ . 

CoR. This corresponds with the motion of a body pro- 
jected at the earth's surface, where d^Am^ and the lotus 



rectum =: — , m being l6r^ feet 
m "^ iz 



Prob. 103. 



Conversely, a body projected in a direction AP paralld 
to the plane VQ^ whose particles attract it according to 
a certain law, describes a parabola AQ ; required the law 
of the force. 

Let p= the parameter of the parabola i thra jp • (a — jt) 
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=y ; .-. y = (p . (a - X))* , and y ^ ^^^^^l^^^ ; •• V '- 

— i :: ip : (p. {a — x))i. Buty : -i :: the uniform 
velocity (ft) in the direction AP : the velocity (F) at iS ; 

hence voc (a - a?)«, and t?* oc o — j? ; /. t)V oc — i. But 
t>i5oc— JPi, where /" is the accelerating, force ; /.— jRc oc 
—X, and Foe i, or is constant. 

Prob. 104. 

A body is projected with a given velocity from A in 
a direction AP parallel to the plane FQ ; to find the 
curve described by the body, the attractive force of each 
particle varying inversely as the dist,^ (See preceding 

Fig.) 

Let AQ be the curve described, and assume as before ; 
then, if v represent the velocity at any distance x from 

the plane in the direction JIV, twoc - Fx oc —3-; .*. w'oc 



J? 



•• -• (a*-x^)* 



-J- -^oc ■ ^ - , and voc — — ^^^ . But the velocity 

I 

space uniformly described, daio tempore ; .'. ^x:y :: d. 
^ ^ : b ; the factor d being assumed in the third 

X 

term to make that term of the same dimensions with the 

fourth ; hence y = -—— r-j, andy=--. (a* - «*) , 

d.{a^^ j?)« d 

which is the property of an ellipse ; therefore the curve 

AQ is an ellipse, whose semi-major is AF::: a, and semi- 

mmor axis f^Q= ^ • 

FF2 
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Cor. 1. It b=id, the curve is a circle. 

Cor. 3. If the force be repulsive, it may be shewn 
in the same manner, that the curve is an hyperbola, 
whose center is F', and vertex A ; for in this case y s 

Prob. 105. 

Conversely, a body projected to a direction jiP 
parallel to the plane f^Q, whose particles attract it accord- 
ing to a certain law, describes an ellipse AQ ; required 
the law of the force. 

Here if c = the semi-minor, and a the semi-major 
axis of the ellipse, y sc - . (a* - x^)^ ; /. y = - . 






1 , • -y • -d; iicx : a. (a* — ic^)^. Buty : — x :: 

the uniform velocity in the direction AP (jb) : the velocity 
towards the plane at E (v); .\b : v :: ex : a. (a*— x*)* ; 

.\ V oc^- i-, and t;*oc — — - . Hence w oc rr— « 

XX* jr 

X 

- "5 ; but if F represent the accelerating force^ vv oc 

X 

X 1 

- Fx; ••• - JRcoc- -Ti, and Foe --. 

af^^ x' 

Prob. io6. 

To find the time of vibration of a pendulum in the 
arc of a circle. 

Let D be the point from which the pendulum CD 
begins its vibrations, and from any point F in the arc 
DA draw FG parallel to the horizon, meeting the 
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vertical line CA in G. Let CA^a^ AO^sx, AE stb, 

*ox 
and^F=«. Theni = r; 

and since the velocity »t jF«b 
(4m . (6-*))*, we have t e - * 

— ax 



(Am . (6 - x))* . (Sfflx - ar»)t 



-1 



ax 



(4m)* ' (ft* - a*)4 . (2a - x)i ' 
whose fluent, or T, found by ex- 

P'°*"S(irb)i'°''(*"'^^ 



-i 




i 



by the binomial theorem, = + — — r x : 1 + -— 

(8m)4 2.3.2a 



3.3ft* 



— ; + &c., where » = the circumference of 

3. 2. 4. 4. (2a) 

a circle to the diameter I ; therefore the whole time of 
vibration, which is double of this, = p . yr-) x : 1 + 

_L_ + _ii!*l_ + &c 

2.2.2a ^2.3.4.4.(2a)« ^ ***'• 

Cor. The tidie of descent down the diameter, or the 

chord AD, = ( — j ; hence, if the arc in which the pen- 

duluro vibrates be veiy small^ or 6 be supposed evanescent^ 
we have^ time down arc^ or } time of vibration : time down 

the chord :: ? . ( — j : ( — ) :: : 4 :: the cir- 
Qumference of a circle : four times its diameter. 



4&1 
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Prob. lOjr. 

To find the time in whi^ -a body will fidl by gravity 
down the arc of a semi-cycloid. 

Let AB^aj ACz=x, JEjzZ; then ^ J> = (ar)i, 

and JE = 2 (ax)^ ; R b z, 

therefore the fluxion 

of the arc = a^x^^i. 
Also jBC=a— a?; /.if 

m= 16— feet, velocity 
at £ = (4m. (a- J?))* 




— iAx^h. 



-a 



i ax 



{4ma)i (ax — x')i' 



/y%_ —S _ — g^y^x 
^ (4m.(a-x))* 

•. (Art. 44.) r= ""^ 



(4ma)i 



a circular arc of radius § a^ and versed sine x + oorr. 



when xaefl, T=0; .*. T = 



(4nui)i 



X a circular arc of 



radius § a, and versed sine a ; the remainder vanishing, 

2 



when X s o^ = 



{4ma)i 



X I circumference c= time from 



L to ^ ; therefore the time from L to iS = 



{4ma)i 



J circumference = j x ^> if /? = 3.14169, &c. = 

{ma)^ ^ ' 

px( — ) . Now the time down the axis = ( — 1 ; /. 

time of vibration : time down axis :: p . ( — I : (— I :: 
p : 1 :: circumference of a circle : its diameter. 
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Prob. 108. 

If a chain of uniform density be hung over a fixed 
pulley, and the parts of the chain be unequal, the heavier 
will descend ; given the length of the chain^ and the ptfrts 
of it on each side at the commencennent of the motion^ 
to find the time in which it will leave the pulley. 

Let jiO, BM be the parts of the chain on each side 
of the pulley at the beginning of the 
motion. Draw GFparallel to the horizon ; 
then the moving force with which M 
begins to descend is the part FM. Let 
M descend to Oy and take Chn = MO ; 
the moving force then ^nO ^ FM + 
2MO. Let L = the whole lengtli of the 
chain^ and the force of gravity upon it 
= 1 ; then, if FMsz^a^ and MOs^x, 
no=:2a + 2Xy and the accelerating force = 

— J • Let z = the space through 

which a body would fall by gravity 

to acquire the velocity at O ; then i = j- , and 

z = — J ; /. velocity at O is (-y j • (2ax + xVi. 

Hence t=ri^* * "" ^ ^^ ^* 



III 



H 



and T 



hyp. log. a + X + (aa«+x*)» + corr. Let T=0, x=o, 
andcorr. = - (^ x hyp. log. a; .-. T = (^ x 

^3T' ^^' — ' — ^ ' ^^^ when the chain 
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quits the pulley^ ^ a ^ (L — a) ; .*. the whole tiine 

= (^* X hyp. log. Il^+((«l^"^)^(l^-«)y 

PROB. '109. 

Suppose a weighty suspended by a cord passing over 
a fixed pulley, to be uniformly drawn up ; required the 
number of vibrations which the weight would make 
before it reaches the pulley. 

Let a s the distance of the weight from the pulley at 
the beginning of its motion, x = any variable distance 
ascended, and t;=the space through which it is uniformly 

drawn up in 1'' ; m » 1 6— feet ; then the length of the 

pendulum at the distance j? =s a — x ; therefore^ time of 

--: — J :: circumference of a circle : 
diameter; therefore the time of one oscillation =: 

— *--^ r ; hence the number of oscillations in a time 

D . (2m)* 

X 

3s - , or the fluxion of the number of oscillations, whilst 
the weight ascends through the space x, = — — '-^ — — — - 

= > ■ ■ ^ ^y X 1 , whose fluent, when x==a, is 

C'x^ (a-a?)4 

li — i^-I — = the number of vibrations made by 

the pendulum. 
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Cor. The number of vibrations^ made by this pen- 
doloro^ = twice the number made in the same time^ 

viz. - ^ by a common pendulum^ whose length is a. 

Prob. 110. 

Let KLNM represent a cylindrical tube^ whose arms 
KL and NM^re perpendicular, and LN parallel to the 
horizon ; suppose it to be partly filled with water, and 
the surface of the water, when quiescent, to coincide 
with JB and CD; let JB be depressed to EF, and CD 
raised equally to GH; draw IR in the other arm parallel 
to LN, and at the same height with GH; then, the 
pressure being removed, GH will descend, and EF 
ascend. Required the time in which EF will rise to its 
* greatest altitude IR. 

Draw 57 in MN at the same altitude with EF, and 

parallel to LN. Let GC^^a; then 

GS = 2a, and the force with which 

the upper suriace endeavours to 

descend = a column of the fluid, 

whose altitude is 2a. Let the axis 

of the tube = L, and the force with 

which gravity would accelerate the 

fluid, if unconfined, = 1 ; then the 

column GS : the whole weight of 

the fluid :: 2a : L; /. the force of 

2a 
this column = -j- . Let GH descend to j^, and put Gx 



M 



^ — 



E 



a: 

c 



D 



TV 



= X 



2a ^2x 



then the accelerating force =s — j — ; hence, if 



z be the space through which a body would fall by 

2ai — 2xx 



gravity to acquire the velocity at xy, » =a 
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andj2f= — Y — ;.'. the velocity at ar=^y) .(2ar— a?) , 
ifm-l6^feet. Hence r=? = C~yx * j. 

and T = ( v ) . a circular arc of radius a, and versed 

\4ma/ ^ 

sine j:, which needs no correction ; .*• the whole time of 

ascent to IR, when x =; 2a, is ( - — ^ j x i the circum- 

\4tna / 

ference of a circle of radius a = ( \ x/»a (if />= 

3.14159, &c.)=;>x (^) • 

^OR. !• The time ofone descent of the fluid from GH 
to ST is equal to the time in which a pendulum would 
vibrate, whose length is half the length of the tube's axis. 

Cor. 2. Since HD does not enter into the exprcs* 
sion, whatever be the altitude of GH, the whole time of 
descent will be the same. 

Cor. 3. The velocity of the descending surface is ac- 
celerated to CD, and then retarded to ST, where it = O. 

PROB. 111. 

Let the arms of the tube be inclined to the horizontal 
part hN in any given angles^ and let AB be depressed as 
before to EF\ to find the time, in which, if the pressure 
were removed, EF would rise to its greatest altitude IR. 

Let AIox AE, which are equal to HD and DT, ^aip^ 
the sine of the 
angle . KLN, 
q = the sine 
of the angle 
MNL, to a 
radius 1. Let 
Zr=: thelength 





z 
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of the whole canal^ and the force with which gravity would 

accelerate the fluid if unconflned s i . Then the force, by 

which the column HD endeavours to descend at first. = 

H/> X the sine of ^iVL . JExsmeofKLN „^ 

+ — == IiU . 

r r . 

ii+p) =«. {q+p)=the weight of the two columns HD 
and AE in a perpendicular direction. Hence the acce- 
lerating force at jH=— ^-^ — ^ ; and when the sur&ce OH 
has descended to xy, if HV^^Xy the accelerating force on 
iry = gx-^~y^ — jrx ^^^^ =^ i-j^ — U * and if 

represent the space through which a body must fall freely 

(ax — xx).(q+p) 
by gravity to acquire the vel. at Xff, i = ^^ j-^ — ^-^ , 

and z ^ i^^-^y(q+P) . hence the velocity at y = 
(ll^ . 4m)* . (2 ax- x')^ . Now r= ^ j /• in this 

V4m . ( J + p)/ *^ (2 ff a: - x*)* 

3 — 7 r J xa circular arc of radius a, and versed 

,4fM^.{q+py 

sine X, which needs no correction. Let x=3a ; then the 

whole time=( t-t — ; — r j x^ the circumference of a ' 

\4fna^.{q+p)/ * 

circle of radius a = ('^ — ^, r I • ^« (if P=3. 14169, 

v4ma* • {q -^py ^ ' 

CoR. 1. If KL and ^iV are perpendicular to the 
horizon, or p and q each = 1, r= P . (t— ) j as before. 



400 PROBLEMS. 

Cor. 3. The time o£ one descent of the suiftoe from 
0£rto STy or ascent from EF to' IRj is equal to the 
time in which a pendulum would vibrate^ whose length is 
L 

p+q 

CoR. 3. When the angles at L and iVeach equal 301^^ 
then p and g each = { ; and the length of a pendulum^ 
which would vibrate in the same time^ = L. 

PROB. 112. 

The force of gravity being supposed constant, to find 
the density of the air at any altitude above the surface of 
the earth. 

Let r= the radius of the earth, ^sany variable distance 
from the center above the surface, t;=the density of the 
air at that point, the density at the surface being assumed 
ss 1 ; A s= the height of an homogeneous atmosphere. 
Now since the compressive force of the air is proportional 
to its density, the fluxion of the compressive force is to 
the fluxion of the density as the compressive force to the 
density ; and in this case, since the force is constant, the 
fluxion of the compressive force is as the density and the 
fluxion of the altitude; hence h : 1 :: vi : -^V; «*. 

— A X - =f, and - A X hyp. log. x; +corr. szx+carr^ or 

Ax hyp. log. - = J? - r. 

CoR. 1. If X, and therefore x - r, be assumed in 
arithmetic progression, the hyp. log. of -^ is in arith- 
metic progression, and - in geometric ; that is, the den- 
si ties of the air are in geometric progression. 
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Cor, 2, If AB represent the den- ^ ^ 

sity of the air at the earth's surface^ 
and AH be drawn perpendicular to 
AB, find any ordinates^ as FG, be 
taken proportional to the density at 
JP, the curve BGI thus traced out is 
the logarithmic curve. 

For x— r oc hyp. log. - , or -4^ varies inversely as the 

logarithm of the density ; hence, if ^F increases in arith- 
metic progression, FG decreases in geometric, a property 
of the logarithmic curve. (Art. 131 .) 

Cor. 3. Let A= the height of a homogeneous atmo- 
sphere, in which the density throughout is the same with 
the density at A ; the pressure at A is the same, whether 
we take the homogeneous atmosphere, or that whose 
density is represented by the varying line F6. Hence 
h X AB=the area AB1H=^AB x AC (Art. 133. Prob. 3. 
Cor. 1.) ; .*, A =s ^C=: the sub-tangent, or the modulus of 
this system of logarithms is the height of an homc^neous 
atmosphere. (Art. 133. Prob. 3. Cor. 3.) Cotes* Harm, 
Mens. Prop. 5. Scholium. 

Pros. 113. 

The force of gravity varying inversely as the square of 
the distance from the center of the earth ; to find the 
density of the air at any altitude above the surface. 

The force of gravity at any distance a? = -j . Now the 

compressive force of the air varies as its density ; and the 
fluxion of the compressive %ibrce is proportional to the 
force of gravity, the density and the fluxion of the altitude ; 
hence, on the same assumption as in the last Problem, 
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X" 



t; 



X 



and - A X h3rp, log. t;= f-corr. ; that is, h x hjrp. log. 



1 _ _ r» 



f^. . 



Cor. 1. If or increase in musical progression, — is in 

X 

arithmetic ; hence the hyp. log. of the densities decreases 
in arithmetic progression, and the densities themselves in 
geometric. 



COTES' SOLUTION. HARMONIA MENSURARUU. 



Prop. 5. Scholium. 

Let S be the center of the earth, jiB its sur&oe. 
same Sf : SA :: SA : SF^ and draw 
the ordinate yg proportional to the 
density at F; the curve Bgn traced 
out by the point g will be the loga- 
rithmic curve, but in an inverted ir, 
position. For let AF be increased 
by the small line FM ; take Sm : 
SA :: SA : SM^ and assume mn, 
an ordinate proportional to the den- 
sity at M. Then, since Sm x SM 
= SA^=Sfx SF, vvrehave5m : 
Sf :: SF : SM; and dimdendo, 
Sf-'Sm : Sf:: SM^ SF.SMi 
alternandoyfm : FM :: Sf: SM :: 
SfiSFiz SA' : SF'; .\fm^ 



As- 

\m 

XF 
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— B^5 — ; hence fm )cfg varies as the fluxion of the 

distance yc the force of gravity at JPx the density, or the 
VLve^fgnm varies as the pressure at F\ and the sum of all 
the similar areas <)elow fg varies as the sum of the 
pressures above Fy or varies as the density fg. In the 
same manner the sum of all the areas below mn varies as 
mn ; hence their difierence, or the area fgnm^oc fg ^ nm ; 

that is, fg X fm ocfg - mn ; .*. if /y = y, and fm^i^ 

• 

and fg — mn = y, y X x<xy, or i oc ^ , a property 

of the logarithmic curve. This is curve is the same with 
that in the last Proposition ; for the ordinates very near 
jiBy and at very small equal intervals, are in each case 
equal ; hence, in both cases, the curvature, the inclination 
of the tangent at B, and the value of the sub-tangent, 
are the same. 

Prob. 114. 

The force of gravity being supposed to vary as the n*^ 
power of the distance from the center of the earth, and 
the compressive force of the air to be proportional to its. 
density ; to find the density of the air at any altitude 
above the surface. 

Here the force of gravity, at a distance x from the center, 

a* 
ss ~ ; therefore, on the same assumption as in the pre- 

cedmg case, h : 1 :: — 5— : -V; /. —Ax ""=--t;-, and 

- A X hyp. log. t>+corr. = . ^ + corr. Now if 

* (iH-l).r^ 

«sr7 t?=s 1 ; therefore h x hyp. log. -=-7 — , ,. ■ ■ . 

^'^ ^ V (n+1) .r* 
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Cor. 1. If the force be constant^ n=0^ and h x hyp. 
log. - = x — r, as in Prob. 111. 

Cor. 2. If the force oc — from the center, n = — 2, 

1 T 

and Ax hyp. log. - oc i — - , as in Prob. 112. 



V 



COTES' SOLUTION. 

Let 5 be the center of the eardi, A a point on its sur- 
face, SAF2 a line drawn from the center to the top of 
the atmosphere ; and let it be required to find the ratio of 
the density in ^ to the density in F^ the force of gravity 
varyiug^ as SF^. Let SFszx, dss^ihe density at A^ and 
t^ the density at F; then, since the compressive force 

varies as the density, the fluxion of the density is as the 

. 

fluxion of the compressive force, or vocvje^x, and 

Let AC be the height of an homoge* 
neous atmosphere; that is, of an 
atmosphere, whose density throughout 
is the same with the density at A ; then 
AC : the height of the mercury in a 
barometer at A :: the density of mer- 
cury : the density of the air at A ; and 
if F be conceived to approach toward 
Ay the altitude of the mercury in the 
barometer at A : its altitude at F :: 
AC : FC. Hence the density of the 
air {d) ^t A : its density (v) at F :: 
AC : FC; •% d^v, or v z d^ or v :: 



c 



^/s 
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AF^ or i : AC\ whence, in this case* ACx - =i= -o-^. • 
' J ^ V SA^ 

Since then, wherever Fbe assumed, ^oc af^i^ ACx - will 

' • ' V V 

as -K-j;^ in all casesj whatever he the position of F. 

m 

Examples, 
Esa 1. Let the force vary as jc from the center. 

Here n=s - 1, and ACx - = 5^ x - ; .-. AC x hyp. 

log. t; + corr.=:«9^x hyp. log. x+con.; that is^ since v • 
is negative when i is positive, and the density ztAsidy 

-d X 

ACx hjqp. log. - = SAy, hyp. log. - , • 

or the measure of the ratios between the densities d and 
V to the modulus ^C=:the measure of the ratios between 
SF and SA to the modulus SA. 

Ex. H. Let the force of gravity oc i>" from the center. 
In this case, by takii^ and correcting the fluents, 

d 1 x***"* 

ACx hyp. log. - = — -— X : -K-55 - SA^ 
^^ ^ V « + 1 SA^ ' 

the measure of the ratio between the densities d and v, to 
the modulus AC. 

Assume SA, SF, SFl , SF2, in geometric progression 
increasing ; and SF, SA, Sf2j SfS, in the same pro- 
gression decreasing ; and let the force of gravity vary as 

Ka ; the measure of the ratio between the densities at A 
and F, to the modulus AC, or AC x hyp. log. -* = ^ 

60 



md SA : Sfat (or 5> t SAJ :: Sfi : Sfs, 
w(^. hwre, by the first p^portion, 

SF: Sf2 :: SF' : SA*-, 

and by t^ feconcl , Sfa : SfS :: SjP • S4-^ 

.-. SF : Sf3 :: SF' : &#• j 
heiioe-§^=^., and iS^-§^=i«^-§4/S=M^; 
.*. ACx hyp. log. "^lAfS. In the same manner^ if 

the force of grayityoc « , -^Cx hyp. log. - = Af2 ; if 

grayi^ be; uo^nn, it ^ 4F; il5 gr^ity X^K %?fMy- «* 
thedistance, it a §,4^1, ; ifgjcv^ly vaiy ^ .i^> ita^^ifF*, 

and 8o op. in infinituou 
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